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Preface

This book introduces special relativity with an emphasis on the ways relativity
impacts the interaction of light with matter, particularly the interaction of light
with plasma material. Often called the fourth state of matter after solids, liquids,
and gases, plasma is created when a gas is heated, so that free electrons and ions
are produced. Free electrons, in particular, interact strongly with light and other
electromagnetic radiation.

Rather than a treatment with a collection of formulas, the book emphasizes the
physics of relativity as related to the radiative processes of light. Prior exposure to
special relativity is not assumed. Many researchers and students undertake prelimi-
nary courses where the results of, for example, time dilation and length contraction
for objects moving at speeds approaching the speed of light are introduced. How-
ever, when relativistic physics is needed for research or more advanced courses, the
jump required in understanding can be a hurdle, partly due to the use in many texts
of tensor field mathematics (as a way of paving the way for studies of general rel-
ativity). The treatment in this book sets out the ideas of special relativity assuming
no prior relativistic study and uses US junior and European year 2 undergraduate
mathematics. Initial chapters end with the idea of the Lorentz transformation of
time and space between observers with different velocities. Electric and magnetic
fields, particle acceleration, and the “beaming” effect of high velocity on the emis-
sion of light are then treated. Later chapters deal with the interaction of light with
plasma and the use of magnetic fields for light production (with specific treatment
of synchrotrons and free electron lasers). The final chapters present detailed treat-
ments of plasma radiative processes, collisions, and relativistic optics. The aim is to
present special relativity and the way special relativity impacts radiative processes
in astrophysics and laboratory plasmas as a continuous and interconnected story
using the mathematics commonly used by experimental physicists.1

1 The mathematical knowledge assumed includes an understanding of vector and matrix operations, for
example, the operations ∇2, ∇×, and ∇· on vectors. Standard calculus is also used extensively, for example,

ix
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x Preface

An understanding of radiation physics is needed to interpret astrophysical ob-
servations and laboratory plasma diagnostics. Most of the observable universe is
plasma and as the universe is expanding rapidly, special relativity changes light
interactions with astrophysical plasmas which are often large distances apart with
large relative velocities. Laboratory plasmas can also be heated to sufficiently high
temperatures that relativistic effects are important. High-power laser systems fo-
cused onto solid, liquid, or gas targets can produce plasma material with the elec-
trons moving at speeds approaching the speed of light. My earlier book [110] con-
sidered atomic and radiative processes in plasmas without dealing in any detail
with the effects of special relativity. This book usually presents a nonrelativistic
treatment as an introduction before dealing with relativistic effects. In some cases,
relativistic “corrections” to nonrelativistic formulas are presented.

It is useful to potential readers to point out what is not covered in this book.
Relativity theories are particularly important in three areas of modern physics with
the labels of (i) special relativity, (ii) general relativity, and (iii) quantum electro-
dynamics. We treat the first of these. Special relativity deals with the physics of
macroscopic bodies and particles where the quantum nature is not important. Spe-
cial relativity departs from classical Newtonian physics when velocities relative to
an observer are a significant fraction of the speed of light.

To understand gravity, it is necessary to invoke “general relativity.” General
relativity is not treated in this book. The theory of general relativity explains the
gravitational attraction of masses as arising from the warping of space and time.
Noninteracting massless photons propagate in straight lines in special relativity,
but in general relativity, photon propagation paths follow space warped by the
presence of mass. Time is also slowed near a large mass. The other relativity topic
not covered is quantum electrodynamics which we can label as relativistic quan-
tum mechanics. Relativistic quantum mechanics brings special relativity and quan-
tum mechanics together and, for example, uses the Dirac equation rather than the
Schrodinger equation to determine behavior on the atomic scale. Whereas a wave-
function for the Schrodinger equation is a complex variable of space and time,
the Dirac equation requires wavefunctions with four elements and has components
which are 4× 4 matrices.

Numerous exercises are included at the end of each chapter. These are an essen-
tial part of the text as they allow self-tests of the material, illustrate the applications
of the material discussed in the text, and show the wider relationships of the ma-
terial. Some exercises are a bit of fun. For example, the twin paradox problem of

to sum up angular variations of light emission. The reader is not assumed to have prior knowledge of tensor
analysis, which is introduced and briefly utilized (Sections 2.10, 3.1, and 3.2). Similarly, Lagrangian
mechanics applied to relativistic kinetics is introduced (Section 5.1), but other approaches are used to
evaluate, for example, the expression for the relativistic energy of a body (see Section 2.7).
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Preface xi

Exercise 3.1 is an unlikely “thought experiment” with a detailed solution presented
in Chapter 10. Originally posed more generally by Einstein, this exercise was set
out as a problem question in 1962 in the textbook by Jackson [58]. A twin born in
1980 embarks on a rocket ship in the year 2000 and returns in 2020 (their time). Ac-
cording to everyone on Earth, the year of return is 2336 due to the relativistic time
difference between the rocket and Earth. Other exercises have numerical solutions
or, perhaps, a comment regarding the wider aspects of the exercise in brackets.

The book presents material using the International System of Units (SI). The
convention used in particle and plasma physics is followed, where energies are ex-
pressed in units of electron volts (eV), where 1 eV = 1.6× 10−19 joules. In plasma
physics, temperatures T are often also expressed in energy units of kBT and quoted
in electron volts. Here, kB is Boltzmann’s constant. A temperature of 1 eV corre-
sponds to 11,605 degrees Kelvin.

This is a textbook rather than a research monograph. The book presents the
development of the scientific discussion and the detailed derivation of formulas
related to special relativity in more detail than is usually given in a research mono-
graph. To emphasize the physics, simple expressions are often determined, but the
presented mathematics shows each significant step. If a reader wants a formula or
result without going through a derivation, it is possible to skip many of the mathe-
matical steps presented, particularly in the later chapters.

As this is a textbook, the citations are representative and do not attempt to give
the developmental history or the detailed current state of research on a topic. I
apologize in advance to those whose contribution to knowledge is described but not
properly cited. Some of the material included has been developed over several years
in lecture courses presented at the University of York. Some material presented in
published journal articles and in the classic textbooks by Clemmow and Dougherty
[17], Feynman [40], Jackson [58], and Rybicki and Lightman [101] is described.

Following the historical development of ideas in physics is often not a good
way to learn a subject. Subsequent work, well after a theory is accepted, usually
follows a simpler and more logical development path to a necessary formula or
other result. However, relativity is closely associated with Einstein and, unusually,
his treatments are still close to the optimum way to present special relativity. There
is a short biography of Albert Einstein at the start of Chapter 1 and some details of
the lives of other relevant scientists are presented later, particularly where there is
a physical effect named after a person.

I am grateful to the Department of Physics, University of York, for the opportu-
nity to write this book. I would like to thank Christine for finding some interesting
books on Einstein’s life and for helping me to work on this book throughout the
pandemic lockdowns that afflicted the world in the years 2020–2022.
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1

A Brief Introduction to Special Relativity and Light

Special relativity is a theory that explains the space and time relationships between
bodies moving at different velocities. Special relativity allows for situations where
observers of the kinetics of bodies are moving at significantly different velocities
to the bodies. A significantly different velocity needs to be usually within an order
of magnitude or so of the very high velocity of light in vacuum.

The theory of special relativity supercedes the laws of motion developed by Isaac
Newton (1643–1727). Bodies behave in a classical or Newtonian manner if the ob-
server has a velocity close to that of the body and, for many applications, New-
tonian physics is more than adequate. Newton’s first law states that an object will
remain at rest or in uniform motion in a straight line unless acted upon by an ex-
ternal force. His second law gives the manner of change of the velocity, or in other
words, the acceleration of the body when acted upon by a force. When subject to a
force F, the acceleration a of a body of mass m is related to the force by F=ma.
Newton’s second law is often more generally expressed in terms of the momentum
p of a body with the force F on the body related to the rate of change in time of
the momentum p by F= dp/dt. Allowing ma or equivalently dp/dt to be a force,
Newton’s third law states that forces occur in equal but oppositely directed pairs.

Special relativity is based on the postulates that: (a) the laws of physics are the
same for all observers,1 and (b) the speed of light in a vacuum is the same for
all observers regardless of their relative motion or the motion of the light source.
Consequences of the constant speed of light are that to a stationary observer, the
passing of time on a moving body appears to slow (known as time dilation) and
distances in the direction of the moving body velocity appear shorter (known as
length contraction). The logical progression to show that the constant speed of light

1 There is a caveat for both Newtonian mechanics and special relativity regarding the constancy of the laws of
physics for all observers. An accelerating observer experiences “fictional” forces such as the centrifugal force
which depend on their acceleration. The laws of physics are taken to be the same for all observers if the
observer is not subject to fictional forces.

1
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2 A Brief Introduction to Special Relativity and Light

leads to time dilation and length contraction is first outlined in Section 1.2 and
further explored for different scenarios throughout this book.

There are theoretical deductions and a vast array of experimental measurements
showing that the speed of light in vacuum is constant. For example, Maxwell’s
equations were developed to summarize relationships between electric charges and
electric and magnetic fields. Electromagnetic waves are predicted by Maxwell’s
equations to have a velocity of propagation in vacuum solely dependent on some
constants of proportionality between electric charges and oscillating electric and
magnetic fields (the dielectric constant ε0 and magnetic permeability μ0). The
electromagnetic wave velocity proportionality to electrical and magnetic quantities
gives a primae facie case for the velocity to be a constant of nature (see Section 1.1).

This book deals particularly with the relativistic aspects of light interactions
with plasma material, where “light” refers to any electromagnetic wave. The word
“light” is popularly used to refer to visible electromagnetic waves (wavelengths
400−700 nm) and sometimes ultraviolet and infrared electromagnetic radiation.
Other forms of electromagnetic radiation such as X-rays, microwaves, and radio
waves exhibit many identical properties in vacuum, including the velocity of prop-
agation. Differences between electromagnetic waves anywhere on the spectrum
from X-ray to radio waves mainly arise when the waves interact with plasma or
other states of matter. A plasma is created when a gas is heated and produces neg-
atively charged free electrons and positively charged ions. Electromagnetic waves
interact strongly with the free electrons in particular.

Most of the observable universe is made up of plasma material. Densities range
from stellar interiors to the low density of intergalactic space (with approximately
one ion and one free electron per cubic meter). The astrophysical and cosmological
properties of the universe have been determined using the emission, absorption,
scattering, and interaction of light with plasma. We consider these processes in this
book with a special emphasis on the effects of special relativity. Special relativis-
tic effects associated with the interaction of light with astrophysical plasmas are
important when astrophysical objects are hot and when objects have large relative
velocities. The expanding universe produces important relative velocity effects on
cosmological length scales, for example, between galaxies.

Laboratory plasmas created when high-power lasers are focused onto solid, liq-
uid, or gas targets produce expanding plasmas with densities ranging from many
times solid state material densities down to densities obtained with laboratory vac-
uum equipment. Lasers can accelerate electrons to high velocity where relativistic
effects are important. Some of the phenomena seen in astrophysical plasmas can be
replicated in laboratory plasmas, enabling laboratory investigation of astrophysical
phenomena [16], [78]. Relativistic laboratory plasmas are also useful sources of
high-energy particles and high photon energy radiation [13], [73], [112]. Inertial
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A Brief Introduction to Special Relativity and Light 3

confinement fusion driven by lasers seeks to compress the deuterium (D) and tri-
tium (T) isotopes of hydrogen to high densities. Compression and heating of DT
mixtures may produce “fusion-burning” plasmas exhibiting some of the relativistic
effects seen in the early universe [99].

The theory of special relativity was developed by Albert Einstein in the early
20th century. Einstein is probably the most significant physicist of all time, though
some may still credit Newton with this accolade. Einstein is certainly the most
readily recognized physicist of all time. Einstein’s name and image are instanta-
neously identified by almost everyone. Anyone with a passing interest in science
has heard of Einstein’s famous equation relating the mass m of a body with an
energy: E=mc2. Einstein’s equivalence of mass and energy arises because the
momentum of a body moving at a velocity v measured by a stationary observer in-
creases due to time dilation and length contraction to a value above the momentum
mv predicted by Newtonian mechanics. The new relationship between energy and
momentum shows that even with zero momentum, there is a residual energy mc2

(see Section 2.8).
Albert Einstein was born on March 14, 1879, in Ulm, Germany. He was 26 in

1905 and employed by the Swiss Patent Office in Bern when he published two pa-
pers setting out the theory of special relativity [32], [35]. Another paper in that year
helped confirm the idea that light comes in “quanta,” now referred to as photons
[34]. In his “photons paper,” Einstein explained the photo-electric effect where a
threshold light frequency is required to ionize an atom and release an electron. A
fourth paper dealt with the Brownian motion of atoms and led physicists to accept
the existence of atoms [33]. As these fundamental papers in the development of
modern physics appeared in the same year, the year 1905 has been termed Ein-
stein’s “annus mirabilis” (“the miracle year” in English). Einstein became director
of the Kaiser Wilhelm Physical Institute and professor at the University of Berlin
in 1914. By 1916, in order to explain gravitational fields, Einstein had extended the
theory of special relativity to the theory of general relativity. In 1917, he applied
the general theory of relativity to model the structure of the universe.

The theories of relativity are the towering monuments to Einstein, but he also
developed other ideas important to radiation and statistical mechanics. Einstein
proposed the idea of stimulated emission and the relationships between radiation
emission and absorption processes [36], [37]. We treat these concepts in Chapter 7.
Stimulated emission stayed as a process sometimes important in radiation theory
until the invention of the laser in 1960 when its practical use started to become ev-
ident. Laser is an acronym for light amplification by the stimulated emission of ra-
diation. Later Einstein supported the Indian physicist Satyendra Bose (1894–1974)
in the development of the distribution function for photons, now known as the
Bose-Einstein distribution function (see Section 6.1). In 1924 Einstein translated
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4 A Brief Introduction to Special Relativity and Light

Bose’s article on particle distributions into German for the Zeitschrift für Physik
after it was rejected by an English-language journal, added his own supporting pa-
per, and ensured publication of the work.

The Nobel prize in physics for 1921 was awarded to Albert Einstein with the
citation “for his services to Theoretical Physics, and especially for his discovery of
the law of the photoelectric effect.” The prize rules do not allow an award unless
it has been “tested by time” which meant ironically that the prize was not awarded
for special and general relativity. The Nobel judges did not fully accept the theo-
ries of relativity despite measurements in 1919 by Arthur Eddington (1882–1944)
showing that the light from a star was influenced by the solar gravity during a so-
lar eclipse as predicted by the general theory of relativity [28]. Antisemitism from
other German physicists may have also influenced the Nobel committee [12].

Einstein traveled extensively in the 1920s, visiting and lecturing in the United
States, the United Kingdom, Japan, Palestine, and South America. He became a
“celebrity” in the full modern sense of the term. Although celebrated in most of
the world, in Germany the rise of the Nazi Party led to campaigns against Einstein
and bizarrely his relativity theories. The scientific campaign against Einstein and
relativity was orchestrated largely by earlier Nobel prize winners Philipp Lenard
and Johannes Stark.2 Adolf Hitler achieved sufficient electoral success that he was
appointed chancellor of Germany in January 1933. Einstein left Germany in De-
cember 1932 to lecture as a visiting professor at the California Institute of Tech-
nology. He returned to Europe in March 1933 by ship, berthing at Antwerp and
stayed first in Belgium and then the United Kingdom. Both of these countries or-
ganized armed protection of Einstein as there were fears he might be assassinated.
In 1933–1935, the German government officially seized all of Einstein’s assets in
Germany [98].

In October 1933 Einstein moved permanently to the United States and took up
a position as professor of theoretical physics at Princeton University.3 He became
an American citizen in 1940. On the eve of World War II, Einstein endorsed a
letter to President Franklin D. Roosevelt alerting him to the potential German nu-
clear weapons program and recommending that the United States begin similar

2 Philipp Lenard was awarded the Nobel prize for work on “cathode rays” (electron beams) in 1905 and
Johannes Stark was given the award in 1919 for showing that electric fields split the spectral lines of atoms,
now known as the Stark effect. The Stark effect, Stark line broadening (see Section 10.3 of Tallents [110]),
and the motional Stark effect (see Section 3.2) all now carry Stark’s name. In 1933, Stark become president of
the Physical and Technical Institute of the German Reich and removed all Jewish people from academic posts.
There have been calls for the Stark effect to be renamed and for Lenard and Stark to be stripped of their Nobel
prizes [72].

3 In April 1933 while in Belgium, Einstein received offers of professorships from the Collège de France in
Paris; the University of Madrid; universities in Holland, India, and Turkey; and the new Institute for
Advanced Studies in Princeton University. He accepted the Princeton offer provided he could fulfill his lecture
commitments in England [98].
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A Brief Introduction to Special Relativity and Light 5

research.4 Roosevelt authorized the creation of an advisory committee that led to
the setting up of the Manhattan project and the development of weapons based on
nuclear fission. In nuclear fission some of the mass of, for example, the uranium-
235 isotope is converted to energy.5

Einstein was denied a security clearance to work on the Manhattan project due
to a perceived security risk because of his pacifist leanings and celebrity status. In
1952 Einstein was offered the largely ceremonial post of president of Israel, but
he declined. In the 1950s up until his death, Einstein was vocal in his criticism of
Senator Joseph McCarthy who zealously chaired the Senate Un-American Activ-
ities Committee investigating unevidenced communist subversion in universities,
the motion-picture industry and the U.S. federal government.

After 1925, Einstein’s scientific interest centered on what he termed “unified
field theory.” This was an attempt to unify general relativity and electromagnetism.
Einstein accepted the evidence for quantum mechanics, but had difficulty with the
idea of probability distributions and action at a distance (as wavefunctions have
spatial extent). In 1926 Einstein famously wrote that “He (God) is not playing at
dice.” In 1952 Einstein wrote, “The conviction prevails that the experimentally
assured duality of nature (corpuscular and wave structure) can be realized only
by ... a weakening of the concept of reality” [98].

One of Einstein’s approaches to a unified field theory survives, in a much mod-
ified form, in today’s string theory [98]. String theory is a theoretical framework
in which point-like particles are replaced by one-dimensional objects called strings
with different vibrational states determining the mass, charge, and other properties
of the particle as observed on distance scales much larger than the string. String
theory has led to mathematical developments, but it seems unclear (at least at the
time of writing this book) if it is useful for physics predictions due to the freedom
in string theory to choose a range of parameters to fit experimental observations.

4 In 1966 U.S. president Lyndon Johnson recognized the discoverers of nuclear fission with the Enrico Fermi
prize awarded to Otto Hahn (1879–1968), Friedrich Strassmann (1902–1980), and Lise Meitner (1878–1968)
who had been based in Germany. Awarded in 1945 after the end of the war in Europe, Hahn alone had
received the 1944 Nobel chemistry prize for the discovery of nuclear fission. He received news of the Nobel
award while held in England where secret tape recording of German scientists revealed details of the German
wartime effort to develop a nuclear bomb [8]. Meitner, who like Einstein was of Jewish descent, had fled to
Sweden from Germany in 1938, while Strassmann remained in Germany, but was blacklisted by the Nazi
regime. Lise Meitner was the first woman to receive the Enrico Fermi prize.

5 Uranium 235 has 92 protons and 143 neutrons and an atomic mass of 235. The uranium 235 nucleus
disintegrates to less massive elements if excited, releasing a neutron which, in turn, collides with other
uranium nuclei, causing them to disintegrate. The lighter elements proceed to decay to still lighter elements
with more neutron production in a “chain reaction.” There is a mass decrease of the product particles which is
converted to kinetic energy of the particles following Einstein’s equation E=mc2. Developed during and after
World War II, nuclear reactors [103] typically use a low concentration of uranium 235 mixed with the more
common uranium isotope of atomic mass 238 which in a reactor transmutes to the readily fissionable
plutonium 239. The fission rate of a reactor is controlled using neutron-absorbing media (to reduce the fission
rate) and “moderators” such as “heavy water” D2O or graphite which slow the neutrons closer to the maximum
cross-section for fission (to increase the fission rate). Techniques used to make sure that fission in a nuclear
weapon occurs rapidly and with complete fission of uranium or plutonium are understandably classified.
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6 A Brief Introduction to Special Relativity and Light

Einstein died in 1955 (aged 76) in Princeton, New Jersey, due to a ruptured
abdominal aortic aneurysm [84]. His life and his brain have been extensively an-
alyzed and – literally for his brain – dissected. Einstein’s brain was removed and
dissected shortly after his death by a pathologist who preserved it in pieces which
were distributed to a number of medical researchers. The fate of Einstein’s brain
was discovered by reporters in 1979 and efforts were made to repatriate some of
the brain to Einstein’s grand-daughter [12], [86].

1.1 The Propagation of Light

Electromagnetic waves comprise oscillating electric and magnetic fields which are
directed transversely to the direction of propagation of the wave. The frequency of
the oscillation determines the spectral name of the radiation, with a range from low-
frequency radio waves, through the infrared, the visible, ultra-violet, and X-rays
to gamma rays occupying the highest frequencies. Common usage often restricts
“light” to mean visible light (wavelength 400–700 nm) and perhaps ultraviolet light
(wavelength 50–400 nm). However, as the different spectral regions for electro-
magnetic waves only become important when electromagnetic radiation interacts
with matter, we will use the word “light” to describe electromagnetic radiation of
any frequency, particularly when there is no radiation interaction with matter.

The propagation of light at all frequencies can be modeled using a wave equation
obtained by a manipulation of Maxwell’s equations. In this section, we derive the
wave equation and show that the speed of light in a vacuum in the International
System of Units (SI) is determined by two quantities (the dielectric constant ε0
and the magnetic permeability μ0) used with SI units to get the correct relation-
ships in Maxwell’s equations. The simple relationship between the speed of light
and some electric and magnetic field constants strongly supports the idea that the
speed of light is a “constant of nature.” A constant value of the speed of light in
vacuum is a fundamental assumption of the theories of both special and general
relativity.

Maxwell’s equations describe the observed behavior of electrical and magnetic
fields. The propagation behavior of light in vacuum is developed using Faraday’s
law, which describes the way a magnetic field oscillating in time produces an elec-
tric field, and Ampere’s law, which describes the way an electric field oscillating
in time produces a magnetic field. We have respectively:

∇×E= −∂B
∂t
, (1.1)

∇×B=μ0J+ ε0μ0
∂E
∂t
. (1.2)
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1.1 The Propagation of Light 7

Magnetic B and electric E fields can be produced by temporal changes of each field
(and equivalently a magnetic field can be created by a flow of current density J).
Here ε0 is the vacuum dielectric constant and μ0 is the vacuum magnetic perme-
ability.

Taking the curl (∇×) of Faraday’s law and substituting Ampere’s law for ∇ ×B
means that

∇ × ∇ ×E= − ∂

∂t

(
μ0J+ ε0μ0

∂E
∂t

)
. (1.3)

In vacuum, the density of charge ρc and current flow J is zero. The third of
Maxwell’s equations, known as Gauss’s law, describes the production of an electric
field from a charge density. In vacuum, we can write

∇.E= ρc

ε0
= 0 (1.4)

as the charge density ρc is zero in vacuum. Using the vector identity ∇ × ∇ ×E=
∇(∇.E)− ∇2E, setting J= 0 and ∇.E= 0 produces the wave equation for light.
We have

∇2E= ε0μ0
∂2E
∂t2

. (1.5)

The wave equation has solutions for the electric and magnetic fields which oscil-
late in time and space and which are known generally as electromagnetic radiation.
Substituting into the wave equation (Equation 1.5) verifies that variations of electric
field of the following form satisfy the wave equation at position r:

E=E0 exp[i(k.r−ωt)], (1.6)

where E0 is a field amplitude, k is a wavevector representing the rapid spatial vari-
ation of the field with position vector r, and ω is an angular frequency representing
the rapid temporal variation of the field with time t. The angular frequency ω is the
phase change of the field in radians per second and is related to the frequency ν in
cycles per second (i.e. hertz) by ω= 2πν.

Points of constant phase in the oscillating electric field solution of the wave
equation (Equation 1.6) have k.r−ωt constant. If the wave propagates in the
z-direction, points of constant phase on the wave have kz−ωt= constant. Differ-
entiating kz−ωt= constant with respect to time yields kdz/dt−ω= 0 and hence
the phase velocity of the wave is dz/dt=ω/k. The phase velocity of light in vac-
uum in the direction of k is given the symbol c, where

c= ω

k
. (1.7)
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8 A Brief Introduction to Special Relativity and Light

The wavelength λ of the light is the distance in the direction of propagation zwhere
the spatial phase term in exp(ik · r)= exp(ikz) does a complete cycle and changes
by 2π . The wavelength λ= 2π/k= 2πc/ω= c/ν.

Using Equation 1.6 as a solution of the wave equation suggests a plane wave
oscillation that is uniform in directions perpendicular to the wave vector k with,
consequently, energy flow due to the wave in the direction of k. Real examples
of electromagnetic waves such as a beam of light have a finite width with spa-
tial variations of E0 perpendicular to k. Practical electromagnetic waves can be
regarded as a superposition of many plane waves, with the electric field of the
plane waves canceling outside the volume of the radiation field. To a good ap-
proximation, spatial variations of E0 perpendicular to k result in energy flow in
the direction of k, provided the spatial variation scalelength is large compared
to 1/k.

As well as verifying that Equation 1.6 is a solution of the wave equation, substi-
tuting Equation 1.6 into the wave equation (Equation 1.5) produces a relationship
between the amplitudes of the wavevector k and frequency ω. We have

∇2E= −k2E,
∂2E
∂t2

= −ω2E

so that

k2 = ε0μ0ω
2.

It follows that the vacuum speed of light c is related to the vacuum dielectric con-
stant ε0 and vacuum magnetic permeability μ0 by

c= ω

k
= 1√

εμ0
. (1.8)

The wave equation (Equation 1.5) can be rewritten as

∇2E= 1

c2
∂2E
∂t2

. (1.9)

The vacuum velocity of light c depends on two constants (ε0 and μ0) used to get
the correct proportionality between a changing electric and magnetic field. There
is a strong suggestion here that the speed of light in a vacuum is a constant of
nature.

The fundamental and constant value of the speed of light in vacuum has been
recognized since 1983 by the specification of an exact speed of light in vacuum in
SI units. The vacuum speed of light has an exact numerical value c= 2.99792458×
108 ms−1 because the meter unit of length is defined in terms of the vacuum

https://doi.org/10.1017/9781009236072.002 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.002


1.1 The Propagation of Light 9

speed of light as the distance traveled by light in 1/2.99792458× 10−8 seconds in
vacuum.6

There is a corresponding oscillating magnetic field arising from the oscillating
electric field for an electromagnetic wave in vacuum. Ampere’s law (Equation 1.2)
is given by

∇×B=μ0J+ ε0μ0
∂E
∂t

= −iωε0μ0E (1.10)

upon differentiatingE and assuming vacuum propagation with J= 0. Equation 1.10
requires that the magnetic field varies as B=B0 exp[i(k · r−ωt)] in phase with the
electric field variation. The definition of ∇× in Cartesian coordinates determines
that B is perpendicular to E and gives −ikB= (−iωε0μ0)E. Using the equivalences
1/c2 = ε0μ0 and c=ω/k, we have that

E

B
= c. (1.11)

Taking the divergence of E in Equation 1.6.

∇ ·E= ik ·E,
which from Equation 1.4 is identically equal to zero. With k ·E= 0 we have that
the electric field E is perpendicular to the wavevector k. A similar argument using
the fourth of Maxwell’s equations (∇.B= 0) shows that the magnetic field B is
perpendicular to k. We have already determined in the discussion for Equation 1.11
that the magnetic field B is perpendicular to E. The direction of energy propagation
of the wave follows the k vector if spatial variations of the electric and magnetic
fields have scalelengths >>1/k.

The orientation of the electric field E in the plane perpendicular to k is the po-
larization direction of the electromagnetic wave. Any electromagnetic wave can
be decomposed into polarization components in two orthogonal directions both
perpendicular to the wavevector k. Unpolarized light can be regarded as the inde-
pendent supposition of two polarized beams with polarization directions at angle
π/2 to each other. For unpolarized light there is a random phase k.r−ωt rela-
tionship between the polarization directions. Elliptically polarized light can be re-
garded as consisting of polarization components in two orthogonal directions where
the phase k · r−ωt between components in the two orthogonal directions always
differs by π/2.

The classical energy density of an electric field is (1/2)ε0E2 and for a magnetic
field is (1/2)B2/μ0. These quantities for the energy density of the fields can be

6 The second has been defined since 1967 by an atomic physics measurement – the frequency of the ground
state hyperfine transition for cesium 133 atoms (see https://physics.nist.gov/cuu/Units/).
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10 A Brief Introduction to Special Relativity and Light

obtained by, for example, considering the charging of a capacitor (for the elec-
tric field) and the increase of current into a solenoid (for the magnetic field). For
an electromagnetic wave at any instant of time, the energies in the electric and
magnetic fields are equal. Using E/B= c and 1/c2 = ε0μ0, we have (1/2)ε0E2 =
(1/2)B2/μ0. The total instantaneous energy density of an electromagnetic wave
is consequently ε0E2 or equivalently B2/μ0. The electric field expression for the
energy density of an electromagnetic wave is usually used.

The average of the sinusoidal variation of the electric and magnetic fields in
time is given by the temporal average of the real and imaginary components of
exp[i(k.r−ωt)], that is,∫ 2π

ωt=0 cos
2(ωt)d(ωt)∫ 2π

ωt=0 d(ωt)
=
∫ 2π
ωt=0 sin

2(ωt)d(ωt)∫ 2π
ωt=0 d(ωt)

= 1/2.

The time-averaged electric and magnetic energies are equal and together have a
total energy density (1/2)ε0E2

0. Imagine a unit cross-section volume of unit area
and length c along the direction k of propagation of the beam. In unit time, the
energy from the volume of c will pass through the unit area. This energy passing
per unit time per unit area normal to the direction of the beam is known as the
intensity or irradiance I and is given by

I = 1

2
ε0cE

2
0. (1.12)

The proportionality of the intensity of light to the square of the electric field
of the light enables the intensity of light to be significantly enhanced when the
electric fields from different sources of light add coherently. Coherent addition
requires the sources of light to have the same phase relationship, so that addition of
the electric fields, rather than subtraction, occurs. With coherent addition of light,
adding n sources of coherent light together causes an instantaneous n2 increase in
light intensity when all the sources are in phase.

This section has illustrated the wave-like properties of light. Light also has a
particle-like nature.7 Light can be shown to comprise discrete quanta of radiation
energy known as photons. The particle nature of light is experimentally apparent

7 Both light and matter exhibit wave-like and particle-like properties depending on the measurement being
undertaken. This is the essence of the “complementarity” principle proposed by Neils Bohr (1885–1962).
With the complementarity principle, wave or particle models are not just useful approximations for a physical
situation, but intrinsic models of light and matter with one description or the other applicable depending on the
measurement. With a particle treatment, position can be regarded as being known accurately, with a larger
uncertainty on the velocity or momentum. With a wave treatment, the velocity/momentum is known
accurately, but with a large uncertainty on the position. The uncertainty principle first developed by Werner
Heisenberg (1901–1976) showed that measurements of complementary parameters such as
position/momentum, frequency/time could not both be made, even in principle, with infinite precision. Many
assume that the complementarity principle is equivalent to the uncertainty principle, but the complementary
principle has a deeper meaning (see [31]).
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1.2 Time Dilation and Length Contraction 11

in the photo-electric effect as discussed originally by Einstein [34]. In the photo-
electric effect, light irradiated material only emits an electron when the energy
of a photon of the light exceeds the binding energy of the material. Light is ab-
sorbed by matter in units of energy and if the unit of light energy is less than
the quantum differences for the energies in the material irradiated, the light is not
absorbed.

The term “photon” was introduced in a paper published in 1926 [66]. The quan-
tization of light in photons of energy hν, where h= 6.626× 10−34 Js is Planck’s
constant and ν is the frequency of the light, is discussed later in Section 2.9, where
the wave-like property of matter and radiation is introduced, and in Section 6.4,
where the equilibrium radiation field (black-body radiation) is considered. Calcula-
tions of the trajectories of light rays in vacuum as seen by observers with different
velocities can be made using the treatments developed for particles by setting the
particle velocity to the vacuum speed of light (see Section 2.5) and for propagation
in a medium by setting the particle velocity to the phase velocity of light in the
medium (see Chapter 9).

1.2 Time Dilation and Length Contraction

In this section, a “thought experiment” involving light propagating in a moving
frame of reference is used to introduce two consequences of special relativity: (i)
that time in a moving frame of reference runs slower as measured in the stationary
or rest frame, and (ii) that lengths in a moving frame of reference are shorter in the
direction of motion when measured in the stationary or rest frame. We will quantify
more precisely the transformations between time and distance for different inertial
frames of reference in Chapter 2.

Maxwell’s equations lead to the wave equation which has solutions indicating
that the vacuum speed of light c is constant (see Section 1.1). The theories of rel-
ativity take as an assumption that the vacuum speed of light c is constant in all
frames of reference. The theory of special relativity applies for frames of reference
which are “inertial.” An inertial frame of reference is one where free particles move
in straight lines at constant speed. An inertial frame of reference with free particles
moving at constant velocity implies that there are no forces, known as “fictitious
forces,” which deviate the path of a body due to the acceleration of the frame of
reference. Examples of fictitious forces include the centrifugal and Coriolis forces
associated with a rotating body.

An inertial frame of reference is often specified as one which is not undergoing
acceleration. However, it is possible to treat acceleration using the equations of
special relativity as long as the acceleration is considered for an infinitesimally
short period of time (see, e.g., Section 3.3).
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12 A Brief Introduction to Special Relativity and Light

(a) (b)

l

vt

l

v

Figure 1.1 A thought experiment examining the time for light to propagate be-
tween two parallel mirrors in (a) a frame of reference moving with the mirrors, and
(b) a stationary frame of reference. The mirrors are moving parallel to the mirror
surfaces at a velocity v relative to the stationary observer. The distances for light
propagation as seen by (a) a moving observer in a frame of reference S′ and (b) a
stationary observer in a frame of reference S are annotated.

We consider here a brief argument showing that to an observer in a stationary
frame of reference, time in a moving inertial frame of reference appears to run more
slowly. This is known as time dilation. Distances measured by a stationary observer
of lengths in the moving inertial frame of reference in the direction of the velocity
are also shown to be shortened.

Consider a frame of reference with a pulse of light reflecting between two par-
allel mirrors separated by a distance l which is moving at constant velocity v in
an orthogonal direction to the light beam (see Figure 1.1). We label this moving
frame of reference as S′ and use primed symbols to designate time and distance in
the frame of reference. The light propagation between the two mirrors is also ob-
served by a nominally stationary observer in a frame of reference which we label
as S with distances and time designated with unprimed symbols (see Figure 1.2).
In the S′ frame of reference moving at velocity v, the light takes a time t′ = l/c to
pass from one mirror to the other. To the stationary observer, the light travels a
distance

√
l2 + v2t2 in a time given by t= √

l2 + v2t2/c. The important issue now
is that to the observers in both the stationary S and moving S′ frames of reference,
the speed of light c is the same. The only way to resolve the different distances that
the light travels according to the two observers is for the measurement of time to
be different in the two frames of reference. Substituting l= ct′ gives

t=
√
c2t′2 + v2t2

c
.
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Figure 1.2 Two inertial frames of reference. The frame of reference S′ with
primed coordinates (x′, y′, z′) has a velocity v in the x-direction relative to the
frame of reference S with coordinates (x, y, z).

Squaring this expression and re-arranging gives

t2 = t′2 + v2

c2
t2,

which simplifies to

t= t′√
1− v2/c2

. (1.13)

The observer in the stationary frame of reference S observes a longer time for the
light to reflect from one mirror to the other. The numerator in Equation 1.13 is less
than one, so time t in the stationary frame S is greater than time t′ in the moving
frame S′. We can imagine that the reflection of the light pulse acts as a clock. Time
in the moving frame of reference as observed from the stationary frame of reference
is running more slowly. A “moving” and a “stationary” observer are equally valid
observers, so to a nominally moving observer, the stationary clocks also appear to
run more slowly. In summary, the time measured in the two frames of reference is
different because the speed of light is the same in the two frames of reference – but
the light needs to travel different distances in the two frames of reference.

The slowing down of time to a stationary observer of the time in a frame of refer-
ence moving with velocity approaching the speed of light is a real effect. For exam-
ple, muons created by cosmic rays8 interacting with the Earth’s upper atmosphere

8 Cosmic rays striking the Earth’s atmosphere are particles comprising 90% protons (hydrogen nuclei), 9%
alpha particles (helium nuclei), and 1% electrons with a small number of higher atomic number nuclei and
antiparticles. With particle numbers peaking at energies ≈0.3 GeV, cosmic rays interact with air molecules to
produce a cascade of particles traveling close to the direction of the initial cosmic ray. Muons make up more
than half the cosmic radiation at sea level with the remainder comprising mainly electrons, positrons, and
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14 A Brief Introduction to Special Relativity and Light

decay with a half-life of 1.56 μs and so would decay and not be observed on the
Earth’s surface if time in the muon frame of reference was the same as the passage
of time on the Earth’s surface [30]. Traveling close to the speed of light, high-
energy muons would only travel close to 470 m in the time of their half-life from
their creation, so almost all would have decayed before reaching the ground as they
pass through 15 km or so of atmosphere. They are observed on the surface of the
Earth because as observed on the ground, the muon time is passing much more
slowly.

To quantify, let the distance x that a muon travels in the Earth’s frame of refer-
ence be set so x= vt. The length of atmosphere moving past the muon in its rest
frame is x′ = vt′. We have

x′ = vt′ = vt
√
1− v2/c2 = x

√
1− v2/c2.

Lengths of atmosphere x′ as measured by the muon are reduced by a factor√
1− v2/c2 from the lengths x as measured in the Earth’s frame of reference. For

v> 0.95c, many muons created by cosmic rays reach the ground (see Exercise 1.8).
Distances in a frame of reference moving at velocity v as measured by stationary

observers are reduced or contracted in the direction of the velocity. The muon in
our example sees the Earth’s atmosphere contracted by a factor

√
1− v2/c2 as it

moves past it at velocity v. This effect applies to any length measurement made in a
stationary frame in the direction of velocity of a moving object, but only, of course,
becomes significant when the velocity is a significant fraction of the speed of light.

As all observers in inertial frames of reference are equivalent, we can think of,
for example, the length contraction of the Earth’s atmosphere in the frame of ref-
erence of a muon even though the nominally stationary Earth may be regarded as
a “better” frame of reference. To avoid confusion, the “proper time” of an event
is used to mean the time measured by an observer in the frame of reference of the
event. The “proper length” is the length of an object or the distance between two
points measured by an observer in the same frame of reference as the object.

An observer in a stationary frame of reference measures times in a moving frame
slower than the proper time and distances in the direction of the relative velocity
of the two frames of reference shorter than the proper length. Distances measured
orthogonal to the direction of the velocity are measured to have the same value in
the two frames of reference. This change in time and measurement of distance is
illustrated as a cartoon in Figure 1.3.

photons. Cosmic rays originate from solar flares and coronal mass ejections and from supernovae explosions
in our galaxy and beyond. The sources and acceleration mechanisms for cosmic rays, particularly those with
extreme energy, are the subjects of much research (see Section 5.2.3). Galactic cosmic ray energies up to 1015

eV and extragalactic up to 3× 1020 eV have been observed [9], [22]. Cosmic rays with energies >1020 eV are
scattered by background intergalactic photons (the cosmic microwave background) and so are rarely detected
(see Exercise 6.15).
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Figure 1.3 The two inertial frames of reference illustrated in Figure 1.2 with su-
perimposed clocks as seen from the stationary frame S as the velocity v approaches
the speed of light c. Time appears slower, and distances in the direction of the ve-
locity appear shorter in the moving frame as observed from the stationary frame.

We quantify more precisely the transformations between time and distance for
different inertial frames of reference in Chapter 2. We show that it is possible
to have a transformation between time and distance (the Lorentz transformation)
which ensures (i) that the speed of light is the same in different frames of reference,
and (ii) that with a simple change of sign of the relative velocity of the observers, a
“moving” observer sees dilated time and contracted lengths in the stationary frame,
and the stationary observer measures dilated time and contracted lengths in the
moving frame. The shortening of lengths in the moving frame as measured in the
stationary frame of reference is often referred to as Lorentz contraction.

1.3 Light Emission from Charge Acceleration

Emission and absorption of electromagnetic radiation occurs when charges are ac-
celerated. A charged body of any mass radiates when accelerated, but the most
common emitters and absorbers are electrons as their low mass results in larger
acceleration. The acceleration is apparent for unbound particles such as free
electrons in a plasma, but is also present when dealing with the time-dependent
quantum mechanics of electrons bound in atoms and ions interacting with electro-
magnetic waves. In this section, we follow a relatively simple treatment by Purcell
[94] to determine the radiation produced by an accelerating charge.

The production of electromagnetic radiation when a charge such as an electron
accelerates arises due to a dislocation of the radially symmetric electric field from
the charge. Immediately before an acceleration impulse, the electric field radiates
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Figure 1.4 The electric field disruption at time t when a charge is accelerated to
velocity δv over a time δt at t= 0 for an angle θ ′

A to the acceleration direction in
the frame of reference of the charge. All electric field lines from the new charge
position within the angle δα need to move transversely at distance ct to link to
the electric field lines established when the charge was in its initial position. The
transverse electric field forms a pulse of electromagnetic radiation propagating
away from the accelerated charge.

from the initial position in a reference frame moving with the initial charge ve-
locity. Immediately after the acceleration, the electric field propagates in a radial
direction from the new position in the reference frame. As the electric field lines
from the charge are continuous, there is an electric field transverse jump propa-
gating at the speed of light. For the purposes of evaluating an expression for the
transverse electric field, we can assume that the velocity jump occurs on a very
short timescale so that the frame of reference remains inertial.

We now consider more quantitatively the production of electromagnetic radia-
tion by thinking about the electric field around a charged particle if it suffers an
impulse of acceleration to a velocity δv in a time δt at some initial time t= 0. At
a later time t> 0, the electric field lines associated with the initial position extend
radially out from the initial position at distances greater than ct, which is the dis-
tance that light and the information about the disturbance in the electric field from
the charge can travel in the time t. However, at the distance ct, there is a dislocation
of the electric field associated with the charge having accelerated to a new position
and the consequent need for a transverse movement of the electric field radially em-
anating from the new positions to join up with the electric field lines which started
before time t= 0. The concept is schematically illustrated in Figure 1.4.

The acceleration of a charge q by a velocity δv in a time δt at time t= 0 causes
a dislocation in the electric field distribution from the charge at a later time t at
a distance ct from the charge and produces a transverse electric field. All electric
field lines emanating from the later position of the charge move transversely within
an annulus of thickness cδt to match the field lines emitted before the charge accel-
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1.3 Light Emission from Charge Acceleration 17

eration. Provided that the velocity increase δv is much less than the speed of light
c, the electric field lines from the charge in the reference frame of the charge are
directed radially from the position of the charge, except at the distance ct. We can
calculate the enhancement of the electric field transversely over the distance ct to
c(t+ δt) by considering a small angular range δα for a particular angle θ ′

A to the
acceleration direction of the charge. Using Figure 1.4, by simple geometry

sin δα

δv t
= sin(π − θ ′

A − δα)

c t
.

If δv<< c, the angle δα is small and we have that

δα = (δv/c) sin θ ′
A.

The enhancement of the electric field in moving transversely through a thickness
cδt rather than being spread emanating radially from the charge over an angle r δα
is given by

r δα

cδt
= rδv

c2δt
sin θ ′

A.

The radial electric field from the charge q at distance r is given by

Er = q

4πε0r2
,

so the transverse field at distance r is given by

Et = q sin θ ′
A

4πε0c2r

δv

δt
.

The quantity δv/δt is the acceleration of the charge which we can write as dv′/dt′
(with the primes indicating a measurement of acceleration in the frame of the
charge). The transverse electric field can then be written as

Et = q

4πε0c2r

(
dv′

dt′

)
sin θ ′

A. (1.14)

The acceleration direction of a charge oscillates or rotates in many situations.
For example, charged particles orbit around magnetic fields in a plasma in Larmor
or gyro-orbits. An electron approaching an ion undergoes a hyperbolic trajectory
with a change of direction and hence change of acceleration direction due to the
electron-ion Coulomb attraction. In these cases the electric field in a particular di-
rection will oscillate sinusoidally (possibly at many frequencies) and consequently
create sinusoidally oscillating magnetic fields (from Ampere’s law). Sinusoidally
oscillating electric and magnetic fields are simply electromagnetic radiation. The
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Acceleration direction
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'

Figure 1.5 Three-dimensional profile of the power dP′/d�′ per unit solid angle
radiated by an accelerating charge in the frame of reference of the charge. The
radiated power varies as sin2θ ′

A, where θ
′
A is the angle to the acceleration direction.

power dP′/d�′ radiated per unit solid angle is related to the intensity I = ε0cE2
t at

a distance r by dP′/d�′ = Ir2, so we have that

dP′

d�′ = q2

4πε0

1

4πc

(
dv′

dt′
/c

)2

sin2θ ′
A. (1.15)

This expression for the radiation emitted by an accelerating charge is known as
the Larmor formula after the Northern Irish physicist Joseph Larmor (1857–1942).
Larmor was the first to determine the power radiated by an accelerated charge
(Equation 1.15). He also developed the theoretical understanding of the splitting
of spectral lines due to a magnetic field (now known as the Zeeman effect). Prior
to Einstein’s special relativity, Larmor worked on transformations similar to the
relativistic Lorentz transformation (to be discussed in Section 2.2).

The radiation produced by an accelerating charge is polarized. The k vector of
the radiation is directed radially away from the charge with the electric field di-
rected transversely (in the plane formed by the k vector and the acceleration vector).
The polarization of light is defined by the direction of the electric field so an ac-
celerated charge produces light with a polarization in the plane formed by the light
k vector and the charge acceleration vector. The power radiated by an accelerated
charge q is proportional to the square of the acceleration and varies with angle θ ′

A
to the direction of acceleration (see Figure 1.5).

The power output (Equation 1.15) is valid in the frame of reference of the charged
particle. If the charged particle has a velocity v approaching the speed of light c, we
show later that there is a “beaming effect” in the stationary frame of reference with
emission concentrated in the stationary frame in the direction of the charge velocity
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over a range of angles 1/γ to the velocity direction, where γ = 1/
√
1− v2/c2 (see

Section 3.4). Equation 1.15 is sometimes known as the “dipole” distribution of ra-
diation as an oscillating electric dipole radiates with an identical angular variation
(∝ sin2 θ ′

A).
Integrating Equation 1.15 for nonrelativistic emission over all solid angles gives

the total radiated power

P=
∫

dP′

d�′ d�
′

=
∫ π

0

dP′

d�′ 2π sinθ ′
A dθ

′
A

= q2

4πε0

1

4πc

(
dv′

dt′
/c

)2 ∫ π

0
2π sin3θ ′

A dθ
′
A

= q2

4πε0

2

3c

(
dv′

dt′
/c

)2

. (1.16)

The total power radiated in the frame of reference of the charged particle given by
Equation 1.15 is the same as the total power detected in the stationary rest frame, so
Equation 1.16 also applies to the total power emitted for charged particles moving
at relativistic velocities provided the acceleration dv′/dt′ is measured in the frame
of the charged particle. The expression for the total power emitted by an acceler-
ating charged particle after integration over 4π steradian when the acceleration is
measured in the rest frame of reference is evaluated in Chapter 3 (see, e.g., Equa-
tion 3.44).

Exercises

1.1 The foot is a unit of length in the British Imperial and U.S. customary system
of units defined as 0.3048 m exactly. How long in nanoseconds does it take
for light to travel a distance of one foot? [1.016 ns]

1.2 How far does a pulse of light travel in one year? [9.46× 1015 m]
1.3 Consider visible light of wavelength 500 nm (a cyan or light blue color).

Determine the frequency and photon energy of light of wavelength 500 nm.
[6× 1014 Hz, 2.48 eV]

1.4 A spectral line at wavelength 500 nm has a spectral width of 1 nm. Deter-
mine the spectral width in frequency and photon energy of this spectral line.
[1.2× 1012 Hz, 5× 10−3 eV]

1.5 Evaluate Equation 1.12 to show that the electric field E0 and magnetic field
B0 associated with light of irradiance I measured in Wm−2 are given by
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20 A Brief Introduction to Special Relativity and Light

E0 = 27.4 I1/2 Vm−1

B0 = 9.13× 10−8 I1/2 tesla.

1.6 The clocks illustrated in Figure 1.3 show that time in the moving frame S′ as
measured in the stationary frame S is running at half the rate of time measured
in the frame S. Calculate the relative velocity of frame S′ to frame S. [0.86c=
2.6× 108 ms−1]

1.7 The average lifetime of a π meson in the frame of reference of the meson
is 26.0 ns. If a π meson has a velocity of 0.95c in a laboratory experiment,
determine the lifetime of the π meson in the laboratory frame of reference and
the average distance the π meson travels in the laboratory before decaying.
[83.3 ns, 24 m]

1.8 Muons decay with a half-life of 1.56 μs in their frame of reference. They
are created in the Earth’s atmosphere when cosmic rays interact with air. For
muons created in the upper atmosphere with a velocity of 0.98c, calculate
the observed half-life of the muons and determine the percentage of an initial
population of muons which do not decay after traveling 10 km through the
atmosphere. [6.8 ns, 4.9%]

1.9 Laser cavities consist of two parallel mirrors as illustrated in Figure 1.1. In
the frame of reference of the mirrors, the laser output consists of “modes”
of frequencies separated by �ν ′ = 2l/c, where l is the distance between the
mirrors. If the laser mirrors move at a velocity v parallel to the surface of the
mirrors, show that the mode spacing �ν according to a stationary observer is
given by

�ν = 2

c
(l2 + (vt)2)1/2.

Hence, show that

�ν = �ν ′

(1− v2/c2)1/2
.

[The frequency spacing is Doppler shifted by an amount that is consistent
with Equation 2.47 for light moving at angle π/2 to the velocity direction (as
derived in Section 2.6).]

1.10 Evaluate Equation 1.16 to show that the power radiated by an accelerated
electron is given by

P= 5.7× 10−30
(
dv

dt

)2

watts,

where the electron acceleration dv/dt is measured in units of m s−2.
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1.11 An isolated electron is accelerated by an electric field of 1 Vm−1 for a short
time. Determine the power radiated by the electron. [1.76× 10−7 watts]

1.12 Ignoring radiation losses for an isolated electron accelerated in a uniform
electric field of 1 Vm−1, determine the length of time needed to accelerate an
isolated electron to a speed c/100, where c is the speed of light. [17 μs]

1.13 Considering the numerical answers for Exercises 1.11 and 1.12, discuss if it
is valid to neglect radiation energy losses for an isolated electron accelerated
to a speed of c/100 in an electric field. [The effect of radiated energy loss on
the motion of charged particles is discussed in Section 7.12.]

1.14 A charge of one coulomb is accelerated at a rate c ms−2 for a short time. De-
termine the total instantaneous power of the electromagnetic radiation created
by the acceleration. [20 watts]
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2

An Introduction to Relativistic Kinematics, Kinetics
and Energy

“Kinematics” describes and predicts the motion of bodies using the initial condi-
tions of position, velocity and acceleration. The study of the effects of forces on
bodies is known as “kinetics.” The kinematic motion of bodies and particles can
be accurately observed and predicted by Newtonian mechanics when the observer
is moving with a velocity close to that of the objects or particles under study. The
kinematics of special relativity need to be invoked when the observer of a body
or particle is separated from the objects under study due to a large difference in
the velocity of the objects and the observer. We show in this chapter that relativis-
tic kinetics and relativistic energy concepts develop by extending the Newtonian
treatment of forces (as the differential of momentum with respect to time) and by
defining energy in terms of forces (as the scalar product of the force on a body with
the displacement caused by the force).

We found in Chapter 1 that a nominally stationary observer measures that time
in a rapidly moving body runs more slowly, while lengths in the direction of the
velocity of the moving body are measured to be shorter by the stationary observer.
These two effects are consequences of the constant value of the vacuum speed of
light for all observers. Light propagates at the same velocity to an observer moving
at speed and to a stationary observer. Light signals sent from one observer to an-
other have the same velocity to the observer sending the signal and to the observer
receiving the signal even when one observer is moving rapidly away (or towards)
the other observer. Relativistic adaptions to Newtonian kinematics, kinetics and
energy all arise as consequences of the constant speed of light.

Section 1.1 of this book examined how the propagation of light arises from
Maxwell’s equations relating electric fields, magnetic fields, charges, and currents.
Light was shown to be composed of spatially and temporally oscillating electric
and magnetic fields propagating with a velocity related to the constants needed to
relate electric fields, magnetic field, charges, and currents. Such a result strongly
suggests that the vacuum speed of light is constant for all observers as the vacuum

22
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2.1 Galilean Transformations 23

electric and magnetic field constants must be the same everywhere. Over the 160
years since Maxwell proposed the electromagnetic nature of light,1 a considerable
body of experimental evidence has been produced to show that the speed of light
in a vacuum is the same for all observers.2

In Section 1.2 we found a simple quantitative relationship for the relative rate of
progress of time for different observers. The speed difference between the station-
ary and moving observers needs to be a significant fraction of the speed of light for
a noticeable effect, but will always exist. We showed in Section 1.3 that accelerated
charges produce light.

In this chapter, we develop the Lorentz transformation between observers. The
Lorentz transformation formalizes and conceptually eases the calculation of chan-
ges in time and length associated with large velocity differences between observers.
The Lorentz transformation is not confined to the consideration of time and length
measurements and is extended to cover the transformation of velocities, particle
momentum, and energy. The chapter presents a matrix transformation useful for
calculating Lorentz transformations.

2.1 Galilean Transformations

We start the discussion of transformation between observers by considering the
classical Galilean transformation of time and length, which is valid for observers
with small differences in velocities. A Galilean transformation relates time and spa-
tial coordinates for different observers within the constructs of Newtonian physics.

An inertial frame of reference is a coordinate system where free bodies move
with constant speed and direction. An inertial frame of reference can be regarded
as being at rest or moving at a constant velocity. A system in an inertial frame of
reference does not experience forces external to the system.

In an inertial frame of reference, Newton’s laws follow in a straightforward way.
For example, a force F on a body causes the momentum p of the body to change in
time such that

F= dp
dt
.

The force F is the vector sum of forces on the body, such as forces arising from
electromagnetic effects. A noninertial frame of reference can have additional forces

1 James Clerk Maxwell (1831–1879) published an early version of the equations later known as Maxwell’s
equations in 1861 and 1862 and used them to propose that light is an electromagnetic phenomenon (see [76]).

2 Though the speed of light is constant in a vacuum, the speed of light in a medium (and not in a vacuum) varies
depending on the medium. In a medium, pulses of light propagate with a group velocity which can be different
to the phase velocity and the vacuum velocity (see Section 4.4). The velocity of light in a medium also varies
with the frame of reference of the observer (see Chapter 9).
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24 An Introduction to Relativistic Kinematics, Kinetics and Energy

associated with the acceleration of the frame of reference. For example, a rotating
frame of reference has a centrifugal force on a body directed away from the center
of rotation. A body moving with a velocity relative to a rotating frame of refer-
ence experiences a Coriolis force. The centrifugal and Coriolis forces are examples
of forces referred to as “fictitious” forces. A fictitious force does not arise from
any physical interaction between two objects, such as electromagnetism or contact
forces, but rather from the acceleration of the noninertial reference frame.3

Newton conceived the intuitive notion of the transformation of coordinates be-
tween two inertial frames of reference. Consider a frame of reference with Carte-
sian coordinates (x′, y′, z′) moving at velocity v along the x-axis relative to another
frame of reference with Cartesian coordinates (x, y, z). If the two frames of ref-
erence measure the same time t′ = t and coincide in spatial position at some time
t′ = t= 0, the relation between the two coordinate systems is given by

t′ = t,

x′ = x− vt,

y′ = y,

z′ = z. (2.1)

Though conceptualized by Newton, this transformation between the coordinate sys-
tems for the two frames of reference is known as the Galilean transformation after
the Italian astronomer and physicist Galileo Galilei (1564–1642). It is a valid trans-
formation between the frames of reference if the velocity v is much less than the
speed of light. The Galilean transformation can be conveniently represented in ma-
trix form:

⎡
⎢⎢⎣

t′
x′
y′
z′

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

1 0 0 0
−v 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

t
x
y
z

⎤
⎥⎥⎦ (2.2)

Evaluating this matrix equation gives the four relationships for time and distances
as expressed in Equation 2.1.

3 In a frame of reference rotating with angular momentum ω, assuming relativistic effects are small, the
relationship between a force F′ and acceleration a′ becomes F′ −m0

dω
dt × r′ − 2m0ω× v′ −m0ω× (ω× r′)

=m0a′, where r′ is the position vector relative to the rotating reference frame and v′ is the velocity relative to
the rotating reference frame. The three fictitious force terms due to rotation are known respectively as the
Euler force, the Coriolis force, and the centrifugal force.
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2.2 Lorentz Transformations 25

2.2 Lorentz Transformations

The special theory of relativity is based on two principles held to be true because
they agree with observations: (i) The laws of physics are the same in any inertial
frame of reference, and (ii) the vacuum speed of light is constant in all inertial
frames of reference. As discussed in Section 2.1, an inertial frame of reference has
no “fictitious” forces such as the centrifugal force due to the acceleration of the
frame. The first principle assumed for special relativity requires, for example, that
Newton’s second law that a body subject to a force F undergoes a change of mo-
mentum p such that F= dp/dt applies in all inertial frames. The second principle
is a consistent extension of the first principle arising from experiments showing
that the velocity of light in a vacuum does not change with the observer4 and from
treatments, such as presented in Section 1.1, showing that Maxwell’s equations pre-
dicting the behavior of electric and magnetic fields also indicate a constant velocity
for light propagation. The constant velocity of light has important consequences for
time and spatial measurements in different inertial frames of reference if the relative
velocity of the frames of reference are significant compared to the speed of light.

Consider two observers, one in a frame of reference S′ with Cartesian coordinates
(x′, y′, z′) moving at velocity v along the x-axis relative to another observer in a
frame of reference Swith Cartesian coordinates (x, y, z) (see Figure 1.2). A pulse of
light emitted from the common origin (0, 0, 0) of both frames of reference at time
t′ = t= 0 will appear to both observers as an expanding sphere of light centered
on the respective origins of the two frames of reference. The equations for the
expanding spheres in each frame of reference are respectively

x2 + y2 + z2 − c2t2 = 0

x′2 + y′2 + z′2 − c2t′2 = 0, (2.3)

where c is the speed of light. For these equations to both be valid, the time t′ in the
frame of reference S′ is probably not equal to the time t in the frame of reference S,
and the coordinates (x, y, z) and (x′, y′, z′) may be different. We show below that
the times t and t′ and the distances x and x′ change.

We want to determine the relationships between the S′ coordinates (t′, x′, y′, z′)
and S coordinates (t, x, y, z). At right angles to the x-direction (perpendicular to the

4 The Michelson-Morley experiment in 1887 showed that light propagates at the same velocity in orthogonal
directions at any orientation and time. Albert Michelson and Edward Morley, at what is now Case Western
Reserve University in Cleveland, Ohio, undertook to measure any change in the velocity of light with
direction using an interferometer which Michelson invented (see Exercise 2.2). The experiment helped to
debunk the idea, current at the time, of the existence of a medium (known as the “luminiferous aether,”
“aether,” or “ether”) in which light propagates. It was previously thought that light propagated at a constant
velocity relative to the aether, much like sound propagates at a constant velocity relative to air. The idea of the
aether still survives in popular imagination, for example, when unintercepted radio messages are said to
“disappear into the aether,” but there is no evidence or need for its existence.
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26 An Introduction to Relativistic Kinematics, Kinetics and Energy

velocity v), the distances measured in the two frames of references are the same,
as there is no velocity difference between the frames of reference in the y-and z-
directions. We have

y′ = y,

z′ = z. (2.4)

We need to find the relationship between (x, t) and (x′, t′). We can always choose
an initial time t= 0 and initial position x= 0, so that at this initial time and position
t′ = 0 and x′ = 0. If space and time are homogeneous, derivatives of t and x should
also remain constant with changes of the initial time and position. These conditions
mean that the transform between (x, t) and (x′, t′) is linear and we can write

x′ = Ax+ Bt,

t′ =Cx+Dt, (2.5)

where the coefficients A, B, C, and D are to be determined.
Setting x′ = 0 means that (x, 0, 0) represents the origin of the S′ frame of refer-

ence as measured in the S frame of reference. We have that

Ax+ Bt= 0.

This can be written as

x

t
= −B

A
.

The value of x/t is the velocity of the origin O′ as measured in S which is equal to
v. We have that B= −vA, so can write

x′ = A(x− vt). (2.6)

It is possible to solve Equations 2.5 for x and t:

x= Dx′ + vAt′

AD− BC
, (2.7)

t= At′ −Cx′

AD− BC
(2.8)

These two equations can be manipulated as before. Consider the origin of the ref-
erence frame S where x= 0. Equation 2.5 with x= 0 can be rearranged to show
that

x′

t′
= −vA

D
.
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The frame S is moving at velocity −v with respect to frame S′ so x′/t′ = −v and
hence A=D. Using A=D and the earlier result that B= −vA, we can modify
Equations 2.7 and 2.8:

x= A(x′ + vt′)
A2 + vAC

(2.9)

t= A(t′ − (C/A)x′)
A2 + vAC

(2.10)

We now compare this transformation from frame S′ to S with the earlier transfor-
mation (Equation 2.5) from frame S to S′. With just a small modification and using
Equation 2.6, Equations 2.5 become

x′ = A(x− vt) (2.11)

t′ = A(t+ (C/A)x). (2.12)

Any difference between the transformation from frame S′ to S and from frame S
to S′ arises because the velocity of S′ with respect to S is v, while the velocity of
S with respect to S′ is −v. We can obtain Equations 2.11 and 2.12 by swapping
the primed and unprimed variables and changing the sign of v in Equations 2.9 and
2.10. For this interchange to work, A2 + vAC= 1 and C/A must be proportional to
v. We have

A2(1+ v(C/A))= 1

which can be readily rearranged to give an expression for the coefficient A. We find

A= 1√
1+ v(C/A)

. (2.13)

We gained some idea of the form of the dilation of time when measured in a
different frame of reference in the discussion of Section 1.2. For events measured
at the same position in space (e.g. x= 0), time dilates in the stationary frame as ob-
served in the moving frame following t′ = t/

√
1− v2/c2 (adapting Equation 1.13).

Similarly, the distance x′2 − x′1 measured for a moving frame of reference in a sta-
tionary frame appears as a contracted distance x2 − x1 = (x′2 − x′1)

√
1− v2/c2. The

swapping of frames of reference in comparing Equation 2.12 with Equation 2.10
shows that C/A is proportional to the velocity v. It is reasonable to propose a trial
value of C/A, where C/A= −v/c2. The transformation from frame S to frame S′ is
then given by
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x′ = x− vt√
1− v2/c2

, (2.14)

t′ = t− vx/c2√
1− v2/c2

(2.15)

in agreement with our ideas of time dilation and length contraction as discussed
in Section 1.2. The reverse transformation from the moving frame S′ (the proper
frame) to the frame S is obtained by simply swapping the primed and unprimed
symbols and changing the sign of the velocity v to −v:

x= x′ + vt√
1− v2/c2

, (2.16)

t= t′ + vx′/c2√
1− v2/c2

(2.17)

The compete relationship between (t, x, y, z) and (t′, x′, y′, z′) is known as the
Lorentz transformation after Hendrik Lorentz (1853–1928)5 and can be written as:

t′ = γ
(
t− vx

c2

)

x′ = γ (x− vt)

y′ = y,

z′ = z, (2.18)

where we define the Lorentz parameter

γ =
(
1− v2

c2

)−1/2

. (2.19)

The velocity v of the moving frame S′ is here taken to be positive v when directed
away from the rest frame S in the positive x-direction.

Earlier, we considered how observers in frame S and S′ would see an expanding
pulse of light originating from their assumed common origin at time t= 0 (see
Equations 2.3). At later times t, observers in both frames should see an expanding
sphere of light centered on the S and S′ origins such that the position coordinates
(x′, y′, z′) and (x, y, z) of the light pulses at times t′ and t satisfy

x′2 + y′2 + z′2 − c2t′2 = 0

5 Hendrik Lorentz was born in Arnhem, the Netherlands, in 1853. He was awarded the Nobel prize together
with Pieter Zeeman in 1902 for the discovery of the magnetic field splitting of spectral lines, now known as
the Zeeman effect. Between 1892 and 1895 Lorentz derived the relativistic transformation bearing his name as
a way of transforming between different velocities relative to the luminiferous aether, but at the time, unlike
Einstein, he did not make the logic leap to drop the idea of the aether.
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and

x2 + y2 + z2 − c2t2 = 0.

Substitution of the Lorentz transformation (Equations 2.18) from frame of refer-
ence S to frame S′ in the primed version of Equations 2.3 gives

x′2 + y′2 + z′2 − c2t′2 = γ 2(x− vt)2 + y2 + z2 − c2γ 2
(
t− vx

c2

)2

= x2 + y2 + z2 − c2t2 + (t2 − x2/c2)(2− v2/c2)= x2 + y2 + z2 − c2t2 = 0

upon specifically noting that in the S frame, the distance x light travels in time t is
given by x= ct. This manipulation shows that both primed and unprimed expres-
sions in Equations 2.3 are satisfied and that observers in frames S and S′ do both
see an expanding sphere of light. Our choice for the value C/A= −v/c2 is justified
as Equations 2.3 are both valid with this choice.

The Lorentz transformation can be represented in a matrix form:

⎡
⎢⎢⎢⎣

t′

x′

y′

z′

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

γ −γ v/c2 0 0
−γ v γ 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

t
x
y
z

⎤
⎥⎥⎥⎦ (2.20)

Operating in terms of ct and ct′, the Lorentz transformation becomes:

⎡
⎢⎢⎢⎣
ct′

x′

y′

z′

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎣

γ −γβ 0 0
−γβ γ 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣
ct
x
y
z

⎤
⎥⎥⎥⎦ , (2.21)

where β = v/c.
We expect an appropriate low velocity limit and an equivalence in the frames

of reference to be apparent in the Lorentz transformation. When the velocity v of
the moving frame of reference is much less than the speed of light c, we have that
γ = 1 and β = 0. The Lorentz transformation (Equation 2.20) is then equivalent to
the Galilean transformation (Equation 2.2).

Manipulating Equation 2.21 by inverting the 4× 4 matrix we can determine an
expression for the stationary coordinates (ct, x, y, z) as a function of the moving
coordinates (ct′, x′, y′, z′). We have
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⎡
⎢⎢⎣
ct
x
y
z

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

γ −γβ 0 0
−γβ γ 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦

−1 ⎡
⎢⎢⎣
ct′
x′
y′
z′

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

γ γβ 0 0
γβ γ 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣
ct′
x′
y′
z′

⎤
⎥⎥⎦ .

(2.22)

As the two inertial frames of reference are equivalent, in the dashed frame of ref-
erence, the undashed frame of reference is moving at a speed −v so that β = −v/c
and Equation 2.22 is fully consistent with Equation 2.21. This manipulation ex-
emplifies a general and useful way to change expressions involving Lorentz trans-
formations. Formulas involving Lorentz transformations from frame S′ (moving at
velocity v) to frame S (nominally stationary) can be changed to formulas involving
Lorentz transformations from frame S (nominally stationary) to frame S′ (moving
at velocity v) by simply swapping primed symbols for unprimed symbols and un-
primed symbols for primed symbols and then reversing the sign of the velocity so
that v becomes −v in the Lorentz transformation matrix.

2.3 The Transformation of Velocities

The Lorentz transformation enables a straightforward method for determining the
transformation of a velocity measured in one frame of reference into the velocity
observed in another frame of reference. The transformation of a velocity u′ from
a frame S′ to a frame S can be determined by considering small increments of
space and time in the Lorentz transformation (Equation 2.20). As before we assume
that frame S′ is moving along the x-axis at a velocity v relative to the frame of
reference S, with positive v implying that the velocity v of the moving frame S′ is
directed away from the rest frame S in the positive x-direction. Writing the Lorentz
transformation in differential form:

dt= γ
(
dt′ + v

c2
dx′
)

dx= γ (dx′ + vdt′)
dy= dy′,
dz= dz′ (2.23)

The velocities along the three axes x, y, and z in the frame S are related to the
velocities in frame S′ by

ux = dx

dt
= γ (dx′ + vdt′)
γ (dt′ + vdx′/c2)

= u′
x + v

1+ vu′
x/c

2
, (2.24)
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uy = dy

dt
= dy′

γ (dt′ + vdx′/c2)
= u′

y

γ (1+ vu′
x/c

2)
, (2.25)

uz = dz

dt
= dz′

γ (dt′ + vdx′/c2)
= u′

z

γ (1+ vu′
x/c

2)
. (2.26)

These equations for the velocities in Cartesian coordinates in the x-, y- and z-
directions assume the velocity v is parallel to the x-axis. When the frame S′ is
moving with an arbitrary velocity v relative to the frame S, we can treat the velocity
transformation by considering the components of u parallel and perpendicular to v.
The parallel component of velocity (u′||) transforms as shown in Equation 2.24,
while the perpendicular component of velocity (u′⊥) transforms as for Equations
2.25 and 2.26. We write

u|| =
u′|| + v

1+ vu′||/c2
, (2.27)

u⊥ = u′⊥
γ (1+ vu′||/c2)

. (2.28)

The directions of the velocities in the two frames can be related by considering how
the angle θ ′ between the velocity u′ in the S′ frame and the relative velocity v of the
frames relates to the angle θ between the velocity u in the S frame and the relative
velocity v. We have that u′⊥ = u′ sin θ ′ and u′|| = u′ cos θ ′ and tan θ = u⊥/u||. This
last relation gives an expression known as the “aberration formula,” which relates
the velocity direction for a particle as measured in two different reference frames.
Angles θ ′ to the velocity v of a moving frame as measured in the moving frame
transform to the angle θ to the velocity v in the stationary frame by

tan θ = u⊥
u||

= u′ sin θ ′

γ (u′ cos θ ′ + v)
. (2.29)

A feature of the Lorentz transformation mentioned in Section 2.2 is the general
way of moving from a Lorentz transformation from frame S′ (moving at velocity v)
to frame S (nominally stationary) to a Lorentz transformation from frame S (nom-
inally stationary) to frame S′ (moving at velocity v). Formulas involving Lorentz
transformations from frame S′ (moving at velocity v) to frame S (nominally sta-
tionary) can be changed to formulas involving Lorentz transformations from frame
S (nominally stationary) to frame S′ (moving at velocity v) by (i) simply reversing
the sign of the velocity so that v becomes −v and (ii) interchanging primed and
unprimed designations on parameters. The velocity transformations from frame S′
to S presented for Equations 2.27 and 2.28 can be rewritten as transformations from
frame S to S′:
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u′
|| =

u|| − v

1− vu||/c2
, (2.30)

u′
⊥ = u⊥

γ (1− vu||/c2)
(2.31)

Similarly the aberration formula (Equation 2.29) for the angle of a particle velocity
can be changed to give the transformation from frame S to frame S′:

tan θ ′ = u sin θ

γ (u cos θ − v)
(2.32)

2.4 The Relativistic Rocket Equation

Vehicles that are accelerated using thrust supplied by expelling part of the mass of
the vehicle are termed “rockets.” Rockets are propelled by expelling mass in the
opposite direction of desired travel so that the forward force on the rocket due to
the backward momentum of expelled mass causes forward motion of the remaining
rocket mass. The forward velocity of a rocket is related to the initial and final mass
of the rocket by a “rocket equation.”

Considering measurements in the frame of reference of a rocket, the classical
rocket equation can be obtained. As before, we use primed symbols to indicate the
“proper” frame of reference where the observer is moving with the rocket. Let the
rate of change of the momentum of the rocket exhaust be v′exdMex/dt′, where v′ex is
the velocity of the exhaust in the frame of the rocket and dMex/dt′ is the rate of rest
mass flow in the exhaust. The force v′exdMex/dt′ is the “thrust” of the rocket. The
rate of change of the momentum of the remaining rest massM of the rocket can be
written as Mdv′R/dt′, where v′R is the rocket velocity. The rocket mass changes at
a rate dM/dt′ such that dMex/dt′ = −dM/dt′. Equating the force from the exhaust
v′exdMex/dt′ and the force on the rocket Mdv′R/dt′, we have

M
dv′R
dt′

= −v′ex
dM

dt′
.

Rearranging, we can write that

dM

M
= − 1

v′ex
dv′R. (2.33)

Integrating the left-hand side from an initial rest mass M0 to a final rest mass MF

and the right-hand hand from a velocity of zero to a final velocity v′F, we have
∫ MF

M0

dM

M
= − 1

v′ex

∫ v′F

0
dv′R.
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2.4 The Relativistic Rocket Equation 33

Undertaking the integrations with a small rearranging gives the nonrelativistic rocket
equation for the rocket velocity v′F assuming a constant exhaust velocity v′ex:

v′F = v′ex ln
(
M0

MF

)
, (2.34)

where the final rocket mass is MF and the initial mass is M0.
The relativistic version of the rocket equation is obtained by applying the rel-

ativity theory examined in Section 2.3. We use the relationship (Equation 2.27)
between the velocity v′R of an object measured by an observer in the frame of the
rocket moving at speed v and the velocity vR of the same object measured by a
stationary observer. We assume that the velocity v′R of the object is parallel to the
velocity v of the rocket. Rewriting Equation 2.27 in the notation we are using for
the rocket motion, we have

vR = v′R + v

1+ vv′R/c2
. (2.35)

We now consider how the value of a small velocity increment dv′R in the moving
frame is measured in the stationary frame. Taking the differential of Equation 2.35
gives

dvR = dv′R
(

1

1+ vv′R/c2
− v′R + v

(1+ vv′R/c2)2
v

c2

)

= dv′R
(

1− v2/c2

(1+ vv′R/c2)2

)
.

In the limit where an object is moving with the rocket, the velocity v′R of the object
relative to an observer in the rocket is zero (v′R = 0) and, furthermore, the velocity
vR seen by the stationary observer is such that vR = v. The relationship between
a small increment of velocity dv′R in the moving frame and a small increment of
velocity dvR in the stationary frame is then given by

dv′R = dvR
1− v2R/c

2
. (2.36)

We can substitute for dv′R in the expression for dM/M obtained for the rocket equa-
tion in the frame of the rocket (Equation 2.33). Substituting and now integrating
the right-hand side from a velocity vR = 0 to a final velocity vF in the stationary
frame, we have

∫ MF

M0

dM

M
= − 1

v′ex

∫ vF

vR=0

dvR
1− v2R/c

2
. (2.37)
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The integrations reduce to an expression for the relativistic rocket equation:

ln

(
M0

MF

)
= c

2v′ex
ln

(
1+ vF/c

1− vF/c

)

which simplifies to

M0

MF
=
(
1+ vF/c

1− vF/c

)c/(2v′ex)
. (2.38)

The asymptotic limit when vF << c is not apparent with the relativistic rocket
equation in the form given in Equation 2.38. Rearranging Equation 2.38, we
have that

vF
c

= (M0/MF)
c/(2v′ex) − 1

(M0/MF)
c/(2v′ex) + 1

.

We now use (M0/MF)
c/(2v′ex) = exp

(
c/(2v′ex) ln(M0/MF)

)
and the identity for the

hyperbolic tanh function:

tanh x= e2x − 1

e2x + 1

Equation 2.38 can then be rewritten in a form that relates the rocket velocity vF
in the stationary frame to the exhaust velocity and initial M0 and final rocket rest
massMF:

vF
c

= tanh

(
v′ex
c

ln

(
M0

MF

))
(2.39)

The velocity v′ex of the rocket exhaust is assumed constant in both the nonrela-
tivistic (Equation 2.34) and relativistic (Equations 2.39 and 2.38) treatments and
is measured in the frame of reference of the rocket. When the rocket exhaust ve-
locity v′ex << c, the final velocity vF of the rocket in the stationary frame deter-
mined using Equation 2.39 is equal to values given by the nonrelativistic expression
(Equation 2.34).

Our treatment to obtain the relativistic rocket equation is an example where
we use special relativity to model an accelerating frame of reference. In the limit
of an infinitesimally small duration of time when the velocity increment dv′R is
infinitesimally small, we can use special relativity as the frame of reference is
inertial over an infinitesimally small duration of time. We use this argument to
work out the transformation of acceleration from a moving to rest frame later in
Section 3.3.
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vR

v'ex

dM

M

(a)

dM

v'ex

M

Laser or X-rays

Deuterium and tri�um

(b)

vR

Figure 2.1 Schematic illustrations of (a) a rocket of mass M propelled by ex-
pelling mass dM, and (b) the rocket-like compression of deuterium and tritium
in inertial fusion where indirect x-rays (created in a black-body cavity) or direct
laser beams ablate a mass dM and propel shell material of massM to compress the
deuterium and tritium.

The rocket equations are applicable to the laser-ablated capsules containing deu-
terium (D) and tritium (T) fuel utilized in inertial fusion research [82]. In inertial
fusion, optical lasers or X-rays ablate a spherical plastic shell containing frozen DT
on the inside of the shell and gas within the shell (see Figure 2.1). The ablated ma-
terial expands outwards from the shell and drives the shell inwards, compressing
the D and T fuel so that fusion to helium (and energetic neutrons) occurs. The in-
ward velocity of the capsule shell is governed by the rocket equations. The ablation
rate of the shell material and the expanding plasma velocity are equivalent to dM
and the exhaust velocity v′ex, respectively, as featured in the rocket equations. A
general form including relativistic effects of the rocket equation relevant to inertial
fusion can be found by modifying Equation 2.37. An integration of the relative rate
of ablation dM/M gives the final implosion velocity vF:

∫ MF

M0

dM

M
= −

∫ vF

vR=0

dvR
v′ex(1− v2R/c

2)
, (2.40)

where v′ex is the outward velocity of ablated material as a function of the implosion
velocity. If the outward velocity v′ex of ablated material is constant, Equation 2.39
then gives the final implosion velocity vF as a function of the initial massM0 of the
shell plus fuel and the final massMF of the DT fuel.
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36 An Introduction to Relativistic Kinematics, Kinetics and Energy

2.5 The Transformation of the Propagation Direction of Light

The complementarity principle discussed as a footnote in our initial wave treatment
of light (Section 1.1) states that both light and matter exhibit wave-like and particle-
like properties depending on the measurement or interaction being considered. A
photon is the quantum of electromagnetic radiation (for further discussions on the
quantization of light, see Sections 2.9 and 6.4).

In relativistic calculations, photons can be treated as zero-mass particles moving
at the speed of light c in different frames of reference. This means that calculations
of the trajectories of light rays seen by observers with different velocities can be
made using relativistic treatments developed for particles by setting the particle
velocity to c. The angular variation of light in a moving frame of reference as
observed in a stationary frame is examined in the section using the formulas for
velocity transformation between frames as determined in Section 2.3.

As an example of the effect on the observed direction of light propagation in
different frames of reference, we set the velocity u′ = c in Equation 2.29 to get a
relationship between the angle θ ′ of light propagation to the velocity v in a moving
frame as observed (at angle θ to the velocity v) in a nominally stationary frame:

tan θ = sin θ ′/γ
cos θ ′ + v/c

(2.41)

A narrowing of the angular range of radiation observed in the stationary or labo-
ratory frame for light emitted at a range of angles in a moving frame is illustrated
in Figure 2.2, where results for Equation 2.41 are plotted. At high velocities where
the Lorentz parameter γ = 1/(1− (v/c)2)1/2 is large, the emission in the stationary
frame is concentrated in the direction parallel to the velocity v of the moving frame.

To obtain values of sin θ and cos θ for light emission in the laboratory frame,
we need to evaluate the sum of the squares of the numerator and denominator of
Equation 2.41. We have

((
cos θ ′ + v

c

)2 + sin2θ ′

γ 2

)1/2

= 1+ v

c
cos θ ′

upon substituting 1/γ 2 = 1− (v/c)2. Expressions for sin θ and cos θ then follow:

sin θ = sin θ ′/γ
1+ (v/c) cos θ ′ , (2.42)

cos θ = cos θ ′ + v/c

1+ (v/c) cos θ ′ (2.43)
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Figure 2.2 Light propagation angles θ in the laboratory frame of reference for
light emitted in the moving frame at angles θ ′ as labeled as a function of the
Lorentz γ -parameter of the moving frame. Angles are measured relative to the
velocity v of the moving frame.

For light emitted in the moving frame S′ perpendicular to the direction of the
velocity we have θ ′ = π/2, so that the angle of the light in the stationary S frame is
given by

sin θ = 1

γ
. (2.44)

When the frame of reference is moving with velocity v close to the speed of light c,
Equation 2.42 shows that θ becomes small and θ ≈ 1/γ for all angles of emission
θ ′ close to π/2. If photons are emitted isotropically in frame S′ moving close to
the speed of light, then half of them (with θ ′ <π/2) are found in the stationary
frame S within θ < 1/γ . Very few photons are found in the stationary frame with
θ >> 1/γ . This collection of light in the stationary frame around the direction of
motion of the emitter is known as “beaming.” The beaming effect dominates, for
example, the photon emission angles observed in synchrotrons where electrons are
accelerated with velocities close to the speed of light.

2.6 The Doppler Effect

The Doppler effect is the change in frequency of a wave detected by an observer
when the source of the wave is moving relative to the observer. With sound waves,
the Doppler effect arises solely due to the change in the time for the wave to
travel to the observer as the source moves towards (or farther from) the observer.
The Doppler effect is named after Christian Doppler (1803–1853), who lived and
worked in the Austrian Empire at the Prague Polytechnic (now the Czech Technical
University in Prague) and universities now in Hungary and Vienna.
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38 An Introduction to Relativistic Kinematics, Kinetics and Energy

Doppler explained the colors observed in binary stars in terms of the effect that
now bears his name. Emission of light arises from the acceleration of a charged
particle such as an electron or a quantum mechanical transition in an ion or atom
(see Section 1.3).6 As with the Doppler effect for sound waves, there is a change
in the time of flight of photons from a moving source as the source moves closer
to (or farther from) a stationary observer. With the Doppler effect for light with
source velocities approaching the speed of light, an additional effect becomes evi-
dent. We have seen from consideration of the Lorentz transformation (Section 2.2)
that a periodic phenomenon in a moving frame S′ has a longer period by factor of
the Lorentz parameter γ when viewed by observers S in a stationary frame. Time
dilation means that the change in the period of emitted light between the moving S′
and stationary S frames is given by

�t= γ�t′.

The reducing distance for the light to travel in a time�t is v�t cos θ , where v cos θ
is the component of the velocity v along the line of sight of the observer. Here θ is
the angle to the velocity v from the light source to the observer in the observer’s
frame of reference. We assume that v is positive for velocities towards the observer.
The period �tS of the light recorded by the observer is

�tS =�t− v�t cos θ

c
=�t

(
1− v cos θ

c

)
.

The observed frequency of light seen by the observer is

ω= 2π

�tS
= 2π

�t (1− v cos θ/c)
= 2π

γ�t′ (1− v cos θ/c)
= ω′

γ (1− v cos θ/c)
.

(2.45)

where ω′ is the frequency of light in the moving emitting frame of reference.
The Doppler shift of frequency from the stationary frame S to the moving frame

S′ (Equation 2.45) can be written as

ω′ =ωγ
(
1− v

c
cos θ

)
. (2.46)

The inverse of this equation produces a similar expression for the Doppler shift
from the moving frame S′ into the stationary frame of reference S for a velocity v
moving towards the stationary observer. We interchange the frames of reference by
interchanging primed and unprimed symbols and substituting −v for v in Equation
2.46 to obtain

6 A transition between discrete quantum states in an atom or ion also arises due to the acceleration of charge,
but the evaluation of the probability of a transition needs to be undertaken using quantum mechanics.
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ω=ω′γ
(
1+ v

c
cos θ ′

)
, (2.47)

where θ ′ is the angle to the velocity v from the light source to the observer in the
frame of reference of the light source.

For velocities v<< c, the Doppler shift in frequency �ω=ω−ω′ is directly
proportional to the velocity component v|| = v cos θ parallel to the line of sight. We
have from Equation 2.47 that

�ω

ω
≈ v||

c
(2.48)

as ω′ ≈ω, γ ≈ 1, and θ ≈ θ ′. The proportionality of the shift of frequency to the
velocity of the emitter with Doppler broadening at lower velocities is used to mea-
sure the velocities of ions in plasmas as they emit light. The profile of ion velocity
distribution along the observer’s line of sight is replicated in the spectral shape of
the observed emission (see Section 7.3).

The scatter of light from a moving object with velocity v is affected by the
Doppler effect. Scatter of light usually means that in the frame of the scatter-
ing particle, the incoming and scattered light frequencies are the same (though
Compton scatter of high-frequency photons does involve a frequency shift; see
Section 4.8). If the light is incident along a direction with unit vector î, the com-
ponent of the velocity along the direction of the incident light is î.v. Scatter along
a direction with unit vector ĵ has a component ĵ.v along the direction of the ve-
locity. There is a Doppler shift in both the absorption and re-emission processes
such that the frequency ωs observed after scattering is related to the incoming fre-
quency ω by

ωs =ω γ 2
(
1− î · v/c

) (
1+ ĵ · v/c

)
=ω γ 2

(
1+ (ĵ− î) · v/c

)
. (2.49)

Equation 2.49 is obtained by first applying Equation 2.46 for the shift from frame S
to S′ and then Equation 2.47 for the shift from frame S′ back to frame S. Velocities
along the direction ĵ− î cause shifts in frequency of the scattered light. Again as for
Equation 2.48 if v<< c, there is a simple proportionality of the shift in frequency
�ωs =ωs −ω on scattering such that

�ωs

ω
≈ (ĵ− î).v

c
. (2.50)

In astrophysics and cosmology, starlight and other light emission are Doppler
shifted according to Equation 2.47 with the velocity v directed precisely away from
the observer such that θ ′ = π . The observed frequencies ω in the stationary frame
on Earth are shifted from the moving frequencies ω′ emitted by the star such that
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ω=ω′γ (1− v/c)=ω′ 1− v/c

(1− v2/c2)1/2
=ω′

√
(1− v/c)2

(1+ v/c)(1− v/c)

=ω′
√
1− v/c

1+ v/c
. (2.51)

The shift of observed frequencies in astrophysics and cosmology to lower frequen-
cies than those emitted is usually referred to as the “redshift” with a symbol z
employed to give a quantitative redshift value. The redshift z is defined by

1+ z= ω′

ω
=
√
1+ v/c

1− v/c
. (2.52)

For small redshift (v<< c), z≈ v/c. As the velocity of a distant cosmic object
relative to the Earth approaches the speed of light, the value of z approaches infinity.
In astrophysics and cosmology, the largest redshift z of observable radiation in the
expanding universe is that of the cosmic microwave background which is shifted
by a value z≈ 1100 [108]. However, some of the shift of the cosmic microwave
background occurs due to general relativistic effects associated with the expansion
of the universe. For large cosmic redshifts, the redshift z+ 1 is most accurately
given by the ratio of the cosmic scalelength of the universe now and the cosmic
scalelength when the light was emitted.

2.7 Relativistic Momentum

Measurements of time and distance change with the frame of reference of the ob-
server, so measurements of momentum change with the frame of reference of the
observer. Special relativity theory has as an axiom that the laws of physics are the
same in all inertial frames of reference, so we require expressions for momentum
that preserve for all observers the same relationship between force and momentum.
In classical Newtonian physics, the experimentally observed relationship between
force F and momentum p is

F= dp
dt
. (2.53)

In the frame of reference S′ of a moving body, the force F is determined by a
straightforward evaluation of momentum p=m0u, where m0 is known as the rest
mass and u is the velocity of the body. The familiar Newtonian equation relating
force and acceleration is

F=m0
du
dt
, (2.54)

where du/dt is the acceleration of the body.
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A relationship between the velocities uy and u′
y of a body perpendicular to the

velocity v in the respective frames of reference S and S′ is obtained from Equation
2.25. The conversion of velocity components perpendicular to the relative frame
velocity v from frame S′ to frame S is given by

uy = dy

dt
= u′

y

γ (1− vu′
x/c

2)
. (2.55)

Assuming that the S′ frame moves with the body in the x-direction, then u′
x = v and

Equation 2.55 yield

uy = γ u′
y.

The apparent momentum of a body traveling in the y-direction measured in the
stationary frame of reference S is given by

py =m0uy = γm0u
′
y, (2.56)

where m0u′
y is the momentum of the body measured in the proper frame of refer-

ence S′.
The momentum directed in the x-direction (parallel to v) requires some consid-

eration to check if the increase of momentum of a body in a speeding frame of
reference also applies for momentum directed parallel to v. For any arbitrarily di-
rected momentum, we can always take components parallel and perpendicular to
the velocity v of the moving frame of reference, so showing the same momen-
tum increase in going from the moving to stationary frame of reference in direc-
tions perpendicular and parallel to v means that the change in momentum applies
generally.

Equation 2.27 gives an expression for the conversion of velocity components
parallel to v from frame S′ to frame S:

u|| =
u′|| + v

1+ vu′||/c2
(2.57)

Consider the effect of incremental velocity changes of a body in frame S′ in the
directions parallel to the velocity v in the stationary frame S. An observer in frame
S allows for the velocity of the moving frame S′ by subtracting the frame velocity
in a measurement of the incremental change in velocity du′|| of a body parallel to the
velocity v. Considering the differential change in velocity parallel to the velocity
v, Equation 2.57 gives that

du|| =
du′|| + v

1+ v du′||/c2
− v= du′||(1− v2/c2)

1+ v du′||/c2
≈ du′

||(1− v2/c2). (2.58)
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The right-hand expression in Equations 2.58 becomes exact when du′|| → 0 in the
denominator.

Consider the force F′|| measured in the moving S′ frame required to produce the
velocity change du′||. The component of force parallel to the velocity v is related to
the acceleration du||/dt in the rest frame by

F′
|| =m0

du′||
dt′

=m0
du||
dt′

1

1− v2/c2
=m0

du||
dt

1

(1− v2/c2)3/2
(2.59)

as time dilation means that dt′ = dt
√
1− v2/c2. Time dt′ is the proper time as it is

measured in the moving frame S′. In Section 3.3, we show that force parallel to the
velocity v does not vary between frames of reference, that is, force parallel to v is
Lorentz invariant.7 This means that

F|| = F′
|| =m0

du||
dt

1

(1− v2/c2)3/2
. (2.60)

Changes of velocity du|| are parallel to the velocity v so that du|| = dv. Equation
2.60 is consequently equivalent to

F|| = d

dt

(
m0v√

1− v2/c2

)
= dpx

dt
, (2.61)

where

px = m0v√
1− v2/c2

= γm0v.

By considering the momentum parallel (Equation 2.61) and perpendicular (Equa-
tion 2.56) to the velocity v of the moving frame of reference, the increase in mo-
mentum of a body with velocity vwhen measured in a stationary frame of reference
is seen to be general. We can write

p= 1√
1− v2/c2

m0v= γm0v. (2.62)

The momentum increase shown in Equation 2.62 is sometimes said to be equiv-
alent to a mass increase from m0 to γm0. While m0 is referred to as the “rest mass,”
γm0 is referred to as the “relativistic mass.” However, while convenient and com-
monly used, the idea of the relativistic mass can be misleading in some situations
as it changes with the frame of reference. The rest mass m0, however, is an intrinsic
property of a body or particle, much as the charge of particles (e.g. the charge of
electrons and protons) is an intrinsic property.

7 An alternative approach is to show that assuming F|| = F′|| results in momentum in the direction of the moving

frame velocity v given by px = γm0c as was found for transverse momentum py = γm0c2. If momentum
changes between frames are independent of the direction of the momentum, then F|| = F′||.
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2.8 Relativistic Energy

The mechanics of relativistic bodies extends the Newtonian version of mechanics.
At low velocities, the relativistic equations also need to be equivalent to the Newto-
nian equations. The relativistic force F on a body is defined in terms of the change
of momentum p of the body by

F= dp
dt
. (2.63)

The relativistic work dW produced by a force F during a small displacement dr of
a body is defined by

dW = F · dr. (2.64)

The rate at which a force F does work is the power P given by

P= F · u, (2.65)

where u= dr/dt is the velocity of the object. The notion of the relativistic kinetic
energy of a body can be developed by viewing the work done by a force F as a
contribution towards the relativistic kinetic energy TK of the body. We write

P= dTK
dt

= F · u. (2.66)

We can manipulate Equation 2.66 as follows:

dTK
dt

= F · u= u · dp
dt

= u · d
dt

(
m0u√

1− u2/c2

)

upon substituting for the momentum p using Equation 2.62. Differentiating and
noting that u · u= u2 and u · du/dt= u du/dt, we obtain

dTK
dt

= u
du

dt

m0(
1− u2/c2

)3/2
which is equivalent to the expression

dTK
dt

= d

dt

(
m0c2√

1− u2/c2

)
. (2.67)

Integrating with respect to time t, we have for the relativistic kinetic energy TK that

TK = m0c2√
1− u2/c2

−m0c
2, (2.68)
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where we have added a constant of integration of value −m0c2 as we require that
the kinetic energy TK = 0 when u= 0.

Further evidence that the value of the constant of integration −m0c2 is valid in
Equation 6.62 is obtained by considering the limit of velocities much less than the
speed of light. When the velocity is small so that u<< c, the binomial expansion

(
1− u2/c2

)−1/2 ≈ 1+ u2

2c2

is accurate. The kinetic energy from Equation 2.68 becomes

TK ≈m0c
2(1+ u2/2c2)−m0c

2 = 1

2
m0u

2 (2.69)

in agreement with the classical Newtonian expression for the kinetic energy of a
body of mass m0 moving with a velocity u.

We can define a total relativistic energy W given by

W = TK +m0c
2 = m0c2√

1− u2/c2
= γm0c

2. (2.70)

As the total relativistic energy has a term m0c2 added to the kinetic energy, a body
or particle at rest can be regarded as having a rest mass energy associated with the
rest mass m0. Indeed, the rest mass energy m0c2 can be partly converted to kinetic
energy, for example, when large mass particles decay to lower mass particles in
nuclear and particle physics reactions. The rest mass energy is the total relativistic
energy ER of a mass m0 at rest.

The expression for the rest mass energy ER =m0c2 is the most famous and well-
known equation in physics.8 Dropping the subscripts on ER and m0 for a moment,
we have the equation usually used for the mass-energy equivalence:

E=mc2 (2.71)

We have defined the relativistic γ factor by γ = 1/
√
1− u2/c2. It is clear from

Equation 2.70 that an equivalent and useful relationship specifying γ is in terms of
the energy W of a body or particle relative to the rest mass energy:

γ = W

m0c2
= 1+ TK

m0c2
. (2.72)

The kinetic energy TK for highly relativistic particles with velocities close to the
speed of light can be much greater than the rest mass energy, so that γ ≈ TK/(m0c2).

8 Einstein developed the famous relationship between energy and mass in his 1905 papers on special relativity
(e.g. “Does the Inertia of a Body Depend upon its Energy-Content?” [32] ). Others with different thought
experiments had previously obtained a proportionality between energy and mc2, but had not gotten the correct
expression [100].
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It is possible to use Equation 2.70 to obtain a relationship between the relativistic
energy and the momentum of a body. Squaring Equation 2.70 gives

W2 = m2
0c

4

1− u2/c2
= m2

0c
4(1− u2/c2 + u2/c2)

1− u2/c2
=m2

0c
4 + m2

0u
2

1− u2/c2
c2.

Using Equation 2.62 for the momentum, we have

p2 = p · p= m2
0u

2

1− u2/c2

which means that the relativistic energy W is given by

W =
√
p2c2 +m2

0c
4. (2.73)

The kinetic energy TK is the total relativistic energy minus the rest mass energy:

TK =
√
p2c2 +m2

0c
4 −m0c

2 (2.74)

Equation 2.73 is particularly important as it shows how momentum p and energy
W are related in different frames of reference. We can rewrite Equation 2.73 as

(m0c
2)2 =W2 − (pc)2. (2.75)

The rest mass energym0c2 is constant in all frames, so the energy/momentum quan-
tity W2 − (pc)2 is constant in all frames of reference. The quantity W2 − (pc)2

is said to be Lorentz invariant; as in a Lorentz transformation between different
frames of reference, W2 − (pc)2 remains unchanged. A range of Lorentz invariant
quantities, including W2 − (pc)2, the rest mass m0, and rest mass energy m0c2, are
listed together for convenience in Appendix A.

We have established relationships for energy and momentum for bodies moving
at relativistic velocities as measured in frames of reference not moving with the
bodies. We can now differentiate the relativistic energy W (Equation 2.73) with
respect to momentum p:

dW

dp
= p c2

(p2c2 +m2
0c

4)1/2
(2.76)

Substituting the relativistic expression for momentum as a function of velocity v
(see Equation 2.62) gives a useful simplification of Equation 2.76. We have that
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p/(m0c)

v/c

Figure 2.3 The velocity v/c of a particle as a function of the momentum p in
units of m0c, where both velocity and momentum are measured in the rest frame.
The velocity increases approximately linearly with momentum up to p≈m0c and
then asymptotically approaches the speed of light c with increasing p.

dW

dp
= m0v c2

(1− v2/c2)1/2(m2
0v

2c2/(1− v2/c2)+m2
0c

4)1/2

= v c

(v2 + c2(1− v2/c2))1/2
= v. (2.77)

For all velocities v up to and including v= c, the velocity of a body is given by the
differential of the energy with respect to momentum. As the rest mass energy m0c2

is constant for a body, we can differentiate the total energyW or the kinetic energy
TK as dW/dp= dTk/dp= v.

Rearranging Equation 2.74 we can write for the kinetic energy

Tk =m0c
2

⎡
⎣
(
1+

(
p

m0c

)2
)1/2

− 1

⎤
⎦ . (2.78)

The velocity v of a particle of rest mass m0 is then related to the momentum p by

v= dTk
dp

= p

m0

[
1+

(
p

m0c

)2
]−1/2

. (2.79)

The velocity v/c of a particle (in units of the speed of light) is plotted as a function
of the momentum p/(m0c) using Equation 2.79 in Figure 2.3.

Radiation fields are quantized in energy with the unit of energy termed the
“photon.” The quantization of the radiation field is treated in some detail in Section
6.4 where the equilibrium (black body) radiation field is examined. Evidence for
radiation quantization in photons also arises from a quantum mechanical treatment
of free particles (see Section 2.9) and from an examination of the energy/momentum
relationship of particles with zero mass. Photons have zero rest mass and an energy
hν, where ν is the frequency of the light and h is Planck’s constant. Putting m0 = 0
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in Equation 2.75 indicates that a pulse of light with a large number np of photons
has an energy W = nphν and a momentum of magnitude

p= W

c
. (2.80)

If we set the photon velocity v= c in Equation 2.77, we have that dW/dp= c, where
c is the constant velocity of light. Integrating energy and momentum increases also
gives the relationship W = p c for the photon. Indeed, W ≈ p c is a useful approxi-
mation for all particles moving at velocities close to the speed of light.

As p=W/c for light, each photon has a momentum of magnitude hν/c which is
directed in the direction of energy flow of the light field, that is, in the direction of
the wavevector k. Using c= 2πν/k, where k is the amplitude of the wavevector of
light, we see that the momentum of each photon in vacuum is given by h̄k, where
h̄= h/2π .

In radiative transfer, an important parameter is the intensity of light. Intensity
involves the light power per unit area and is discussed further in Chapters 3 and 6.
Light with a power I per unit area in a beam incident on a surface at an angle of
incidence α to the surface has an intensity per unit area on the surface of I cos α.
The component of the momentum of a beam of light of energy W on a surface
incident at an angle of incidence α normal to the surface is given by p=W cos α/c.
The pressure of particles on a surface is the momentum change per unit area per
unit time, so from Equation 2.80 a beam of light incident at an angle of incidence
α to a surface exerts a pressure on the surface of

PL = (1+ R)I cos2 α/c, (2.81)

where R is the reflectivity of the surface. For example, if incident at angle α and
fully reflected (R= 1) at the surface, the direction of photon momentum reverses
and the pressure on the surface is PL = 2I cos2 α/c.

2.9 The Quantum Nature of Matter and Radiation

Depending on the measurement, matter and radiation both exhibit wave-like and
particle-like properties. A quantum mechanical treatment of matter examining the
wave-like properties can start with the time-dependent Schrodinger equation.9 In

9 Erwin Schrodinger (more correctly Schrödinger in German) was born in Vienna in 1887 and obtained a
doctorate at the University of Vienna. He had subsequent employment at universities in Jena, Breslau (now
Wroclaw, Poland), and Zurich. Schrodinger succeeded Max Planck in 1927 at the Friedrich Wilhelm
University in Berlin, but opposed the Nazi party and in 1933 left for the University of Oxford and later
Princeton University [79]. While at Oxford he shared the 1933 Nobel prize with Paul Dirac “for the discovery
of new productive forms of atomic theory” (as cited by the Nobel committee). Schrodinger returned to Austria
in 1936, but after the political union of Austria and Germany in 1938, his position became difficult and he left
Austria for neutral Ireland. In 1940 Schrodinger became the first member of the School of Theoretical Physics
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the time-dependent Schrodinger equation, the wavefunction of a material body
determines the probability amplitude in space and time of finding the body. The
square of the modulus of the wavefunction specifies the probability of finding the
body as a function of space and time. The time dependent Schrodinger equation is
written as

Ĥ� = ih̄
d�

dt
, (2.82)

where Ĥ is the quantum mechanical Hamiltonian (or energy operator) and � is
the time-dependent wavefunction. The time-dependent wavefunction � can be ex-
pressed as a product of two functions, one of which is a function of time and the
other a function of spatial coordinates:

� =ψ(r)φ(t)

Substituting into the time-dependent Schrodinger equation:

1

ψ(r)
Ĥψ(r)= ih̄

φ(t)

dφ(t)

dt

upon dividing throughout by �. The left-hand side of this equation is a function of
spatial coordinates only, and the right-hand side is a function of time only, so the
two sides must be separately equal to a constant, which we will denote by W. We
obtain two equations:

ih̄
dφ(t)

dt
=Wφ(t) (2.83)

and

Ĥ�(r)=W�(r). (2.84)

The equation for the temporal variation (Equation 2.83) of a wavefunction readily
integrates to give

φ(t)= exp(−iωDBt)= exp

(
−iWt

h̄

)
(2.85)

assuming the normalization that the modulus of φ(t) is unity. Equation 2.84 has
the form of an energy eigenvalue equation and is generally known as the time-
independent Schrodinger equation. From the form of Equation 2.84, W represents

of the Institute of Advanced Studies in Dublin, where he remained until retirement in 1955. He died in Vienna
in 1961 at the age of 73.
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energy. From Equation 2.85, it is then clear that the frequency ωDB of oscillation
of a time-dependent wavefunction is related to the energy W by

W = h̄ωDB. (2.86)

The energy W of a moving particle (including the rest mass energy) is related to
the Lorentz factor γ = 1/(1− v2/c2)1/2 by W = γm0c2, so that ωDB = γm0c2/h̄=
γωS, where ωS =m0c2/h̄ can be considered to be the wavefunction frequency of a
free particle in the frame of the particle. The period of oscillation 1/ωS = h̄/(m0c2)
of, for example, the wavefunction of an electron has an extremely short duration
numerical value of 1.3× 10−21 second so cannot be directly observed.10

The Hamiltonian or energy operator is obtained by adding a kinetic energy oper-
ator and potential energy operator. For nonrelativistic bodies, the Hamiltonian can
be written as

Ĥ0 = − h̄2

2m0

2 +V(r), (2.87)

where m0 is the mass of a body and V(r) is the potential energy. Free bodies have
wavefunctions with properties readily deduced by solving the time-independent
Schrodinger equation (Equation 2.84) with a zero potential V(r) term. For a free
body traveling in the z-direction, the time-independent Schrodinger equation in the
nonrelativistic limit becomes(

− h̄2

2m0

∂2

∂z2

)
ψ = TKψ, (2.88)

where TK is the particle kinetic energy. Solutions of Equation 2.88 for a body mov-
ing free of a potential are represented by traveling waves with wavefunction of
form ψ = exp(i kDBz), where kDB is a wavevector. Substituting ψ = exp(i kDBz)
into Equation 2.88 shows that the kinetic energy TK of a freely moving body is
TK = h̄2k2DB/(2m0). As a nonrelativistic kinetic energy TK is related to the momen-
tum p by TK = p2/(2m0), the momentum p is given by h̄kDB.

The relationship p= h̄kDB between the momentum p of a body and the wavenum-
ber kDB is valid for relativistic and nonrelativistic bodies. The universality of p=
h̄kDB can be evidenced by considering a highly relativistic body with momentum

10 Indirect experimental evidence for rapid oscillation of the electron wavefunction does arise due to rapid
rotation of the instantaneous position of an electron at a frequency 2ωS = 2m0c2/h̄ with a radius
rZ = c/(2ωS)= 1.9× 10−13 m: an effect known by the German word Zitterbewegung. In the steep potential
gradient near an atomic nucleus, the zitterbewegung blurs the potential experienced by the electron, resulting
in, for example, the Darwin correction for hydrogen-like s-orbital fine structure energies as the s-orbitals have
nonzero values of wavefunction at the nucleus (see Section 7.4.1 of Tallents [110]). Perhaps more
importantly, the angular momentum m0c rZ of an electron with phase velocity c (see Equation 2.93) produces
a spin h̄/2 of the electron in the electron frame [50].
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p=W/c, whereW is the total energy of a body. The energy operator −h̄2/(2m0)∇2

in Equation 2.84 becomes p̂ c= (−i h̄ c)∇ after substituting for the momentum op-
erator p̂= −i h̄∇. For a free body traveling in the z-direction, the time-independent
Schrodinger equation in the highly relativistic limit becomes

−ih̄ c∂ψ
∂z

=Wψ. (2.89)

Solutions of Equation 2.89 are represented by traveling waves with wavefunction
of form ψ = exp(i kDBz). Substituting ψ = exp(i kDBz) into Equation 2.89 shows
that the energyW of a freely moving body isW = h̄kDB c. As the highly relativistic
energy W is related to the momentum p by W = p c, the momentum p is given by
h̄kDB.

The wavelength λDB associated with a freely moving body is known as the De
Broglie wavelength. The De Broglie wavelength is related to the wavevector kDB
and the momentum p by

λDB = 2π

kDB
= h

p
. (2.90)

Allowing for a relativistic increase of the momentum p, the De Broglie wavelength
of a body in a nominally stationary laboratory frame can be written in terms of the
velocity v, rest mass m0, and Lorentz factor γ for the body as

λDB = h

γ m0v
= h(1− v2/c2)1/2

m0v
. (2.91)

A phase velocity vp and the frequency ωDB for the wavefunction of a free body
are related in the usual way. We have that

λDB ωDB = 2π vp.

Hence, the phase velocity vp of the wavefunction is related to the frequency ωDB
and wavevector kDB by

vp = ωDB

kDB
. (2.92)

Multiplying the numerator and denominator by h̄ and setting an energy W = h̄ωDB
(including the rest mass energy), we have for the phase velocity of the wavefunction
of a particle moving outside any potential:

vp = W

p
= c

(
1+ m2

0c
2

p2

)1/2

(2.93)

upon using Equation 2.73.
A group velocity for any traveling wave represents the velocity of the amplitude

envelope formed when waves over a small wavevector range interfere. For waves
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of frequency ω and wavevector k, the group velocity is given by dω/dk, while the
phase velocity is simply ω/k. For a more complete treatment of the group velocity,
see Section 4.4 where the group velocity of light passing through a plasma medium
is examined. The velocity v of a particle was shown in Section 2.8 to be equal to
the differential of the total energy W with respect to the particle momentum p (i.e.
v= dW/dp; see Equation 2.77). The particle velocity v is then analogous to a group
velocity for the wavefunction given by v= dW/dp= dωDP/dkDb. Using Equation
2.76, the velocity of a particle is given by

v= dW

dp
= c

(
1

1+m2
0c

2/p2

)1/2

. (2.94)

From Equations 2.93 and 2.94, we have a relationship between the phase velocity
vp and the particle velocity v:

vp v= c2 (2.95)

For nonzero mass particles, the phase velocity vp is greater than the speed of
light c, while the particle velocity v, as expected, is always less than the speed of
light c. The particle velocity v is equivalent to the group velocity and represents the
speed of the movement of information. Information and energy can be conveyed
at the group velocity by, for example, the detection of a particle. Energy is not
moved at the wavefunction phase velocity, so the phase velocity vp > c does not
violate any principle of relativity. For non-zero mass particles, but where p<<
m0c, Equation 2.94 predicts velocities v= p/m0, in agreement with the expected
classical Newtonian relationship.

Photons can be regarded as particles with zero mass (m0 = 0) and energy h̄ω,
where ω is the frequency of electromagnetic oscillation. For photons with m0 = 0,
Equations 2.93 and 2.94 predict, respectively, a phase and group velocity equal to
the speed of light c in vacuum. The momentum p of a photon in vacuum is also
given by p= h̄k, where k is the wavevector for the corresponding electromagnetic
wave.

2.10 Four-Vectors

Our treatment of special relativity has considered a frame of reference S′ moving
at a velocity v in the direction of the Cartesian x-coordinate relative to a nominally
stationary frame of reference S. The Lorentz transformation introduced in Section
2.2 transforms coordinates (ct′, x′, y′, z′) in the S′ frame of reference to the coor-
dinates (ct, x, y, z) in the S frame of reference while preserving (i) the constant
speed of light in both frames and (ii) the back transform from frame S to S′ with
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a simple change of velocity to −v. In Section 2.2 we considered a pulse of light
originating from the origin (0, 0, 0) of the coordinate systems S and S′ at time t= 0.
In any inertial frame of reference, it was verified that the Lorentz transform enables
−c2t2 + x2 + y2 + z2 to be invariant. In other words, the pulse of light originating
at the origin at time t= 0 propagates as an expanding sphere of light intensity in all
frames of reference.

It is a useful mathematical procedure to package the spacetime coordinates into
a quantity known as a “four-vector” represented by a single symbol with a tensor
notation for operations on the four-vectors. We introduce this notation and use it
a little in this section and Sections 3.1 and 3.2 as a way of introducing the tensor
notation used in relativity literature.

In the four-vector notation, an index μ with value μ= 0, 1, 2, or 3 is used to
denote respective values of, for example, ct, x, y, and z such that the four-vector for
spacetime is defined by

Xμ = ct (μ= 0),

= x (μ= 1),

= y (μ= 2),

= z (μ= 3). (2.96)

The Greek superscripts indicate that the vector is referred to as being contravariant.
A contravariant vector is written out as an array of one column and four rows
μ= 0, 1, 2, and 3. In relativity theory, quantities such as −c2t2 + x2 + y2 + z2 are
constant, so it is useful to also define another type of vector which is referred to
as covariant. Covariant vectors are indicated with Greek subscripts, for example,
Xμ, and defined so that the zeroth (e.g. the time) variable is calculated in operations
as the negative of the listed value. A covariant vector is written out as an array of
one row and four columns μ= 0, 1, 2, and 3. The four-vector for spacetime given
by Equation 2.96 has a scalar product of the contravariant Xμ and covariant Xμ
representations of form

XμXμ =

⎡
⎢⎢⎣

−ct
x
y
z

⎤
⎥⎥⎦ [ −(−ct) x y z

]=
⎡
⎢⎢⎣

−c2t2
x2

y2

z2

⎤
⎥⎥⎦ . (2.97)

The addition of the elements of the contravariant vector product XμXμ is often re-
quired, as, for example, the addition represents a Lorentz invariant quantity. Sum-
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ming up the elements of XμXμ, we have

3∑
μ=0

XμXμ = −c2t2 + x2 + y2 + z2. (2.98)

A Lorentz transformation is a linear map from four-vector X to four-vector X′
using a 4× 4 tensor �μν such that

X′μ =�μν X
ν, (2.99)

where elements of the tensor are in the νth column and μth row. A 4× 4 ten-
sor with 16 elements such as �μν is known as a first rank tensor, while column
contravariant vectors and row covariant vectors can be referred to as zero rank ten-
sors. The appropriate Lorentz transformation first rank tensor �μν is obtained from
Equation 2.21:

�μν =

⎡
⎢⎢⎣

γ −γ v/c 0 0
−γ v/c γ 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ , (2.100)

where the Lorentz factor γ = 1/
√
1− v2/c2.

We introduce a tensor known as the “Minkowski11 metric” defined as

ημν =

⎡
⎢⎢⎣

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ . (2.101)

The Minkowski metric is a diagonal array so ημν = ηνμ. The Minkowski metric
makes it straightforward to write down quantities that are invariant under changes
of the frame of reference. We have seen, for example, that the distance from the
origin to a point in spacetime is invariant. This invariant distance is given by∑

μ

∑
ν

ημνX
μXν = −c2t2 + x2 + y2 + z2. (2.102)

The Minkowski metric represented by Equation 2.101 is applicable to so-called
flat spacetime as envisaged for special relativity where light in vacuum propagates

11 Hermann Minkowski (1864–1909) was born in what is now Lithuania and held teaching positions in
Konigsberg (now the Russian enclave Kaliningrad); at universities in Germany; and in Zurich, where he
taught Einstein. Immediately after Einstein’s relativity publications in 1905, Minkowski became an influential
ally who mathematically formalized Einstein’s relativity despite his description of Einstein when a student as
“a lazy dog” [12].
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in a straight line. Other metrics are applicable for different distributions of mat-
ter in general relativity where the propagation of light depends on the distribution
of mass.

Einstein originated the “summation convention,” dropping the summation sym-
bols in any single term containing a repeated Greek index, so that Equation 2.102
can be written simply as

ημνX
μXν = −c2t2 + x2 + y2 + z2. (2.103)

The summation convention indicates that a summation is implied over an index
with values 0, 1, 2, and 3 when a term contains a repeated Greek index. Referring
back to Equation 2.98, the scalar product of a contravariant and covariant vector
can also be written using the Einstein convention as

XμXμ = −c2t2 + x2 + y2 + z2. (2.104)

Quantities other than spacetime can undergo a Lorentz transformation. The
Lorentz transformation of the four-momentum p such that (p0, p1, p2, p3)=
(W/c, px, py, pz) from the stationary frame of reference S to the four-momentum p′
such that (p′0, p′1, p′2, p′3)= (W ′/c, p′

x, p
′
y, p

′
z) in the moving frame of reference S′

is evaluated by the multiplication of the Lorentz transformation matrix (Equation
2.100) by the vector (E/c, px, py, pz). The energy and momentum transformations
simplify to

W ′ = γ (W − v px), (2.105)

p′
x = γ (−vW/c2 + px), (2.106)

with p′
y = py and p′

z = pz.
The Lorentz transformation from frame S′ to S is found using the inverse of

the Lorentz transformation matrix (see Equation 2.22). The energy and momentum
directed in the direction of v are related by

W = γ (W ′ + v p′
x), (2.107)

px = γ (vW ′/c2 + p′
x). (2.108)

Equations 2.107 and 2.108 can alternatively be found by swapping the primed and
unprimed symbols in Equations 2.105 and 2.106 and changing the sign of the ve-
locity from v to −v. Such a change is consistent with a move of the nominally
stationary observer from a frame S to the frame S′. An observer in S′ sees the frame
S moving away at a velocity −v. We need Equations 2.105 and 2.107 in calcula-
tions where, for example, the energy of a particle moving at relativistic velocities
is transformed from the particle’s frame of reference into a stationary or laboratory
frame.
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Relativistic theories at the more fundamental level are built up by finding vari-
ables that are conserved or transformed in useful ways under Lorentz transforma-
tions. If a parameter or multiplication/division of parameters remains the same in
different frames of reference, the parameter or grouping of parameters is said to be
“Lorentz invariant.” Parameters or groupings of parameters that are Lorentz invari-
ant are examined in different chapters of this book, with a summary presented in
Appendix A.

The four-momentum of a particle with relativistic energy W and momentum
p= (px, py, pz) represented by p= (p0, p1, p2, p3)= (W/c, px, py, pz) as discussed
above yields a useful Lorentz invariant. Following Equation 2.102 using the
Minkowski metric, an invariant of the momentum four-vector is given by

ημνp
μpν = −W2/c2 + p2x + p2y + p2z = −W2/c2 + |p|2 (2.109)

upon using the Einstein convention. If the invariant value in Equation 2.109 is
equal to −m2

0c
2, the energy ER of a body of mass m0 with zero momentum is m0c2.

We then obtain a previously determined result (Equation 2.73) for the relationship
between the momentum p and relativistic energyW of a body:

W2 = p2c2 +m2
0c

4

The invariance of the energy/momentum four-vector under a Lorentz transforma-
tion requires that the rest mass energy is ER =m0c2.

Exercises

2.1 Consider a rod of length L′ in a frame of reference moving at velocity v along
the x-axis in a Cartesian coordinate system. If the rod is tilted at an angle θ ′ to
the x-axis in the moving frame of reference, show that to a stationary observer
the rod has a length given by

L= L′
(
1− v2

c2
cos2 θ ′

)1/2

,

with an angle θ to the x-axis given by

tan θ = γ tan θ ′.

2.2 Consider the Michelson-Morley experiment of 1887 discussed as a footnote
in Section 2.2. Light was sent on two paths of distance 2L′ perpendicular to
each other and the path length difference was measured using interferometry.
If the whole apparatus moves at a velocity v at an angle θ ′ to one path in the
frame of the apparatus, show that the length difference �L measured in the
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laboratory for the light to travel distances 2L′ parallel and perpendicular to
each other is given by

�L= 2L′
((

1− v2

c2
cos2 θ ′

)1/2

−
(
1− v2

c2
sin2 θ ′

)1/2
)
.

(In practice the Michelson-Morley experiment always shows a constant path-
length difference independent of angle consistent with the central idea of rel-
ativity that light propagates at a constant velocity relative to the observer and
is not constant relative to the “aether.”)

2.3 Consider two spaceships directly approaching each other with velocities v
of equal magnitude and opposite direction as measured on Earth. Use the
velocity transformation between frames of reference given in Section 2.3 to
show that the relative velocity u of approach of the other spacecraft measured
by each spaceship is given by

u= 2v

1+ v2/c2
.

2.4 In the rocket equation, the exhaust velocity v′ex is measured in the frame of
the rocket. Using the velocity transformations developed in Section 2.3, show
that the exhaust velocity vex measured in a stationary frame of reference is
given by

vex = v′ex − vR
1− vRv′ex/c2

,

where vR is the velocity of the rocket relative to the stationary frame.
2.5 When relativistic effects are small for a relativistic rocket, show that the

rocket velocity vF in the stationary frame including relativistic effects is re-
lated to the rocket velocity v′F neglecting relativistic effects by the relationship

vF ≈ v′F
1+ (v′ex/c) ln(M0/MF)

,

where M0 is the initial rest mass of the rocket, MF is the final rest mass, and
v′ex is the rocket exhaust velocity.

2.6 Consider a spectral line arising from a distant galaxy and detected by a tele-
scope. If the spectral line is identified as arising from an atomic transition of
wavelength λ′ and is measured on Earth to have a wavelength λ, show that
the relative velocity v of the galaxy to the Earth is given by

v= c
λ2 − λ′2

λ2 + λ′2 .
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Plasma

Line of sight

Outboard vacuum
wall

Inboard vacuum
wall

RRin
�

v

Figure 2.4 A schematic plan view of a tokamak showing the toroidal plasma
with a spectrometer line of sight. The velocity v at a major radius R with a line of
sight passing at a minimum major radius Rin is shown. The figure illustrates the
geometry for Exercise 2.7.

2.7 A spectrometer used in a tokamak has a line of sight passing close to the
“inboard” vacuum wall with a minimum major radius denoted by Rin (see
Figure 2.4). Plasma rotation without shear often occurs such that the bulk
velocity v of the plasma varies with angle α from the center of the torus such
that v= R(dα/dt), where R is the major radius. Assuming v<< c, show that
the Doppler shift δν of line emission of frequency ν0 in the rest frame of
reference due to plasma rotation is given by

δν = Rinν0
c

dα

dt
.

2.8 The cosmic microwave background (CMB) was created when hydrogen ions
recombined with free electrons and black-body radiation was no longer being
absorbed or scattered by free electrons and hydrogen ions. It is believed that
the CMB was created at distances with redshift z= 1,100. Determine the
apparent velocity relative to earth of the last CMB scattering event assum-
ing the redshift is solely due to the Doppler effect. [0.999998c]

2.9 An isolated neutron decays by the weak interaction conversion of a down
quark to an up quark with a half-life of 10.3 minutes producing a proton, an
electron and an electron antineutrino. The proton rest mass is 1.6726219×
10−27 kg, the neutron rest mass is 1.674927471× 10−27 kg, the electron rest
mass is 9.109× 10−31 kg, and the neutrino has a rest mass < 1eV/c2. Calcu-
late the total energy yield produced by neutron decay. [0.782 MeV]

2.10 Consider a neutron with a velocity of 0.9cwhich decays such that the electron
takes all the energy yield from the decay with a velocity directed parallel to
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the original neutron velocity. Determine the velocity of the electron in the
laboratory frame of reference. [0.99c]

2.11 An atom traveling at a velocity v in a laboratory experiment emits light per-
pendicular to the direction of the velocity in the atom frame of reference.
Show that in the laboratory frame of reference, the light propagates at an angle
θ to the velocity, where θ is given by the following equivalent expressions:

tan θ =
(
c2

v2
− 1

)1/2

tan θ = 1(
γ 2 − 1

)1/2 ,
where γ is the Lorentz parameter.

2.12 According to cosmological models, the early universe had a temperature of
100 keV three minutes after the Big Bang. Look up the rest masses or rest
mass energies and then evaluate the Lorentz γ parameter for electrons and
protons with kinetic energy equal to this temperature kBT = 100 keV. [Elec-
trons γ = 1.19, protons γ = 1.0001]
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3

Relativity and Electromagnetic Fields

We now further examine how quantities associated with light transform between
frames of reference. Relativity theory is based on the observation that the speed of
light is constant in all frames. The speed of light is said to be Lorentz invariant.
In Section 2.6 we showed how the frequency of light transforms between frames
of reference (a transformation known as the Doppler effect). In this chapter, we
first show that the phase of the electric and magnetic field oscillations associated
with the propagation of light is constant in different frames. We then examine the
transform of electric and magnetic fields between frames of reference. An elec-
tric field can manifest as a magnetic field in another frame of reference and vice
versa. For example, if a field is purely electric (B= 0) in one frame of refer-
ence, there can be a mixture of electric and magnetic fields in another frame of
reference.

The acceleration of particles is closely associated with light as acceleration of
charged particles produces light (see Section 1.3). The transformation of particle
acceleration between frames is examined in this chapter because of the association
of particle acceleration with light emission. Acceleration to “relativistic velocities”
(velocities approaching the speed of light) also creates interesting time differences
between frames of reference with the possibility of colocation at the start and end
of a period of time, with large time differences between frames of reference. This
is the “twin paradox” problem considered as an exercise (Exercise 3.1) which is
answered in full in Section 10.1.

Finally, we consider changes in the propagation direction of light in moving
from one reference frame to another. There is a general “beaming” effect whereby
light emitted at a range of angles in a moving frame is clustered around the di-
rection of the velocity of the moving frame in the stationary (laboratory) frame.
In this chapter, we allow for the transformation of the acceleration of particles be-
tween frames of reference in the deduction of the light emission in the stationary
frame.

59
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3.1 Revisiting the Propagation of Light

Maxwell’s equations show that light is a directed electric and magnetic field oscilla-
tion in space and time (see Section 1.1). The oscillating electric and magnetic fields
have magnitudes proportional to exp(i(k · r−ωt)), where the wavevector k repre-
sents the rapid spatial oscillation of the wave with distance r, and the frequency
ω represents the rapid temporal variation with time t. The “phase” of the wave is
given by k · r−ωt. The periodic vanishing of the electric and magnetic fields at
“node” points when k · r−ωt= 0 occurs with some wavevector and frequency in
all frames with a phase spacing of π .

The phase of an electromagnetic wave can, in principal, be measured by count-
ing the node points of zero electric field passing an observer. Quantities that can
be counted are invariably Lorentz invariant in different frames of reference as the
quantity is either present or not. We expect that the phase k · r−ωt of an electro-
magnetic wave is a quantity that is constant under a Lorentz transformation.

We can examine the Lorentz invariance of the phase of a light beam in more
detail by considering the following “thought experiment.” Imagine that an observer
in a frame S is equipped to record the number of wave nodes passing their position
P. If an initial wave node at time t= 0 is the first wave node recorded (when it
reaches the observer at P), by time t the observer will record (1/π)(k · r−ωt)
wave nodes. Imagine another observer at position P′ in the frame of reference S′
moving with a velocity v parallel to the x-axis with an origin coincident with that
of S at time t= t′ = 0. The observer in S′ begins to count nodes when the initial
wave node passes them and continues counting until a later time t′. The observer
at P′ will count (1/π)(k′ · r′ −ω′t′) wave nodes. If the position P′ at the end of the
counting period coincides with position P, both observers count the same number
of wave nodes. We have a constant phase for the light in both frames S and S′ in
this “thought experiment” with

k · r−ωt= k′ · r′ −ω′t.

If the phase is constant for this example scenario, a Lorentz transformation of the
phase of light generally must give the same phase.

The appropriate four-vector for the phase of an electromagnetic wave is given by
(k0, k1, k2, k3) = (ω/c, kx, ky, kz) when the wavevector has Cartesian components
kx, ky, and kz. Using the Lorentz transformation (Equation 2.21) from the stationary
frame S to the frame S′ moving at velocity v in the x-direction, we obtain for the
moving frame:

ω′/c= γ (ω/c− kxv/c), (3.1)

https://doi.org/10.1017/9781009236072.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.004


3.2 The Lorentz Transformation of the Electric and Magnetic Fields 61

k′
x = γ (−vω/c2 + kx),

k′
y = ky,

k′
z = kz (3.2)

For electromagnetic wave propagation directed at an angle θ to the velocity v,

kx = |k| cos θ = k cos θ = (ω/c) cos θ. (3.3)

The wavevector k in different frames of reference is given by

|k′| cos θ ′ = γ
(
k cos θ − vω

c2

)
. (3.4)

The Lorentz transformation for the angle θ of propagation of light is given by

tan θ ′ = k′
y

k′
x

= ky
γ (kx − vω/c2)

.

Using kx = (ω/c) cos θ and tan θ = ky/kx, this expression simplifies to

tan θ ′ = sin θ/γ

cos θ − v/c
(3.5)

in agreement with the expression that we found in Section 2.3 (Equation 2.41).
Equation 3.1 with the Equation 3.3 substitution reduces to the Doppler frequency
shift expression found earlier (see Equation 2.46):

ω′ =ωγ
(
1− v

c
cos θ

)
(3.6)

Following Equation 2.102 using the Minkowski metric η, an invariant of the
light phase four-vector is given by

ημνk
μkν = −ω

2

c2
+ k2x + k2y + k2z = −ω

2

c2
+ |k|2 (3.7)

upon using the Einstein summation convention. Setting the invariant value here
equal to zero means that the speed of light c=ω/k (as we found in Section 1.1).
The invariance of the four-vector for the phase of an electromagnetic wave under
a Lorentz transformation requires that C0 = k2 −ω2/k2, where C0 is a constant.
We can quickly verify that the constant C0 must be zero. The speed of light c=
(ω′2/k′2 +C0c2/k′2)1/2 = (ω2/k2 +C0c2/k2)1/2 which for constant c and C0 in all
frames is only possible if C0 = 0.

3.2 The Lorentz Transformation of the Electric and Magnetic Fields

Maxwell’s equations are the same in all frames of reference, but the values of the
electric and magnetic fields in different frames of reference are not the same. We
show in this section that the idea of a pure electric or magnetic field is not valid
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for all frames of reference. In a different frame of reference, an electric field can
manifest as a magnetic field and vice versa. We determine the relationships between
electric and magnetic fields in different frames of reference in this section.

The relationships between the values of the electric and magnetic fields in dif-
ferent frames of reference are determined by the Lorentz transformation. Instead of
directly using the vectors for the electric field E and magnetic field B, it is simpler
to treat electromagnetic field changes between frames of reference using the vec-
tor potential A and the scalar potential V . The vector potential A is related to the
magnetic field by

B= ∇ ×A. (3.8)

The scalar potential V represents a contribution to the electric field due to electro-
static effects associated with electric charges. The total electric field is the electro-
static contribution (−∇V) plus the electric field (−∂A/∂t) created by a changing
magnetic field, so that

E= −∇V − ∂A
∂t
. (3.9)

Another condition known as the “Lorenz gauge”1 is required to uniquely2 define
the vector potential A and the scalar potential V . The Lorenz gauge condition is
that

∇ ·A+ 1

c2
∂V

∂t
= 0. (3.10)

Gauss’s law ∇ ·E= ρc/ε0, where ρc is the charge per unit volume, can be ex-
pressed in terms of the vector A and scalar V potentials using Equation 3.9:

∇ ·
(

−∇V − ∂A
∂t

)
= ρc

ε0

which can be written as

∇2V + ∂

∂t
∇ ·A= −ρc

ε0
. (3.11)

Ampere’s law expressed as Maxwell’s equation (∇ ×B=μ0J+ ε0μ0∂E/∂t, see
Equation 1.2) can be rearranged using c= 1/(ε0μ0)

1/2 as

1 The Lorenz gauge is name after the Danish physicist Ludvig Lorenz (1829–1891). The Lorentz transformation
is named after the Dutch physicist and 1902 Nobel prize winner Hendrik Lorentz (1853–1928).

2 Other “gauge” conditions are sometimes used to deal with different electromagnetic investigations. For
example, the Coulomb gauge has ∇ ·A= 0.
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c2∇ ×B− ∂E
∂t

= J
ε0
.

Substituting the equations defining the vector A and scalar V potentials in terms of
electric and magnetic fields (Equations 3.8 and 3.9) gives

c2∇ × (∇ ×A)− ∂

∂t

(
−∇V − ∂A

∂t

)
= J
ε0
.

Simplifying with the vector identity

∇ × (∇ ×A)= ∇(∇ ·A)− ∇2A

leads to an expression

−c2∇2A+ c2∇(∇ ·A)+ ∂(∇V)
∂t

+ ∂2A
∂t2

= J
ε0
.

The Lorenz gauge condition (Equation 3.10) reduces this expression to

∇2A− 1

c2
∂2A
∂t2

= − J
ε0c2

. (3.12)

Using the Lorenz gauge condition (Equation 3.10), Equation 3.11 obtained from
Gauss’s law ∇ ·E= ρc/ε0 also simplifies to

∇2V − 1

c2
∂2V

∂t2
= −ρc

ε0
. (3.13)

There are four right-hand side quantities represented by Equations 3.12 and 3.13:
the charge density ρc, and the components Jx, Jy, and Jz of the current density J.

In all frames of reference, conservation of charge requires that the outflow of
current J per unit volume corresponds to a decrease of charge density ρc so that

∇ · J= −∂ρc
∂t
. (3.14)

Charge conservation (Equation 3.14) is valid for all frames of reference, so ∇ · J+
∂ρc/∂t= 0 for all frames of reference. Using the notation introduced in Section
2.10, we can define the four-vector jμ = (cρc, Jx, Jy, Jz) and an operation

∇μ jμ = ∂ρc

∂t
+ ∇ · J= 1

c

∂(c ρc)

∂t
+ ∇ · J. (3.15)

Due to conservation of charge (Equation 3.14), the value here of∇μ jμ is identically
equal to zero in all frames.
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The scalar product operation ∇μ∇μ produces the operators used on the left-hand
side of Equations 3.12 and 3.13. We have3

∇μ∇μ = − 1

c2
∂

∂t

∂

∂t
+
(
∂

∂x

)(
∂

∂x

)
+
(
∂

∂y

)(
∂

∂y

)
+
(
∂

∂z

)(
∂

∂z

)

= − 1

c2
∂2

∂t2
+ ∇2. (3.16)

The operation ∇μ∇μ on a vector represents a wave equation with wave velocity
equal to the speed of light c. For example, the wave equation for the propagation
of light in vacuum (Equation 1.9) has form

∇μ∇μEμ = 0, (3.17)

where the three-vector for electric field is Eμ = (Ex, Ey, Ez). Equations such as
the wave equation where the operation ∇μ∇μ produces a scalar value are Lorentz
invariant.

Writing Ax, Ay, and Az for the vector potential A components in Cartesian
coordinates, Equations 3.13 and 3.12 can be written in terms of the four-vectors
Aμ = (V/c, Ax, Ay, Az) and jμ = (cρc, Jx, Jy, Jz) as

∇μ∇μ Aμ = − jμ
ε0c2

. (3.18)

Charge conservation requires that ∇μ jμ = 0 (see Equation 3.15). We then have that
∇μ∇μ jμ = 0 (a scalar quantity) which means that the four quantities c ρc, Jx, Jy,
and Jz transform as a four-vector between frames of reference as the∇μ∇μ operator
is Lorentz invariant. The four-vector Aμ = (V/c, Ax, Ay, Az) on the left-hand side of
Equation 3.18 then also Lorentz transforms as a four-vector between frames as all
the other terms in Equation 3.18 are Lorentz invariant (namely the ∇μ∇μ operator,
the dielectric constant ε0, and the speed of light c).

The Lorentz transformation of the four-vector (V/c, Ax, Ay, Az) from the station-
ary frame S to the frame S′ moving at velocity v along the x-axis is given by⎡

⎢⎢⎣
V ′/c
A′
x

A′
y

A′
z

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

γ −γβ 0 0
−γβ γ 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣
V/c
Ax
Ay
Az

⎤
⎥⎥⎦ , (3.19)

where β = v/c. Multiplying the Lorentz transformation matrix by the vector for the
scalar and vector potentials shows that the transformation to the moving frame is
given by

3 In a similar procedure as introduced for covariant four-vector multiplication (see Section 2.10), a scalar
product such as ∇μ∇μ for covariant operations conventially has the zeroth element as the negative of the
product of the zeroth elements of each operation.
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V ′/c= γ (V/c− βAx),

A′
x = γ (Ax − βV/c),

A′
y = Ay,

A′
z = Az. (3.20)

We want to evaluate the Lorentz transformation of the electric and magnetic
fields from the Lorentz transformation of scalar and vector potentials. Returning
to the Lorentz transformation of time and distance supplies some partial deriva-
tives needed in the evaluation of the electromagnetic transformation. The Lorentz
transformation of time and distance is given by Equation 2.21 such that

t= γ t′ + γβ

c
x′,

x= γβct′ + γ x′,

with y= y′, z= z′, β = v/c, and γ = 1/(1− v2/c2)1/2. Considering partial deriva-
tives of these expressions shows that ∂t/∂x′ = βγ/c, ∂x/∂x′ = γ and, of course,
∂y= ∂y′ and ∂z= ∂z′. We now use these partial derivatives in the evaluation of the
electric and magnetic fields in different frames of reference.

The relationship between magnetic field B and vector potential A means that the
magnetic field B′ in the moving S′ frame of reference can be related to the field
quantities in the stationary S frame using B′ = ∇ ×A′ by substituting the values of
Equation 3.20. In the z-direction:

B′
z =

∂A′
y

∂x′
− ∂A′

x

∂y′
= ∂Ay
∂x′

− ∂

∂y′
(γ (Ax − βV/c))

= ∂Ay
∂x

∂x

∂x′
+ ∂Ay

∂t

∂t

∂x′
− ∂

∂y
(γ (Ax − βV/c))

= γ

(
∂Ay
∂x

− ∂Ax
∂y

+ β

c

(
∂Ay
∂t

+ ∂V

∂y

))

The first two terms here are together equal to Bz. Equation 3.9 means that Ey =
−∂Ay/∂t− ∂V/∂y so that

B′
z = γ (Bz − βEy/c). (3.21)

A similar calculation to Equation 3.21 for the magnetic field in the y-direction
simplifies to

B′
y = γ (By + βEz/c). (3.22)

Applying B′ = ∇ ×A′ in the x-direction (the direction of the velocity v of frame
S′ relative to frame S) leads to
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B′
x = ∂A′

z

∂y′
− ∂A′

y

∂z′
= ∂Az
∂y

− ∂Ay
∂z

= Bx.

The magnetic field in the direction of the moving frame velocity v is the same in
both frames S′ and S.

The relationship between the electric field E′ in the moving frame S′ and the field
quantities in the stationary frame S is found by substituting the values of Equation
3.20 into E′ = −∇V ′ − ∂A′/∂t′. In the z-direction:

E′
z = −∂V

′

∂z′
− ∂A′

z

∂t′

= −γ
(
∂V

∂z′
− βc

∂Ax
∂z′

)
− ∂Az
∂t′

= γ

(
−∂V
∂z

− ∂Az
∂t

+ βc
∂Ax
∂z

)

as ∂t= γ ∂t′ and ∂z= ∂z′. Magnetic fields are related to the vector potential using
B= ∇ ×A so for the magnetic field in the y-direction:

By = −∂Az
∂x

+ ∂Ax
∂z

= ∂Ax
∂z

if we choose our coordinate axes so that A is in the xy−plane. The expression for
the electric field in the frame S′ then simplifies to

E′
z = γ (Ez + βcBy). (3.23)

A similar calculation to Equation 3.23 for the electric field in the y-direction sim-
plifies to

E′
y = γ (Ey − βcBz). (3.24)

The electric field in the direction of v (the x-direction) is evaluated using E′ =
−∇V ′ − ∂A′/∂t′ so that

E′
x = −∂V

′

∂x′
− ∂A′

x

∂t′

= −γ
(
∂V

∂x′
− βc

∂Ax
∂x′

)
− ∂A′

x

∂t′

= −
(
∂V

∂x
− βc

∂Ax
∂x

)
− γ

(
∂Ax
∂t′

− β/c
∂V

∂t′

)

= −
(
∂V

∂x
− βc

∂Ax
∂x

)
−
(
∂Ax
∂t

− β/c
∂V

∂t

)

=
(

−∂V
∂x

− ∂Ax
∂t

)
+ βc

(
∂Ax
∂x

+ 1/c2
∂V

∂t

)
.
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The terms within the right bracket here are together equal to zero as the equation
within the right bracket is the Lorenz gauge condition (Equation 3.10). The terms
in the left bracket are equal to the electric field Ex. Hence the electric field in the
direction of the velocity of the moving frame S′ is equal to the electric field in the
stationary frame S:

E′
x = Ex (3.25)

We can summarize the relationships between the field quantities in the moving
frame S′ as observed in the stationary frame S using vector notation. Delineating
components of the electric and magnetic fields parallel and perpendicular to the
velocity v of frame S′ relative to frame S:

E′
|| =E|| , B′

|| =B|| (3.26)

For the electric and magnetic field components perpendicular to the velocity v:

E′
⊥ = γ (E⊥ + (v×B)⊥) , B′

⊥ = γ
(
B⊥ − (1/c2)(v×E)⊥

)
, (3.27)

where (v×B)⊥ and (v×E)⊥ represent the projection of v×B and v×E onto the
plane perpendicular to the velocity v.

A consequence of Equations 3.27 and, more generally, the treatment in this sec-
tion, is to demonstrate that a pure electric or magnetic field is not Lorentz invari-
ant. For example, if a field is purely electric (B= 0) in one frame of reference,
in another frame of reference, there can be a mixture of electric and magnetic
fields.

As a magnetic field in a stationary frame appears as an electric field in a mov-
ing frame of reference (Equation 3.27), electric field effects on atomic emission
can be used as a diagnostic of magnetic field strength and direction in tokamak
plasmas [65], [117]. Tokamaks use magnetic fields to confine a hot plasma with
the aim of producing energy from the fusion of deuterium and tritium isotopes
of hydrogen. Beams of neutral hydrogen or deuterium atoms of well-defined ve-
locity are directed into the plasma in order to heat the plasma or act as a di-
agnostic of plasma parameters. As the neutral beams have a large velocity, the
magnetic field containing the plasma appears as an electric field in the frame of
reference of the atoms in the beam. The electric field causes an effect known as
the “motional Stark effect” with the electric field perturbing atomic energy lev-
els and shifting the emission of spectral lines. The broadening and shifting of
spectral lines due to the electric field in the atomic frame of reference provides
a measure of the magnetic field strength and direction in the stationary frame of
reference.

https://doi.org/10.1017/9781009236072.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.004


68 Relativity and Electromagnetic Fields

3.3 Acceleration and Force in a Moving Frame of Reference

Particles achieve relativistic velocities due to forces producing acceleration. Forces
on charged particles typically arise due to interactions with electric and magnetic
fields. The interaction of electric and magnetic fields with charged particles is ex-
amined in more detail in Section 5.1, while we have just dealt with the Lorentz
transformation of electric and magnetic fields between frames of reference (Sec-
tion 3.2). A relativistic treatment of acceleration is particularly important when the
acceleration of charged particles produces light emission and the particles achieve
velocities close to the speed of light. As acceleration of charged bodies produces
electromagnetic radiation, the Lorentz transformation of charged particle acceler-
ation enables the radiated power produced in the frame of reference of a moving
and accelerating charged body to be related to the radiated power and acceleration
observed by a stationary observer.

In order to determine how an acceleration measured in, say, the rest frame affects
the radiation produced by a body with a velocity moving at relativistic velocities,
we need to obtain expressions for the transformation of the acceleration between
a moving and rest frame. It is sometimes written, particularly in popular accounts
of relativity, that as special relativity applies to inertial frames of reference, special
relativity cannot treat the acceleration of bodies moving at relativistic velocities.
We show in this section that special relativity deals with acceleration using the
idea of an “instantaneous” inertial frame of reference, where for an infinitesimally
small interval of time, the frame of reference remains inertial. We use the expres-
sions for the velocity of a body in a moving frame of reference as observed in a
stationary frame (as found in Section 2.3) to determine the appropriate transform
of acceleration from the moving to the rest frame.

The transformation of the velocity parallel (u||) and perpendicular (u⊥) to the
velocity v from the moving frame of reference S′ to the stationary frame S is given
by Equation 2.27 and 2.28, namely:

u|| =
u′|| + v

1+ vu′||/c2
, (3.28)

u⊥ = u′⊥
γ (1+ vu′||/c2)

, (3.29)

where the primed velocities are measured in the moving frame S′ and the unprimed
velocities in the stationary frame S. The accelerations can be found by differenti-
ating the two velocities parallel and perpendicular to v with respect to time. The
acceleration parallel to v in the rest frame S is related to velocities in the moving
frame S′ by
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a|| = du||
dt

= d

dt

(
u′|| + v

1+ v u′||/c2

)
=
(
(1+ v u′||/c2)− (u′|| + v)v/c2

(1+ v u′||/c2)2

)
du′||
dt

=
(

1

γ 2(1+ v u′||/c2)2

)
du′||
dt

as the Lorentz factor γ = 1/
√
1− v2/c2. We need to relate differential intervals of

time in the two reference frames. Using Equation 2.15 to transform time from the
moving reference frame S′ to the stationary frame S, we have

t= t′ + v x′/c2√
1− v2/c2

,

where x′ is distance in the direction parallel to v. Taking differentials

dt= dt′ + (v/c2)dx′√
1− v2/c2

= γ

(
1+ v u′||

c2

)
dt′ (3.30)

using u′|| = dx′/dt′. Substituting Equation 3.30 in the above equation for a|| yields
the transformation of acceleration from the moving frame S′ to the stationary
frame S:

a|| =
(

1

γ 3(1+ v u′||/c2)3

)
du′||
dt′

=
(

1

γ 3(1+ v u′||/c2)3

)
a′

|| (3.31)

The acceleration perpendicular to v in the rest frame S is related to velocities in
the moving frame S′ by

a⊥ = du⊥
dt

= d

dt

(
u′⊥

γ (1+ vu′||/c2)

)

=
(
γ (1+ v u′⊥/c2)(du′⊥/dt)− γ (v u′⊥/c2)(du′||/dt)

γ 2(1+ vu′||/c2)2

)

=
(

1

γ (1+ v u′||/c2)

)
du′⊥
dt

−
(

u′⊥v/c2

γ (1+ v u′||/c2)2

)
du′||
dt
.

Substituting Equation 3.30 in the above equation for a⊥ yields the transformation
of acceleration from the moving frame S′ to the stationary frame S:

a⊥ =
(

1

γ 2(1+ v u′||/c2)2

)
du′⊥
dt′

−
(

u′⊥v/c2

γ 2(1+ v u′||/c2)3

)
du′||
dt′

=
(

1

γ 2(1+ v u′||/c2)2

)
a′

⊥ −
(

u′⊥v/c2

γ 2(1+ v u′||/c2)3

)
a′

|| (3.32)
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In an “instantaneous” frame of reference for a body undergoing acceleration, all
velocities according to the body under acceleration are zero. “Instantaneous” here
means that we consider a sufficiently small increment of time for the acceleration
process so the frame of reference remains inertial. The frame of reference of the
accelerating body still has a velocity v relative to a stationary observer. Setting
the velocities u′|| and u′⊥ equal to zero in Equations 3.31 and 3.32 means that the
moving frame of reference S′ of the body has accelerations which are related to the
stationary frame S by

a′
|| = γ 3a||, (3.33)

a′
⊥ = γ 2a⊥. (3.34)

As in all the above treatment, the acceleration in the moving frame of reference is
the primed variable.

The force F producing an acceleration dv/dt when both force and acceleration
are measured in the rest frame can be evaluated using our expression for relativistic
momentum p (Equation 2.62). We have that

F= dp
dt

with the momentum in the rest frame of a body with velocity v and rest mass m0

given by

p= 1√
1− v2/c2

m0v= γm0v. (3.35)

Differentiating with respect to time t, we find

F= d(γm0v)
dt

=m0v
dγ

dt
+m0 γ

dv
dt
. (3.36)

The first term here is in the direction of the velocity, while the second term has
components of acceleration dv/dt in directions parallel to the velocity and perpen-
dicular to the velocity. Considering the component perpendicular to the velocity
relates force F⊥ perpendicular to the velocity to the perpendicular acceleration a⊥:

F⊥ =m0γ
dv⊥
dt

=m0γ a⊥ (3.37)

Using Equation 3.34, we have that the force F⊥ perpendicular to v is equal to
(1/γ )m0a′⊥. The force F′⊥ in the moving frame is given by m0a′⊥ so that

F⊥ = (1/γ )m0a
′
⊥ = (1/γ )F′

⊥. (3.38)

The first term and a component of the second term of Equation 3.36 contribute
to the force F|| parallel to the velocity v. We have
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F|| =m0v(−1/2)(1− v2/c2)−3/2(−2v a||/c2)+m0γ a||.

Collecting terms, the force parallel to the velocity v becomes

F|| =m0γ
3 a||. (3.39)

The variation with the Lorentz parameter γ for the force/acceleration behavior per-
pendicular (Equation 3.38) and parallel (Equation 3.39) to the velocity v between
frames means that a force measured in the rest frame produces different accelera-
tion as measured in the rest frame depending on its direction. In addition, for forces
applied to bodies moving at relativistic speeds, the acceleration vector in the rest
frame is not parallel to the force vector in the rest frame unless the force vector is
exactly parallel or perpendicular to the velocity v.

In the moving frame S′ (the proper frame), the force F′|| parallel to the velocity v
is related to the acceleration a′|| measured in frame S′ by the Newtonian relationship

F′
|| =m0a

′
||. (3.40)

Equation 3.33 relates the acceleration a|| in the rest frame to the acceleration a′|| in
a moving frame with the relationship a′|| = γ 3a||. Substituting into Equation 3.40
means that

F′
|| =m0γ

3a|| = F|| (3.41)

upon using Equation 3.39. The force directed parallel to the velocity v in the mov-
ing and rest frames is the same, or in other words, the force directed parallel to the
velocity v is Lorentz invariant (see Appendix B).

The Lorentz invariance of a force applied parallel to the velocity v is consistent
with our finding in Section 3.2 that an electric field parallel to v is Lorentz invariant
(Equation 3.26). A charge q experiences a force qE|| parallel to v in an electric field
E|| parallel to v. The charge of a body is an intrinsic Lorentz invariant quantity, so
both the force and electric field parallel to v are Lorentz invariant.

3.4 Emission from Relativistic Particles

Relativistic transformations are needed to find the angular variation of power de-
tected in the rest frame of reference by an emitting particle moving at relativis-
tic speeds. Conservation of energy requires that the total power radiated into all
angles in the frame of reference of the charged particle is the same as the total
power detected over all angles in the stationary rest frame. Evaluations of the to-
tal power emitted in the proper frame of reference of emission integrated over all
angles (see, e.g. Equation 1.16) are identical to the total power integrated over all
angles detected in the rest frame. However, the angular variation of the radiated
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power detected in the rest frame can differ significantly from the angular variation
of the power radiated in the frame of reference of the emitting body. The most
significant relativistic effect when the emitting body frame of reference has a rel-
ative velocity close to the speed of light is to concentrate the detected power in
the rest frame in the direction of the velocity of the emitting particle. This behav-
ior is known as the “beaming” of the light emission and is considered in detail in
Section 3.5.

Acceleration of a charged particle causes the emission of electromagnetic radi-
ation (see Section 1.3). An accelerating frame of reference is by definition not an
inertial frame of reference. However, it is possible to use special relativity to deal
with the detection of radiation from relativistic particles. We use the idea of an
“instantaneous inertial” frame of reference for the particle emitting radiation. In an
instantaneous inertial frame of reference, the frame remains inertial by only consid-
ering a sufficiently small increment of time so that “fictitious” forces (as discussed
in Section 2.1) due to the acceleration are infinitesimally small.

The electromagnetic power dP′
�/d�

′ radiated per unit solid angle by an accel-
erated charged particle was evaluated in the instantaneous frame of reference of
the particle in Section 1.3. Modifying Equation 1.15 for the emission due to the
acceleration a′ in the instantaneous frame of reference S′, the power radiated is
proportional to the square of the acceleration measured in the moving frame:

dP′
�

d�′ = q2

4πε0

1

4πc

(
a′ · a′

c2

)
sin2 θ ′

A, (3.42)

where q is the charge of particle and θ ′
A is the angle of the emission to the accelera-

tion direction of the particle in the frame S′. The acceleration can be represented as
components parallel a′|| and perpendicular a′⊥ to the direction of the velocity v of
S′. The acceleration term in Equation 3.42 then becomes

a′ · a′ = a′2
|| + a′2

⊥.

Using the relationships (Equations 3.33 and 3.34) for converting accelerations in
an instantaneous frame of reference to the stationary frame:

dP′
�

d�′ = q2

4πε0

1

4πc
γ 4

(
γ 2a2|| + a2⊥

c2

)
sin2 θ ′

A (3.43)

As used throughout this book, parameters with primes are evaluated in the moving
frame of reference. Equation 3.43 includes the angle θ ′

A of the emitted radiation
to the acceleration direction in the frame of reference of the emitting body and is
evaluated per unit d�′ of solid angle in the frame of the emitting body.

The total power P radiated into 4π steradian in the frame of reference of the
charged particle is the same as the total power detected in 4π steradian in the
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stationary rest frame. Integrating Equation 3.43 over all angles in the moving frame
(see Equation 1.16), we have for the total radiated power in the rest frame

P= q2

4πε0

2

3c
γ 4

(
γ 2a2|| + a2⊥

c2

)
, (3.44)

where the accelerations parallel a|| and perpendicular a⊥ to the velocity v are eval-
uated in the rest frame of reference. There is an enhancement of the total radiated
power due to the velocity of the emitter approaching the speed of light as P∝ γ 4

(acceleration perpendicular to the particle velocity) or P∝ γ 6 (acceleration parallel
to the particle velocity). This Lorentz parameter γ dependence of the total emis-
sion (over all angles in the rest frame) arises due to the different measurements of
acceleration in the moving and rest frames of reference.

3.5 “Beaming” of Emission from Relativistic Bodies

In this section, we start to consider the precise direction of radiation emission in
the rest frame of reference when the emitting body is moving with a velocity ap-
proaching the speed of light. The angular variation of the radiated power detected
in the rest frame can differ significantly from the angular variation of the power
radiated in the frame of reference of the emitting body. The most significant rel-
ativistic effect when the emitting body frame of reference has a relative velocity
close to the speed of light is to concentrate the detected power in the rest frame
in the direction of the velocity of the emitting particle. This behavior is known as
the “beaming” of the light emission. For a quantitative treatment, we need to relate
solid angles as measured in the moving and rest frames and we need to take account
of the transform of the radiated power as measured in the moving and rest frames.

The solid angle d�′ in Equations 3.42 and 3.43 is related to the angle θ ′ of the
emission to the velocity v by

d�′ = sin θ ′dθ ′dφ′,

where dφ′ is the incremental azimuthal angle (see Figure 3.1). Setting μ= cos θ
and μ′ = cos θ ′, we can find the relationship between d�′ in the moving S′ frame
and d� in the stationary S frame. As dμ′ = − sin θ ′dθ ′, we have that

d�′ = −dμ′dφ′.

The relationships between the angles of emission in the moving frame S′ and the
stationary frame S were evaluated in Section 2.3. We have from Equation 2.43 that

cos θ = cos θ ′ + v/c

1+ (v/c) cos θ ′ .
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v
k'

�'

� '

Figure 3.1 Spherical polar coordinates for a frame of reference moving at veloc-
ity v. Relativistic effects are uniform for all angles θ ′ to the velocity v and so do
not vary with azimuthal angle φ′.

Differentiating and substituting μ=cos θ , μ′=cos θ ′, and γ=1/
√
1− v2/c2 gives

dμ= dμ′

γ 2(1+μ′v/c)2
.

Relativistic transformations from frame S′ to S only depend on the angle θ ′ to the
velocity v and so azimuthal angles φ are Lorentz invariant with φ′ = φ. Conse-
quently, azimuthal increments are also Lorentz invariant so that dφ′ = dφ. The re-
lationship between solid angles d� in the rest frame S and d�′ in the moving frame
S′ are consequently given by

d�= d�′

γ 2(1+μ′v/c)2
. (3.45)

Dealing with radiated power from a particle in a frame moving at relativistic
speeds requires the Lorentz transformation of increments of radiation energy. The
energy W measured in the stationary frame S is related to the energy W ′ of a body
in the moving frame S′ by Equation 2.107. We have

W = γ (W ′ + v p′
x).

Taking the differential of the energy relationship leads to

dW = γ (dW ′ + vdp′
x)= γ

(
1+ v cos θ ′

c

)
dW ′ = γ (1+μ′v/c)dW ′, (3.46)

as the momentum p′
x of light in the direction of the velocity v emitted at an angle of

θ ′ to the velocity v is W ′ cos θ ′/c (see Equation 2.80). Combining Equations 3.45
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and 3.46 gives an equation which relates the energy per solid angle in the stationary
S frame to that in the moving S′ frame:

dW

d�
= γ 3(1+μ′v/c)3

dW ′

d�′ (3.47)

To evaluate the power radiated we can divide Equation 3.47 by appropriate dif-
ferentials of time. In Section 2.3 we showed that Equation 2.23 relates intervals of
time in the moving S′ and stationary S frames such that we can write

dt= γ
(
dt′ − v

c2
dx′
)

= γ (1−μ′v/c)dt′, (3.48)

where the velocity v of an emitting body is positive when directed towards the
stationary observer. The second equality in Equation 3.48 replaces dx′/dt′ by the
component of the speed of photons along the x-direction. The speed of light emitted
at angle θ ′ to the x-direction parallel to v is given by dx′/dt= c cos θ ′ = cμ′. We
can change frames of reference for the time intervals by interchanging primed and
unprimed symbols and changing the sign of the velocity v:

dt′ = γ (1+μv/c)dt

so that

dt= (γ (1+μv/c))−1dt′. (3.49)

These relationships between frames of reference of small increments of time (Equa-
tions 3.48 and 3.49) were presented earlier when discussing changes in the period
of an electromagnetic wave due to the Doppler effect (see Section 2.6).

An expression for the relationship between the power dP/d�= dW/(dtd�) de-
tected per solid angle in the stationary S frame to the power dP′/d�′ = dW ′/(dt′d�′)
radiated per solid angle by a single emitting body in the moving S′ frame is obtained
using Equation 3.47 and the relationship (Equation 3.49) between the time differ-
entials dt and dt′:

dP

d�
= γ 4(1+μ′v/c)4

dP′

d�′ , (3.50)

where μ′ is measured in the moving frame. It is useful to have the angular variation
of power dP/d� in terms of the cosine μ of the angle θ to the velocity v measured
in the stationary frame rather than μ′ measured in the moving frame. Changing the
frames of reference so that the primed symbols become unprimed and unprimed
symbols are primed and the velocity v changes to −v, we have

dP′

d�′ = γ 4(1−μv/c)4
dP

d�
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and hence

dP

d�
= 1

γ 4(1−μ v/c)4
dP′

d�′ . (3.51)

For isotropic or near-isotropic emission in the moving frame S′, Equation 3.51
predicts emission in the stationary frame Swith an angular variation which is highly
peaked in the forward direction parallel to the velocity v. Assuming that dP′/d�′
is constant with angle θ ′ in the moving frame means that in the rest frame

dP

d�
∝ 1

γ 4(1−μ v/c)4
. (3.52)

For a body moving close to the speed of light, the angle θ to the velocity in the rest
frame is small and γ is large, so that we can expand μ= cos θ ≈ 1− θ2/2 and use

v

c
=
(
1− 1

γ 2

)1/2

≈ 1− 1

2γ 2
.

It follows that

1−μ v/c= 1− v

c
cos θ ≈ 1−

(
1− 1

2γ 2

)(
1− θ2

2

)

= 1+ γ 2θ2

2γ 2
− θ2

4γ 2
≈ 1+ γ 2θ2

2γ 2
. (3.53)

Substituting the approximation of Equation 3.53 into Equation 3.52, the power per
steradian in the rest frame if emission in the moving frame is isotropic varies with
the angle θ to the velocity of the emitter as

dP

d�
∝ 1

γ 4(1−μ v/c)4
≈
(

2γ

1+ γ 2θ2

)4

. (3.54)

Isotropic emission in the moving frame appears concentrated in the rest frame at
angles θ close to the direction of the velocity of the moving frame. Equation 3.54 is
a highly peaked function with an angular spread close to θ ≈ 0 of 1/γ . For example,
the power dP/d� radiated drops by a factor 24 = 8 in moving from θ = 0 to θ =
1/γ away from the direction of the velocity v (see Figure 3.2). This concentration of
the radiated power as detected in the rest frame around the direction of the velocity
of the emitter is known as the “beaming” effect.

Equation 3.51 uses Equation 3.49 to allow for the Doppler effect on the de-
tected power due to the distance moved by the emitting body in the time dt′. In
some evaluations, we need to ignore the effect of the Doppler shift of detected
frequencies on the power. For example, if we measure radiation power in terms of
the number of photons, we can ignore the Doppler energy shift of the photons. In
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Figure 3.2 The angular variation of the power dP/d� in the stationary frame
S observed when the emission is from a frame S′ with velocity 0.99c (γ = 7.09).
Power is shown as a function of the angle θ to the velocity. The emission profiles
are shown assuming (i) isotropic emission and emission where the acceleration is
perpendicular to the velocity (v⊥a) in the S′ frame and (ii) the emission due to
acceleration of a charged particle where the acceleration is parallel to the velocity
(v||a). The plot shows that almost all emission is within θ < 1/γ = 0.14 radians.
Emission with v⊥a is for an azimuthal angle φ = π/2.

this case, we only need to take account of time dilation in the moving frame, so
set dt= γ dt′, rather than dt= (γ (1+μ′v/c))−1dt′ as used for Equation 3.51. The
number dPp/d� of photons per unit time per steradian measured in the stationary
frame is then related to the number dP′

p/d�
′ of photons per unit time per steradian

emitted in the moving frame by

dPp
d�

= γ 2(1+μ′v/c)3
dP′

p

d�′ = 1

γ 4(1−μ v/c)3
dP′

p

d�′ , (3.55)

where the subscript “p” has been added to indicate power Pp or P′
p in units of

photons per unit time. The two forms of Equation 3.55 are obtained by substitut-
ing dt= γ dt′ rather than dt= (γ (1+μ′v/c))−1dt′ in Equation 3.47, with a similar
modification to Equation 3.51 producing the second equality.

3.6 Emission with Acceleration Parallel or Perpendicular to v

We now consider the particular examples of light emission as detected in the rest
frame when the acceleration of the charged body producing the emission is paral-
lel or perpendicular to the relative velocity of the body. The general case where the
acceleration is at an arbitrary angle to the relative velocity of the body is mathemat-
ically difficult, so we concentrate on the two special cases where the acceleration
of the charged body is parallel or perpendicular to the relative velocity of the body.
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The special cases illustrate the general behavior and are common geometries in
evaluations of the emission of relativistic particles.

Returning to Equation 3.43, using Equation 3.51 the power radiated per unit solid
angle in the stationary frame S is found to be

dP

d�
= q2

4πε0

1

4πc

(
γ 2a2|| + a2⊥

(1−μ v/c)4 c2

)
sin2 θ ′

A. (3.56)

If the acceleration of the charged particle is parallel to the velocity, angles relative
to the velocity (θ ′) and acceleration (θ ′

A) are equivalent (θ
′ = θ ′

A). Adapting Equation
2.42, the angle θ ′

A of the emission to the acceleration in the moving frame S′ is
related to the angle θ to the velocity in the stationary frame S by

sin θ ′
A = sin θ/γ

1− (v/c) cos θ
. (3.57)

Setting a⊥ = 0 in Equation 3.56, the radiated power as a function of angle θ in the
stationary frame S for acceleration parallel to the velocity becomes

dP

d�
= q2

4πε0

1

4πc3
a2||
(

1

1− v cos θ/c

)6

sin2 θ. (3.58)

A similar argument presented to determine Equation 3.54 shows that the angular
variation in θ of the bracketed quantities raised to the sixth power in Equation 3.58
peaks sharply around angles θ = 0 in the direction of the velocity v (see Figure 3.2).

If the acceleration of the charged particle is perpendicular to the velocity, some
three-dimensional geometry is needed to determine the relationship in the moving
frame between the angle θ ′

A of emission to the acceleration direction and the angle
θ ′ of the emission relative to the velocity v (see Figure 3.3). From Figure 3.3, the
cosine rule for a triangle formed between a vector k representing the light emission
at angle θ ′ to vwith azimuthal angle φ′ and the acceleration direction perpendicular
to v has

cos θ ′
A = b22 − b21 − k2

2kb1
,

with b1 = k sin θ ′ cos φ′ and b22 = k2(cos2 θ ′ + sin2 θ ′ sin2 φ′). Substituting these
values for b1 and b2, we find that

cos θ ′
A = cos2 θ ′ + sin2 θ ′ sin2 φ′ − cos2 φ′ sin2 θ ′ − 1

2 cos φ′ sin θ ′ = sin θ ′ cos φ′.
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k’

’

’

v

a’
’

A

b1 = k’ sin’ cos’

b2 = k’ (cos2’ + sin2’  sin2’ )1/2

Figure 3.3 An illustration of the relationship of the angle θ ′
A between the k′-

vector of light emission and the acceleration direction for a charged particle and
angles θ ′ between the velocity v and the k′-vector. The acceleration is assumed to
be directed perpendicular to the velocity v in the moving frame S′.

We need to evaluate sin2 θA and substitute into Equation 3.56 with a|| = 0. Using
Equation 3.57,

sin2 θ ′
A = 1− cos2 θ ′

A = 1− sin2 θ/γ 2

(1− v cos θ/c)2
.

The power radiated per unit solid angle in the stationary frame S for acceleration
perpendicular to the velocity in the moving frame S′ is then given by

dP

d�
= q2

4πε0

1

4πc3
a2⊥
(

1

1− v cos θ/c

)4
(
1−

(
sin θ cos φ

γ (1− v cos θ/c)

)2 )
. (3.59)

There is an azimuthal (φ) dependence on the power radiated when the accelera-
tion is perpendicular to the velocity. The azimuthal cos2 φ′ term in the moving S′
frame transforms to cos2 φ in the stationary frame S as relativistic effects only de-
pend on the angle to the velocity and are consequently independent of azimuthal
angle.

As shown for isotropic emission (Equation 3.54) and emission where the ac-
celeration is parallel to the velocity (Equation 3.58), when the acceleration is per-
pendicular to the velocity, Equation 3.59 indicates a sharply peaked emission in
the stationary frame S for velocities v approaching the speed of light c. The emis-
sion is centered in the velocity v direction (θ ≈ 0) due to a term involving 1/(1−
v cos θ/c) which is raised to the power of four (for isotropic emission and when
the acceleration is perpendicular to the velocity), or to the power of six (when the
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80 Relativity and Electromagnetic Fields

acceleration is parallel to the velocity). Figure 3.2 shows a sample angular vari-
ation of emission for the three scenarios considered: isotropic emission, emission
where the particle acceleration is parallel to the velocity, and emission where the
acceleration is perpendicular to the velocity.

In the extreme relativistic limit when γ >> 1, the quantity (1− v cos θ/c) is
small in the forward direction where θ ≈ 0 as the radiation angular profile becomes
extremely peaked in the direction of the velocity of emitting particles. In the ex-
treme relativistic limit, it is sufficiently accurate and more suitable for numerical
evaluation to use the approximation for (1− v cos θ/c) given in Equation 3.53. In
the extreme relativistic limit, upon modifying Equation 3.58 the power radiated in
the stationary frame for acceleration parallel to the velocity becomes

dP

d�
= q2

4πε0

1

4πc3
a2|| γ

10
(

γ 2θ2

(1+ γ 2θ2)6

)
. (3.60)

In the extreme relativistic limit, upon modifying Equation 3.59 the power radiated
in the stationary frame for acceleration perpendicular to the velocity becomes

dP

d�
= q2

4πε0

1

4πc3
a2⊥ γ

8
(
1− 2γ 2θ2 cos(2φ)+ γ 4θ4

(1+ γ 2θ2)6

)
(3.61)

upon using the identity cos(2φ)= 1− 2 cos2 φ. Equations 3.60 and 3.61 both de-
pend on the angle θ of emission solely through the combination of γ θ which con-
firms that the emission for extremely relativistic particles (γ >> 1) is concentrated
within an angle θ ≈ 1/γ .

Exercises

3.1 With an eye to the future, the 1967 edition of the textbook Classical Electro-
dynamics by J. D. Jackson [58] posed the following question: “Assume that
a rocket ship leaves the Earth in the year 2000. One of a set of twins born
in 1980 remains on Earth; the other rides in the rocket. The rocket ship is so
constructed that it has an acceleration g in its own rest frame (this makes the
occupants feel at home). It accelerates in a straight-line path for 5 years (by
its own clocks), decelerates at the same rate for 5 more years, accelerates for
5 years, decelerates for 5 years, and lands on Earth. The twin in the rocket is
40 years old. (a) What year is it on Earth? (b) How far away from the Earth
did the rocket ship travel?” [See an answer in Section 10.1.]

3.2 Assume that the rocket ship employed in Exercise 3.1 has a constant rest mass
including occupants of 103 kg. We can imagine that the rocket is acceler-
ated by some mass-conserving process, say, electron-positron annihilation so
that the mass of the spaceship remains approximately constant. (a) Calculate

https://doi.org/10.1017/9781009236072.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.004


Exercises 81

a minimum energy needed for the described spaceflight. (b) Determine the
power required to be supplied by the rocket in order to maintain the acceler-
ation g at the end of the two accelerating phases of the flight. [See an answer
in Section 10.1.]

3.3 The American drama television series Manifest premiered in 2018 featuring
the passengers and crew of a commercial airliner who suddenly reappear after
their aircraft is missing for 5 years. To the passengers and crew the flight time
appears only slightly delayed. Assuming that some acceleration phenomenon
to relativistic velocities is responsible for the different passage of time on
the aircraft and the rest of the world, estimate the acceleration needed in the
frame of reference of the aircraft if the aircraft uniformly accelerates for 1
hour, deaccelerates for 1 hour, and then undergoes the same acceleration in
a return journey. [Use Equation 10.3 to get ≈106 m s−2. The aircraft would
suffer more than the mild turbulence portrayed onscreen.]

3.4 A simpler variation of the question set by Jackson (Exercise 3.1) is often
presented in special relativity courses. A twin in a spaceship is assumed to
instantly accelerate to a constant high speed v and travel a distance x away
from Earth. At distance x, the twin reverses direction and instantly accelerates
up to speed v returning to Earth. Show that the time t on Earth is related to
time t′ in the spaceship by

t= t′√
1− v2/c2

.

3.5 Electrons are accelerated and oscillate, producing radiation when a high-power
laser pulse propagates through a gas. The electron acceleration is known as
“wakefield” acceleration (see e.g. [3], [73]). In their frame of reference, the
electrons produce light close to the laser wavelength due to an oscillation per-
pendicular to the laser direction. If electrons of energy 300MeV traveling par-
allel to the laser beam are produced, (a) determine the range of angles where
you would expect to observe in the laboratory light emitted by the electrons.
(b) Estimate the enhancement of the total radiated power of electron emission
from the electron to laboratory frame due to the relativistic electron velocity.
(c) Determine the fractional change of emitted wavelength from the electron
to the laboratory frame. [(a) Light is emitted within ≈1.7 milliradians of the
laser beam. (b) 1.2× 1011 (c) ≈ 1.7× 10−3]

3.6 Neutral hydrogen atoms of kinetic energy 100 keV are injected into a tokamak
plasma perpendicular to a 10 Tesla magnetic field. Calculate the electric field
seen by the hydrogen atoms in their frame of reference. [4.4× 107 V m−1]

https://doi.org/10.1017/9781009236072.004 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.004


82 Relativity and Electromagnetic Fields

3.7 Consider a charge of velocity v such that v<< c which travels perpendicular
to an electric field E and a magnetic field B where the electric and magnetic
fields are perpendicular to each other. When the forces on the charge due to
the electric and magnetic fields are balanced with E= −v×B and hence the
charge travels in a straight line, show that in the frame of reference of the
charge, the magnetic field B′ seen by the charge is given by

B′ ≈B− 1

2

v×E
c2

,

while the electric field E′ in the frame of the charge is zero.
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4

Electromagnetic Wave Interactions with Plasma
and Other Matter

A plasma can be defined as a collection of free electrons and ions where for dis-
tances much greater than the atomic scale, the average charge is zero. A gas be-
comes a plasma if heated sufficiently so that electrons are removed from atoms
creating negatively charged free electrons and positively charged ions.

Electrons undergo greater acceleration in the presence of an electric field or elec-
tromagnetic wave as the magnitude of the electron charge is the same as that of a
proton, while the electron mass is a factor 1,836 times smaller than the mass of
a proton. Consequently, the electrons in a plasma can be accelerated much more
readily to velocities approaching the speed of light and electrons exhibit relativistic
effects at much lower particle energies than ions. Similarly, electrons can modify
the passage of light much more effectively than ions because they accelerate at a
much greater rate in an electromagnetic wave.

We examine single electron motion in an electromagnetic wave treating linear
and elliptical polarization and a relativistic treatment in this chapter. A relativistic
treatment of electron motion is needed when electron acceleration at high laser ir-
radiances leads to the electron velocities approaching the speed of light. We extend
the equations for the vacuum propagation of light (Section 1.1) to a medium with
a refractive index and determine the refractive index for plasmas with a significant
electron density. We continue with an examination of Cerenkov radiation produced
when the velocity of a particle in a medium exceeds the phase velocity of light in
that medium, and the processes of Thomson and Compton scatter. Thomson and
Compton scatter can arise due to an isolated electron radiating light as the elec-
tron accelerates in an electromagnetic wave. Thomson scatter also occurs due to
distributions of electrons if the scattered light electric field from different electrons
adds coherently. Compton scatter is similar to single electron Thomson scatter, but
is the name of the scattering process at high photon energies where the photon
momentum is important.

83

https://doi.org/10.1017/9781009236072.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.005


84 Electromagnetic Wave Interactions with Plasma and Other Matter

4.1 Nonrelativistic Single Electron Motion: Linear Polarization

Due to the difference in mass of electrons and ions, an electromagnetic wave inter-
acts with the electrons in a plasma and causes only an insignificant direct acceler-
ation of the ions. In this section, we examine the motion of a single free electron
in an electromagnetic wave when the velocities reached by the electron as it accel-
erates in the field are much less than the speed of light c. All calculations here are
in the frame of reference of the electron, so that the initial electron velocity rela-
tive to an impinging electromagnetic wave is zero. At the high irradiances possible
with focused laser light, electrons can be accelerated to velocities approaching the
speed of light c. Modifications to the treatment of this section to take account of
relativistic effects are discussed later in Section 4.3.

If an electromagnetic wave is linearly polarized, we can assume that the wave
propagates in the z-direction with the electric field directed in the x-direction. The
magnetic field of the electromagnetic wave is then directed in the y-direction. For
a plane wave uniform in the transverse direction to the light propagation direction,
movement or drift of an electron in the z-direction of light propagation due to the
incoming wave can be taken into account by undertaking calculations in a retarded
time τ , such that

τ = t− z(t)

c
, (4.1)

where z(t) represents the z-position of the electron at time t. The electron is assumed
to be at position x= y= z= 0 at time t= 0. For a constant light intensity, we show
in this section that the drift velocity vd = dz(t)/dt of an electron in the direction of
propagation of the wave is constant so that dτ = dt(1− vd/c)= dt. We assume for
this section that any electron velocity << c.

Assuming an electric field of amplitude E0 and angular frequency ω, the accel-
eration of an electron of charge −e and mass m0 is given by

d2x

dt2
= − e

m0
E0 cos(ωτ). (4.2)

Integrating from retarded time 0 to time τ , we obtain an expression for the velocity
of the electron in the electromagnetic field

dx

dt
= − eE0

m0ω
sin(ωτ). (4.3)

Integrating again, we find the position of the electron relative to its starting position,
namely
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4.1 Nonrelativistic Single Electron Motion: Linear Polarization 85

x= + eE0

m0ω2
(cos(ωτ)− 1). (4.4)

The electron oscillates or “quivers” in the electric field of the wave. We can cal-
culate an average quiver energy which is often referred to as the “ponderomotive”
energy. At any time the kinetic energy U of the electron is given by

U = 1

2
m0

(
dx

dt

)2

= e2E2
0

2m0ω2
sin2(ωτ). (4.5)

If we average the square of the sine function in time over an oscillation period of
the electromagnetic wave, we can obtain a time-averaged quiver energy. Using∫ 2π

0 sin2 θdθ∫ 2π
0 dθ

= 1

2
(4.6)

gives the time-averaged electron quiver energy<U > in an electromagnetic field as

<U >= e2E2
0

4m0ω2
. (4.7)

This average quiver energy of the electrons in an electromagnetic field is known
as the ponderomotive potential. Evaluating constants, converting the square of the
magnitude of the electric field (E2

0) to irradiance (Equation 1.12) and the frequency
ω to wavelength λ (using ω= 2πc/λ) gives a numerical expression (in energy units
of electron volts) for the ponderomotive potential

<U >≈ Iλ2

1013
eV, (4.8)

where the wavelength λ is measured in units of microns and the irradiance I is
measured in units of Wcm−2. For laser-plasma interactions at irradiances greater
than 1014 Wcm−2μm2, the ponderomotive potential exceeds 10 eV and starts to be-
come comparable to typical atomic ionization potentials (e.g. 13.6 eV for hydrogen
atoms) and to the temperatures and hence kinetic energy per electron in the plasma.

The motion of the electron in an electromagnetic field is complicated by the
presence of the magnetic field. The electron has a velocity v due to its acceleration
in the electric field, which produces a Lorentz force ev×B pointing in the direction
of propagation of the electromagnetic wave. We can write for the acceleration in
the direction of wave propagation (our z-direction) that

d2z

dt2
= − e

m0

dx

dt
B,

where B is the magnetic field of the electromagnetic wave. The magnetic field B
oscillates in phase with the electric field such that
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B= E0

c
cos(ωτ).

We can write for the electron acceleration in the z-direction due to the ev X B force
that

d2z

dt2
= e2E2

0

m2
0ωc

sin(ωτ) cos(ωτ). (4.9)

Integrating from retarded time 0 to time τ gives the velocity in the direction of
propagation as

dz

dt
= e2E2

0

2m2
0ω

2c
sin2(ωτ). (4.10)

The position of the electron relative to its starting position is found by integrating
again to give

z= − e2E2
0

8m2
0ω

3c
sin(2ωτ)+ e2E2

0

4m2
0ω

2c
τ. (4.11)

We have used here the integration result that∫ ωτ

0
sin2(θ)dθ = 1

2

(
ωτ − 1

2
sin(2ωτ)

)
.

Equations 4.4 and 4.11 show that an electron in an electromagnetic field ex-
ecutes a figure-8 motion in the xz−plane with a superimposed electron drift in
the z-direction (see Figure 4.1). The x-position of the electron is oscillating in po-
sition proportionally to cos(ωτ), while the z-position oscillates proportionally to
sin(2ωτ). These equations for the electron position describe a figure-8 motion rel-
ative to a position moving with drift velocity vd in the direction of electromagnetic
propagation (the z-direction). Looking at the second term on the right-hand side of
Equation 4.11, we see that the drift velocity vd = z(t)/t is given by

vd = e2E2
0

4m2
0ω

2c

(τ
t

)
= e2E2

0

4m2
0ω

2c

(
t− z(t)/c

t

)
= e2E2

0

4m2
0ω

2c

(
1− vd

c

)
.

Rearranging to have all expressions involving the drift velocity vd on the left-hand
side, we have

vd
c

= e2E2
0

m2
0ω

2c2

(
1

4+ e2E2
0/(m

2
0ω

2c2)

)
. (4.12)

Theoretical work on electron acceleration at high irradiance often uses the vec-
tor potential A description, where for an oscillating electric field E, we have E=
−dA/dt. The amplitude of the vector potential A0 is employed in a reduced form

https://doi.org/10.1017/9781009236072.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.005


4.1 Nonrelativistic Single Electron Motion: Linear Polarization 87

Direction of
propagation

Direction of electric field

Drift velocity

Electron motion

Figure 4.1 The trajectory of an electron in an electromagnetic wave. The elec-
tron exhibits a figure-8 motion as well as a superimposed drift in the direction of
propagation of the wave.

ao = eA0

m0c
= eE0

m0cω
. (4.13)

Substituting for ao in our expression for the drift velocity (Equation 4.12), we find
that the electron drift velocity relative to the speed of light becomes a more readily
memorized equation:

vd
c

= a2o
4+ a2o

(4.14)

The drift velocity vd has no dependence on the phase of the electromagnetic field
(there are no cos(ωt) or sin(ωt) terms in Equation 4.12) and, for a uniform elec-
tromagnetic field, no variation with z, so the drift velocity is not dependent on the
z-position of the electron as it drifts.

We show in Section 4.3 that relativistic effects change the dependence of the
drift velocity vd with reduced vector potential ao found in Equation 4.14. Allowing
for relativistic effects, the maximum drift velocity vd at high ao becomes c/3 rather
than the speed of light c (see Equation 4.37). Both the nonrelativistic (Equation
4.14) and relativistic (Equation 4.37) expressions have vd = a2o/4 for small ao.

The reduced vector potential ao is related to the laser irradiance I = (1/2)ε0cE2
0

measured in Wcm−2 by

ao =
√

Iλ2

1.37× 1018
, (4.15)

where λ= 2πc/ω is the laser wavelength in microns. The drift velocity of the elec-
trons in a radiation field becomes an important electron accelerating mechanism at
high laser irradiances (I > 1018 Wcm−2). At ao > 1, electron acceleration by the
drift velocity starts to dominate other electron acceleration mechanisms. The elec-
tron acceleration and consequent heating of laser target material when the electrons
collide, for example, with a solid target is commonly referred to as J×B “heating.”
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The velocity vx of electrons accelerated in the direction of the electric field of
the electromagnetic wave can be expressed in terms of the reduced vector potential
ao. An average of the square of the velocity <v2x> is found by averaging the time-
varying sin2(ωτ) component of Equation 4.3 using <sin2(ωτ)>= 1/2. Assuming
the retarded time τ is independent of ao, we have

<v2x>

c2
= a2o

2
. (4.16)

This expression is valid when ao << 1 as then the retarded time τ is independent
of ao. Similarly the average velocity <vz> in the direction of propagation of the
electromagnetic wave in terms of ao is found from Equation 4.10, again averaging
over the sin2(ωτ) component. We have

<vz>

c
= a2o

4
. (4.17)

This expression is again only valid when ao << 1 as then the retarded time τ is
independent of ao. For ao << 1, the time-averaged velocity <vz> in the direction
z of the wave propagation is consistent with the drift velocity vd (Equation 4.14).

In a nonuniform electromagnetic field such as a laser focus, the ponderomotive
potential or time-averaged electron quiver energy <U > given by Equation 4.7
varies spatially. Electrons will tend to move from high <U > to lower values of
this potential energy. For any potential field �, there exists a force F given by
F= −∇�which serves to homogenize potential energy variations. With a spatially
varying ponderomotive potential, there is consequently a time-averaged force on
each electron given by

Fp = − e2

4m0ω2
∇E2

0 = −m0c2

4
∇a2o (4.18)

after using Equation 4.7 for the ponderomotive potential <U> and the expression
given (Equation 4.13) for the reduced vector potential ao. The values of E2

0 or a
2
o are

the spatially varying quantities in a nonuniform electromagnetic field if we assume
relativistic effects on the electron momentum are small.

In a laser focus, there is a gradient of intensity and hence a gradient of E2
0 per-

pendicular to the direction of laser propagation. On the microscopic level, electrons
near the center of the focus are accelerated outwards away from the focal center by
the electric field of the electromagnetic wave, and then accelerated back to the
center when the oscillating electric field changes direction. However, the value of
the electric field is smaller at a distance away from the focal center, so the electrons
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do not move back to the center completely. With many cycles, the net effect is a
motion away from the high-intensity (high E2

0) region.
The drift velocity vd in the direction of light propagation is directly linked to

the ponderomotive force. Our treatment has implicitly assumed a uniform electro-
magnetic wave in time, but in practice, light in laser-plasma or radio wave inter-
actions arrives as a pulse. On the leading edge of an electromagnetic pulse, the
drift velocity increases proportionally to the intensity I (and hence the square of
the laser electric field E2

0). The instantaneous spatial gradient of the ponderomo-
tive potential <U> of an electromagnetic pulse in the direction of propagation is
(1/c) d<U>/dt. The instantaneous spatial gradient of the ponderomotive potential
is equal to the ponderomotive force on an electron, so that the electron momentum
change in the direction of the light pulse is given by

dp

dt
= 1

c

d<U>

dt
.

Assuming the electron motion in the direction of the light pulse is small, we can
undertake a simple integration in time so that the electron momentum p≈<U>/c.
The electron velocity vd = p/m0 in the direction of the light propagation is then
given by

vd ≈ <U>

m0c
= e2E2

0

4m0ω2c
= a2o

4

upon using Equation 4.7 for the value of the ponderomotive potential <U> and
our definition of the reduced vector potential ao (Equation 4.13). This value of the
electron drift velocity is consistent with Equation 4.14 in the limit that the drift
velocity is small. A large drift velocity changes the ponderomotive potential vari-
ation in time seen by an electron, so that the retarded time τ needs to be used and
Equation 4.14 applies.

4.2 Nonrelativistic Single Electron Motion: Elliptical Polarization

At a fundamental level, a photon state is best represented by some combination of
elliptically polarized components. Photons of light can be regarded as being com-
posed of elliptically polarized components with the electric field rotating clockwise
or anticlockwise and returning to the original direction after a wavelength. Such
rotation is interpreted as the spin ±h̄ of the photon directed parallel or antiparallel
to the k-vector of the light depending on the electric field rotation (clockwise or
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anticlockwise). Photons with linear polarization are then the linear superposition of
two oppositely rotating (opposite spin) circular polarization states.

It is important to consider the interaction of elliptical polarized light with plasma
as many laser-plasma experiments are undertaken with elliptical or circular polar-
ization of the focused laser light. The treatment of electron motion in Section 4.1
assumes linear polarization of the electromagnetic wave. Laser light is often lin-
early polarized, but can be readily converted to elliptical or circular polarization.
With circular polarization, the electric field direction of the electromagnetic wave
rotates as the wave propagates, returning to the original direction after one wave-
length. With elliptical polarization, the electric field magnitude varies within the
period of the wave as the wave propagates. The polarization of a light field can be
generally quantified using Stokes parameters (see Section 9.4).

We need not consider the fundamental aspects of a single photon polarization
further as laser-plasma experiments are undertaken with typically more than 1016

photons (e.g. see Exercise 6.9). The electric field for an elliptically polarized elec-
tromagnetic wave can be represented by electric field components in the x- and
y-directions which are π/2 out of phase with each other. For a wave propagation
direction in the z-direction, we can write that

Ex(t)= Ex cos(ωτ),

Ey(t)= Ey sin(ωτ), (4.19)

where Ex and Ey are the peak magnitudes of the electric fields in the x- and y-
directions. For circular polarization Ex = Ey. We are using retarded time τ as de-
fined by Equation 4.1. The acceleration of an electron in the x- and y-directions is
given by

d2x

dt2
= − e

m0
Ex cos(ωτ),

d2y

dt2
= − e

m0
Ey sin(ωτ). (4.20)

Assuming that the electromagnetic wave is incident for a long time prior to re-
tarded time τ = 0, we integrate the expressions for acceleration to give velocity
components in the x- and y-directions:

dx

dt
= − eEx

m0ω
sin(ωτ),

dy

dt
= − eEy

m0ω
(1− cos(ωτ)) (4.21)

Assuming the electron at retarded time τ = 0 is at a position x= 0 and y= 0, the x-
and y-positions at subsequent times are given by:
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x= + eEx
m0ω2

(cos(ωτ)− 1)

y= − eEy
m0ω2

sin(ωτ) (4.22)

The ponderomotive energy of an electron in the elliptically polarized wave is sim-
ilar to that found for linear polarization (Equation 4.5). We have

U = 1

2
m0

((
dx

dt

)2

+
(
dy

dt

)2
)

≈ e2

2m0ω2
(E2

x sin
2(ωτ)+ E2

y cos
2(ωτ)). (4.23)

The average of the square of sine and cosine functions in time over an oscillation
period of the electromagnetic wave are both half of the square of the peak of the sine
or cosine values (see e.g. Equation 4.6). A time-averaged quiver or ponderomotive
energy is then given by

<U >= e2(E2
x + E2

y)

4m0ω2
. (4.24)

Adapting Equation 1.12, the intensity I for elliptically polarized light is related to
the electric field strengths by

I = 1

2
ε0c(E

2
x + E2

y).

The ponderomotive energy <U > is, consequently, related to the electromagnetic
intensity I as it is for linear polarization (see Equation 4.8). The ponderomotive
force due to the gradient of the ponderomotive energy is similarly identical to the
ponderomotive force found for linear polarization upon setting E2

0 = E2
x + E2

y (see
Equation 4.18).

As we found for linear polarization, an electron has velocity v due to its accel-
eration in the electric field, which produces a Lorentz force ev×B pointing in the
direction of propagation of the electromagnetic wave. For elliptical polarization, we
can write for the acceleration in the direction of wave propagation (the z-direction)
that

d2z

dt2
= − e

m0

(
dx

dt
By + dy

dt
Bx

)
,

where By and Bx are the magnetic field components of the electromagnetic wave
perpendicular to the x- and y-directions of the electron quiver velocities dx/dt and
dy/dt. The magnetic fields oscillate in phase with the electric field such that

By = Ex
c

cos(ωτ),
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Bx = Ey
c

sin(ωτ).

We can write for the electron acceleration in the z-direction due to the ev X B force
that

d2z

dt2
≈ e2(E2

x − E2
y)

m2
0ωc

sin(ωτ) cos(ωτ).

Integrating from retarded time 0 to time τ gives the velocity in the direction of
propagation as

dz

dt
≈ e2(E2

x − E2
y)

2m2
0ω

2c
sin2(ωτ).

Including dropped terms from Equation 4.21, the position of the electron relative
to its starting position is found by integrating again to give

z≈ −e2(E2
x − E2

y)

8m2
0ω

3c
sin(2ωτ)+ e2(E2

x + E2
y)

4m2
0ω

2c
τ. (4.25)

Substituting E2
0 = |E2

x − E2
y |, we have an oscillating motion similar to that found

for linear polarization (Equations 4.12 and 4.14), but which vanishes for circular
polarization.

4.3 Relativistic Single Electron Motion

When high laser intensities interact with free electrons in a plasma, the electrons
can be accelerated by the electric field of the laser to velocities approaching the
speed of light so that the Lorentz factor γ for the electron motion becomes much
greater than one. The electromagnetic wave reduced vector potential for nonrela-
tivistic particles ao = eE0/(m0cω) takes a value a0/γ for relativistic electron mo-
tion in the electromagnetic wave due to the relativistic increase of the electron mass
m0 to γm0.

Assuming linear polarization and a significant relativistic mass increase, a mod-
ification to Equation 4.16 gives the average of the square of the electron velocity in
the electric field direction:

<v2x>

c2
= a2o

2<γ 2>
(4.26)

We employ here the square of the Lorentz factor <γ 2> averaged over a cycle of
the electromagnetic wave and neglect electron velocities in the direction of beam
propagation (the z-direction) as such velocities are significantly less than velocities
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vx in the direction of the electric field of the wave (see the discussion below for
Equation 4.37). An expression for the Lorentz factor in terms of the reduced vector
potential ao for linearly polarized light is found by setting

<γ 2>= 1

1−<v2x> /c
2

= 1

1− a2o/(2<γ 2>)
. (4.27)

For elliptically polarized light, the Lorentz factor <γ 2> value averaged over a
cycle of the electromagnetic wave is given by

<γ 2>= 1

1−<v2x + v2y> /c
2

= 1

1− a2o/(2<γ 2>)
(4.28)

as we can define the reduced vector potential ao for elliptical polarized light by

a2o = e

m0cω
(E2

x + E2
y). (4.29)

For elliptically polarized light, <v2x + v2y> represents the cycle-averaged square of
the electron velocities produced by electric fields of amplitude Ex and Ey in the
directions x and y perpendicular to the light propagation direction (see Equation
4.21). Defining the reduced vector potential ao as given by Equation 4.29 ensures
that the relationship between ao and laser intensity I and laser wavelength λ is given
by Equation 4.15 for all polarizations. Rearranging Equation 4.27 or 4.28 gives an
expression for the cycle average relativistic Lorentz factor for an electron in an
electromagnetic wave of reduced vector potential ao for both linear and elliptical
polarization:

<γ 2>= 1+ a2o
2

(4.30)

This relationship between the cycle-averaged square of the relativistic Lorentz fac-
tor (i.e. <γ 2>) and the reduced electric potential ao is a useful expression as it
enables a quick calculation of the effect of relativistic electron mass increase using
the intensity of focused light (see Equation 4.15 for the conversion of intensity to
ao). We also utilize Equation 4.30 in our treatment of relativistic Thomson scatter
(Section 4.6).

It is interesting to examine the peak Lorentz factor γ experienced by an electron
in the field of an electromagnetic wave. The peak Lorentz factor γmax can be found
by dropping the sinusoidal field averaging process used to obtain Equation 4.30.
We have

γmax = (1+ a2o)
1/2. (4.31)

Electrons can be accelerated to kinetic energies Tkin = (γmax − 1)m0c2 = (γmax −
1) 511 keV. With high laser intensity irradiation in plasmas, this scaling is often
equated to an electron temperature Te:
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kBTe = ((1+ a2o)
1/2 − 1)m0c

2 (4.32)

Simulations show that superthermal temperatures with an intensity scaling as given
by Equation 4.32 are produced in the plasmas created when focused high-intensity
(ao > 1) lasers are incident onto targets [24], [85]. The temperature scaling for elec-
trons created in high-intensity laser interactions given by Equation 4.32 is known
as the Wilks scaling after Wilks et al. [114], who first found this relationship in a
simulation study of laser-produced plasmas.

The ponderomotive potential for an electron accelerated to relativistic velocities
by an electromagnetic wave is a cycle-averaged electron quiver energy <U> de-
termined by the average relativistic kinetic energy of the electron (see Equation
6.62). We have

<U>=m0c
2 ((<γ 2>)1/2 − 1

)
. (4.33)

The ponderomotive force on an electron in an intense electromagnetic wave arises
due to gradients of the ponderomotive potential and so is given by

Fp = −m0c
2 ∇((<γ 2>)1/2 − 1

)= −m0c
2 ∇((1+ a2o/2)

1/2 − 1
)
. (4.34)

For low-intensity laser or other interactions with ao small, expanding the gradient
term

(
(1+ a2o/2)

1/2 − 1
)≈ a2o/4

shows that the relativistic ponderomotive force at small ao reduces to the nonrela-
tivistic ponderomotive force given by Equation 4.18:

Fp ≈ −m0c2

4
∇a2o

For high-intensity laser interactions with ao large, the ponderomotive force (Equa-
tion 4.34) becomes

Fp ≈ −m0c2√
2

∇ao.

Substituting for<γ 2> into Equation 4.26 shows that the cycle-averaged electron
velocity with linear polarization in the electric field direction is given by

<v2x>

c2
= a2o

2+ a2o
. (4.35)

At high ao, the electron velocity vx in the electric field direction approaches the
speed of light c, while at low ao, the cycle-averaged velocity is aoc/

√
2. At low ao
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values, the scaling of the electron velocity in the direction of the electric field given
by Equation 4.35 is identical to that found neglecting the relativistic effect on ao
(see Equation 4.16).

The electron drift velocity vd arising when an intense electromagnetic wave is
incident on an electron is modified when the electron velocity in the direction of the
electric field approaches the speed of light. The effect of a relativistic momentum
increase on the electron can be also taken into account by replacing the nonrela-
tivistic reduced vector potential ao by ao/γ . From Equation 4.14, the relativistic
drift velocity in the direction of the wave propagation becomes

vd
c

= a2o
<γ 2> (4+ a2o/<γ

2>)
. (4.36)

Using the value of <γ 2> expressed in terms of ao (Equation 4.30), we obtain for
the electron drift velocity in the direction of propagation of an electromagnetic
wave allowing for relativistic effects:

vd
c

= a2o
4+ 3a2o

(4.37)

The maximum electron drift velocity vd for extreme laser intensities with high ao
is c/3, while at low ao, the drift velocity varies as a2o c/4.

The expression for the electron drift velocity given in Equation 4.37 differs from
the scaling found assuming no relativistic effect on the reduced vector potential ao
(Equation 4.14). At low ao values, relativistic and nonrelativistic evaluations both
predict a drift velocity vd = a2o c/4. However, at high ao relativistic calculations
predict a maximum drift velocity of c/3, while the nonrelativistic treatment predicts
a maximum drift velocity of c. The relativistic momentum increase of the electron
due to the velocity parallel to the electric field of laser light reduces the electron
drift velocity achieved in the direction of a high-power laser beam.

Equation 4.37 shows that the drift velocity in the direction of propagation of
the electromagnetic wave is always significantly less than the cycle-averaged ve-
locity in the electric field direction (Equation 4.35). Calculating <γ 2> using only
the velocity in the electric field direction (Equation 4.27) is, consequently, a good
approximation.

Values of the reduced vector potential ao can be regarded as small when ao << 1
and large when ao >> 1. Numerical values of ao in terms of laser intensity I in units
of Wcm−2 and laser wavelength λ are given in Equation 4.15. A value of ao = 1
occurs at laser intensity 1.37× 1018 Wcm−2 for laser wavelengths of 1 micron.
The effects on electron acceleration in an electromagnetic wave as outlined in this
section and in our nonrelativistic treatments (Sections 4.1 and 4.2) assume sin-
gle electron motion, monochromatic light, a plane wave, and light pulse durations
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significantly longer than the period of the light. Departures from these constraints
do not create significantly different results (see [95]). The effects when light inter-
acts with a high density of electrons are examined in the next section (Section 4.4).

4.4 The Propagation of Light in a Plasma

A plasma is a globally neutral gas with significant ionization so that free electrons
are present, but on longer length scales, the positive ionic and negative electron
charges balance. Lengths longer than a quantity known as the Debye length have
charges which average to zero. If the electrons have a temperature T and number
density ne, the Debye length λD is given by

λD =
(
ε0kBT

nee2

)1/2

. (4.38)

For a derivation of this expression see, for example, Section 1.1 of Tallents [110].
We have examined the propagation of light in a vacuum in Chapter 1 (Section

1.1). The electric field E of the light is determined by Equation 1.3. The global
neutrality of a plasma means that just as in vacuum, for wavelengths longer than
the Debye length of the plasma, Gauss’s law requires that

∇ ·E= ρc

ε0
= 0, (4.39)

where ρc is charge density. Using the vector identity ∇ × ∇ ×E= ∇(∇ ·E)−
∇2E and our result for ∇ ·E= 0 leads to the wave equation

∇2E=μ0
∂J
∂t

+ ε0μ0
∂2E
∂t2

. (4.40)

The free electrons in a plasma result in an electromagnetic wave inducing a current
density J in the plasma which affects the propagation of the wave.

The wave equation has solutions for the electric and magnetic fields which can
oscillate in time and space as we found for electromagnetic wave propagation in
vacuum (Section 1.1). Provided the current density J variation in space and time
is such that J∝E, substituting into the wave equation (Equation 4.40) verifies that
oscillations of electric field of the following form satisfy the wave equation at po-
sition r:

E=E0 exp[i(k · r−ωt)], (4.41)

where E0 is a field amplitude, k is a wavevector representing the rapid spatial
variation of the field, and ω is an angular frequency representing the rapid tem-
poral variation of the field. The angular frequency is the phase change of the field
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in radians per second and is related to the frequency in cycles per second (i.e. hertz)
by ω= 2πν.

Taking the divergence of E in Equation (4.41) gives

∇ ·E= ik ·E
which from Equation 4.39 is identically equal to zero. With k ·E= 0, we have that
the wavevector k is perpendicular to the electric field E (provided Equation 4.39 is
applicable). As found for vacuum light propagation, in a plasma the electric field
of electromagnetic radiation is perpendicular to the propagation direction.

If the wavelength of the radiation is less than the plasma Debye length, it is pos-
sible for∇ ·E to be nonzero so that the electric field E of the wave is not perpendic-
ular to the wavevector k. Waves where the electric field E has a component parallel
to k are “longitudinal” plasma waves where the movement of plasma charges in the
direction of propagation of the wave is important. Longitudinal plasma waves are
not “electromagnetic” waves and involve treatments beyond the scope of this book
(see e.g. Section 2.4.1 of Pert [89]).

The magnetic field B for an electromagnetic wave in a plasma is found using
Equation 1.10 as considered for vacuum propagation of light in Chapter 1. As the
current density J induced by the electric field is in the direction of the electric field,
Equation 1.10 requires that the magnetic field vary in a similar fashion to Equation
4.41 with B and B0 replacing E and E0. The definition of ∇ ×B in Equation 1.10
determines that B is perpendicular to E and oscillates in phase with the electric
field (i.e. k · r−ωt is the same for both the magnetic and electric fields). The am-
plitude of the magnetic field B= (k/ω)E (see Equation 1.11). The orientation of
the electric field E in the plane perpendicular to k is the polarization direction of
the electromagnetic wave.

If we assume that the k vector is directed in the z-direction with the electric
field E directed in the x-direction, then we can write that the solutions of the wave
equation have the form E= E0 exp[i(kz−ωt)]. The velocity v of electrons in a
plasma due to the electric field of the light is found by integrating the acceleration
(−eE/(γm0)) of the electrons due to the electric field to give

v= eE

iγm0ω
.

We have included the relativistic Lorentz parameter γ = 1/
√
1− v2/c2. Including

the Lorentz factor allows for the possibility that the electric field is sufficiently large
that a relativistic “mass increase” of the electrons needs to be taken into account
because the electrons are accelerated to velocities approaching the speed of light.
The current density in the rest frame is consequently directed in the x-direction with
amplitude given by
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J = −neev= i
nee2

γm0ω
E. (4.42)

The wave equation then becomes

∂2E

∂z2
=μ0i

nee2

γm0ω

∂E

∂t
+ ε0μ0

∂2E

∂t2
. (4.43)

In vacuum (with ne = 0), the first term on the right-hand side here vanishes and
substituting Equation 4.41 gives that ω/k0 = 1/

√
ε0μ0, where k0 is the vacuum

wavenumber. For constant phase k0z−ωt, we see that the speed of light in vacuum
c= dz/dt=ω/k0. Consequently, we have that

ε0μ0 = 1

c2
. (4.44)

Substituting solutions E= E0 exp[i(kz−ωt)] into Equation 4.43 shows that

k2 = ω2

c2
− nee2

ε0 <γ>m0c2
= ω2 −ω2

p

c2
, (4.45)

where we assume a value <γ> for the Lorentz parameter averaged over a cycle
of the electromagnetic oscillation. We have also introduced an expression known
as the plasma frequency ωp for the resonance oscillation of electrons relative to the
ions in a plasma such that

ωp =
√

nee2

ε0 <γ>m0
. (4.46)

For electromagnetic radiation to propagate in the original forward direction re-
quires k≥ 0. A value of k< 0 can be interpreted as the radiation being reflected
backwards. For example, radiation incident into an increasing density of plasma
only propagates up to where the laser frequency ω=ωp. The corresponding maxi-
mum electron density for light penetration can be found using Equation 4.46 and is
known as the critical density. Rearranging Equation 4.46 and setting ω=ωp shows
that the critical electron density is given by

ncrit = ε0 <γ>m0ω
2

e2
. (4.47)

Evaluating Equation 4.47 numerically, we find that for light of wavelength λ= 1.06
μm and moderate- to low-intensity where <γ>≈ 1, the critical electron density
ncrit = 1021 cm−3 and scales proportionally to 1/λ2.

At extreme intensities (>1018 Wcm−2) available with focused high power lasers,
the relativistic Lorentz parameter <γ> increases above unity which increases ncrit
proportionally and enables high-intensity laser pulses to penetrate high electron
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density plasma material. It is possible to penetrate the electron densities (>1022

cm−3) found in solid target material. We can estimate the intensities required for
such intensity-induced transparency by modifying Equation 4.30. The relativis-
tic Lorentz parameter for electron oscillation in an electromagnetic wave can be
written as

<γ>≈ (<γ 2>)1/2 =
(
1+ a2o

2

)1/2

. (4.48)

Using Equation 4.15 for the relationship of the reduced electric potential ao to elec-
tromagnetic intensity I, a useful expression for the critical density ncrit including
the effect of intensity-induced transparency is given by

ncrit ≈ 1021

λ2

(
1+

(
1

2

)
Iλ2

1.37× 1018

)1/2

, (4.49)

where the light intensity I is in units of Wcm−2, the wavelength λ is in units of
microns, and the critical electron density ncrit is in units of cm−3.

Instead of explicitly dealing with the plasma current density J in the wave equa-
tion (Equation 4.40), we can introduce the refractive index η to allow for plasma
effects on the light propagation

∇2E= η2ε0μ0
∂2E
∂t2

= η2

c2
∂2E
∂t2

(4.50)

after using ε0μ0 = 1/c2 (see Equation 4.44). Substituting Equation 4.41, the phase
velocity ω/k is found to be equal to c/η. The refractive index η is equivalent to
the ratio of the speed of light in vacuum to the speed of light in the medium. As
η= kc/ω, using Equation 4.45 we have

η=
√
1− ω2

p

ω2
=
√
1− ne

ncrit
. (4.51)

The variation of the refractive index η with frequency ω of a medium is known
as the “dispersion” of the medium. Light of different frequencies follows different
dispersed paths in propagating through the medium.

From Equation 4.51 we have that refractive indices in plasmas are less than
unity, while at the critical density, the refractive index decreases to zero. Radiation
can no longer propagate at frequencies below the plasma frequency or at densities
greater than the critical density. As the critical density ncrit can vary with intensity
I at high intensities (Equation 4.49), plasma refractive indices η can be greater at
high intensity than at low intensity. A focused laser pulse has a peak intensity at the
beam center, so the refractive index can be higher at the beam center. The phase
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velocity of the laser light at the center of the beam is consequently slower than in
the beam wings, leading to a focusing of a high-intensity beam in a plasma. Such
an effect is known as relativistic self-focusing [93], [112].

The refractive indices of plasmas as given by Equation 4.51 are less than unity
which means that the phase velocity of light is greater than the vacuum speed of
light. The principle of relativity is not violated, however, as it is not possible to
convey information or energy at the phase velocity. The light has to be modulated
or pulsed to send a signal or transfer energy.

Rather than using just a single frequency ω and wavevector k, sending a signal
requires a pulse or packet of slightly different frequencies and wavevectors. We
can suppose that a pulse of radiation has a total electric field E(z, t) at position z
and time t given by

E(z, t)=
∫ ∞

−∞
E0(k) exp(i(kz−ωt))dk, (4.52)

where the integration is over different wavevectors which contribute an electric
field E0(k)dk in the range k to k+ dk. Assuming a range of frequencies ω around a
central frequency ωm associated with a range of wavevectors k centered on km, we
can expand the frequency variation in a Taylor series:

ω≈ωm + (k− km)
dω

dk
+ 1

2
(k− km)

2 d
2ω

dk2
+ . . . (4.53)

Considering only the first two terms (up to dω/dk) and substituting Equation 4.53
into Equation 4.52, we have

E(z, t)≈ exp(i(kmz−ωmt))
∫ ∞

−∞
E0(k) exp

(
i (k− km)

(
z− dω

dk
t

))
dk. (4.54)

Equation 4.54 represents a wave of frequency ωm and wavevector km in a pulse
with an amplitude varying with the values given by the integral. The value of the
integral is constant in space z and time t if z− (dω/dk)t is constant. Differentiating
this constant value with respect to time gives

dz

dt
= dω

dk
. (4.55)

The quantity dω/dk is consequently the velocity ug of the amplitude variation of
the pulse of electromagnetic wave and is known as the group velocity. The group
velocity ug = dω/dk is the speed of propagation of the pulse of radiation and is the
velocity that a signal can propagate and the velocity of radiation energy transfer.
The small d2ω/dk2 term in Equation 4.53 gives the change of the group veloc-
ity with wavenumber. The rate of change of the group velocity with frequency
dug/dω= (1/ug)(d2ω/dk2) is known as the “group velocity dispersion.”
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We can determine a general relationship between the group velocity ug = dω/dk
and the phase velocity u=ω/k= c/η of a pulse of light. Differentiating ω= ck/η
gives

dω

dk
= c

η

(
1− k

η

dη

dk

)
= c

η

(
1− k

η

dη

dω

dω

dk

)

so that

ug = u

(
1− k

η

dη

dk

)
(4.56)

and after rearranging ug = dω/dk terms, we have

ug = u

1+ (ω/η)(dη/dω)
. (4.57)

For a plasma the group velocity is given by

ug = dω

dk
= c

(
1− ω2

p

ω2

)1/2

= c

(
1− ne

ncrit

)1/2

= c η. (4.58)

Multiplying the group c η and phase c/η velocities of light in a plasma gives c2

as found with the multiplication of the group and phase velocities for a traveling
wavefunction (see Equation 2.95).

An intense pulse of laser light propagating into a plasma initially has a low in-
tensity and hence low critical density ncrit which increases towards the temporal
peak of the pulse (see Equation 4.49). The plasma refractive index η can increase
during the pulse up to the peak of the pulse. From Equation 4.58, the peak inten-
sity region of the laser pulse has a higher group velocity so starts to “overtake” the
leading edge of the pulse producing a sharpening of the laser pulse risetime as it
propagates into plasma.

4.5 Cherenkov Radiation

Cherenkov radiation occurs when a charged particle travels through a transparent
medium with a velocity greater than the phase velocity of light in the medium. As
charged particles can travel only up to speeds equal to the vacuum speed of light,
Cherenkov radiation is only produced in solids, liquids, and gases with a refractive
index greater than one. With a refractive index above one, the phase velocity for the
radiation in the medium is below the vacuum speed of light. Plasmas have refractive
indices below one which means that the phase velocity of light in a plasma is greater
than the vacuum speed of light, so Cherenkov radiation is not produced in a plasma.
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Cherenkov radiation (sometimes written in Roman script as Cerenkov radiation)
is named after the Soviet scientist Pavel Cherenkov (1904–1990). Cherenkov was
awarded the Nobel prize in 1958 for his observation in 1934 of bluish light asso-
ciated with radioactive material in water arising from particles moving faster than
the speed of light in the water medium. Cherenkov shared the Nobel prize with
colleagues Igor Tamm (1895–1971) and Ilya Frank (1908–1990) who developed
the theory of Cherenkov radiation.

When a charged particle passes through a medium with a velocity greater than
the phase velocity of light, perturbations in the medium produce a cone shaped radi-
ation emission which propagates at a fixed angle to the particle velocity much like
a shock wave propagates in air around an aircraft traveling faster than the sound
speed. Many solids, liquids, and gases have higher refractive indices and hence
lower phase velocities for light at shorter wavelengths, so charged particles from
radioactive sources are more likely to have velocities exceeding the phase veloc-
ity at shorter wavelengths. Cherenkov radiation often appears as blue light (rather
than a longer visible wavelength light) because of the refractive index increase
of many materials at shorter visible light wavelengths. As originally observed by
Pavel Cherenkov, nuclear reactor and other radioactive material immersed in wa-
ter can emit an eerie blue Cherenkov light as high velocity particles from the ra-
dioactive material travel at speeds greater than the phase velocity of blue light in
water.

For a charge moving uniformly through a medium, the charge itself does not ra-
diate, but the medium is affected by the transiting charge. The background medium
can oscillate as a charge passes so that charges in the medium are accelerated and
radiate electromagnetic waves. For a charged particle moving at a velocity less than
the speed of light in the medium, radiating waves from the background medium
propagate radially from the source in the medium, with intensity falling as the in-
verse of distance squared. The electric fields of the electromagnetic waves created
in the medium from different spatial position do not coherently overlap if the ve-
locity of the charge is less than the phase velocity of light in the medium, so the in-
tensities of light created in the medium are small and fall off with distance squared
from each point along the charged particle trajectory.

The phase velocity of light in a medium is given by ω/k= c/η (see Section 4.4).
Plasmas have refractive indices η < 1 and were discussed in Section 4.4. However,
if a medium has a refractive index η > 1, we see that the velocity of a charged
body can exceed the phase velocity of light in that medium. Most solids, liquids,
and gases have refractive indices η > 1 for visible light. For example, for visible
wavelengths, air has a refractive index of 1.000293, water has a refractive index of
1.33, window glass is 1.52, and diamond is 2.42. When the velocity of a charged
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(b)
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(a)
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v

v
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Figure 4.2 Schematics for the propagation of wavefronts arising from a charged
particle of velocity v moving through a medium with refractive index η. For (a)
the charged particle velocity v< c/η, for (b) and (c) the charge particle velocity
v> c/η. Cherenkov radiation is produced along a phase front moving with a k
wavevector at angle θ to the particle velocity v in (b) and (c) with cos θ = c/(ηv).

particle in a medium exceeds the phase velocity of light in that medium, electro-
magnetic fields created by media oscillations from different spatial positions along
the path of the charged particle can coherently overlap, producing much higher
light intensities as the fields add, with the intensity proportional to the square of the
resultant electric and magnetic fields. This enhanced intensity of light is known as
Cherenkov radiation.

The coherent overlap of oscillating electric fields of electromagnetic radiation
as a charged particle with velocity greater than the phase velocity of light passes
through a medium occurs at a particular cone angle around the charged particle
velocity. In Figure 4.2, we show spheres of constant phase front emanating from
sample discrete points along the trajectory of a charged particle. When the velocity
v of the charged particle is less than the speed of light c/η in the medium, the phase
fronts from different positions do not overlap. When the velocity v of the charged
particles is greater than the speed of light c/η in the medium, phase fronts overlap
for electromagnetic waves propagating at an angle θ to the particle velocity.

We show in Figure 4.2b spheres of constant phase from different spatial positions
along the charged particle trajectory overlapping and coherently adding to produce
a larger electric field. The overlap occurs for phase fronts moving at angle θ to
the particle velocity v. In reality, emission occurs continuously along the charged
particle track and not just at the selected intervals drawn in Figure 4.2.
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Cherenkov light created at a point in a medium will travel a distance (c/η)t in a
time t, while the particle travels a distance vt (see Figure 4.2c). Angles between the
particle velocity v and the direction of emitted Cerenkov radiation from that point
are given by

cos θ = (c/η)t

vt
= c

ηv
. (4.59)

Cherenkov radiation with a phase velocity of c/ηmoves outwards with a wavefront
parallel to the surface of a cone of half-angle π/2− θ with θ given by Equation
4.59 (see Figures 4.2b and 4.2c). For Cherenkov radiation to appear for a particle
velocity of v, we have that cos θ < 1, hence, using Equation 4.59 and as already
discussed, we require that

v>
c

η
.

There is a similarity between Cherenkov radiation and a shock wave created by
an aircraft flying faster than the speed of sound. In both, phase fronts augment to
produce a high intensity at a particular angle. In both, the initial “seed” for the
augmentation is the oscillation of the background medium.

A charged particle entering a plasma or other medium can be deaccelerated and
radiate energy due to the deacceleration. In the presence of a magnetic field, syn-
chrotron radiation can be produced as the particle rotates around the magnetic field
lines with acceleration directed towards the center of rotation (see Chapter 5). For
relativistic particles, there is a “beaming” effect on the emitted radiation such that
the radiation is concentrated within a half-angle 1/γη to the velocity v of the parti-
cle, where γη is an appropriate Lorentz factor (see Section 3.5). When the refractive
index η of the medium is such that η < 1, as it is in a plasma, Cherenkov radiation
from fast charged particles cannot occur. Instead the radiation associated with the
slowing down of fast relativistic particles in the medium dominates and the emis-
sion is concentrated within angles 1/γη to the velocity.

The Lorentz factor associated with the beaming effect on radiation emission an-
gles is modified in a medium of refractive index η > 1 as the speed of light becomes
c/η rather than c. The beaming angles θ around the particle velocity v where de-
tected light is concentrated in the rest frame become

θ ≈ 1

γη
=
(
1− v2

(c/η)2

)1/2

=
(
1− η2

v2

c2

)1/2

. (4.60)

For particles moving with a velocity v close to the speed of light c, the beaming
angle θ ≈ (1− η2)1/2. If the refractive index η is sufficiently close to unity, the
beaming angles θ are dominated by the ratio v/c as for beaming in vacuum.
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For a plasma with refractive index η= (1− (ωp/ω)
2)1/2, if the refractive index

effect dominates the beaming angle of emission in the rest frame and v approaches
the speed of light c, we have from Equation 4.60 that the beaming angle of light
emission in the rest frame is given by

θ ≈ (1− η2
)1/2 = ωp

ω
. (4.61)

Here ωp is the plasma frequency (see Equation 4.46) and ω is the frequency of the
radiated light. Equation 4.61 shows that for plasmas, the effect of the medium on
the Lorentz factor and beaming angles is more important at lower frequencies ω.
As the frequency ω of the emitted light increases, the beaming angle reduces ∝ 1/ω
until it reaches the value determined for vacuum propagation.

Equation 4.61 shows that there is often a cut-off in detected emission from rela-
tivistic particles in a plasmamedium associated with a refractive index η < 1 if radi-
ation is expected in a narrow beam angle. The medium produces a greater beaming
angle θ ≈ωp/ω than occurs in vacuum θ ≈ 1/γ when

ω< γωp.

Here γ = 1/(1− v2/c2)1/2 is the standard Lorentz parameter. The suppression of
beaming due to the plasma refractive index is known as the Razin effect. The Razin
effect can have a significant effect on emission from a plasma as radiation of fre-
quency below the higher frequency γωp is suppressed rather than the ordinary
plasma frequency ωp cut-off.

4.6 Thomson Scatter

Electromagnetic radiation incident on an electron causes the electron to accelerate
(see Sections 4.1, 4.2, and 4.4). The electron acceleration, in turn, produces elec-
tromagnetic radiation which is then known as “scatter.” In this section, we consider
Thomson scatter where the scatter is from a single electron that is sufficiently iso-
lated that scattering from any other nearby electrons does not add (or subtract)
coherently to the scattered light intensity, where the electron is not constrained in a
potential field, and where the photon energy is well below the rest mass energy of
the electron.

Thomson scatter is named after the British Nobel prize winner Joseph John
Thomson (1856–1940). The Nobel prize was awarded in 1906 to J. J. Thomson (as
he was universally known) for work on what is now regarded as plasma physics,
namely the electrical conductivity of gases. The scattering of light by isolated elec-
trons is defined as Thomson scatter if the photon energies are not too high. The
transition from low photon energy Thomson scatter to high photon energy scatter
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occurs when the photon energies approach the rest mass energy of the electron.
Higher photon energy scatter (known as Compton scatter) is considered in Sec-
tion 4.8.

In the presence of an oscillating electric field E associated with an electromag-
netic wave, an electron experiences an acceleration −eE/m0 if the electron veloc-
ities remain well below the speed of light. Using Equation 1.14, the electric field
E(θA) created by the acceleration of an electron oscillating due to the electromag-
netic wave at a distance r from the electron is then given by

E(θA)= e

4πε0c2r

(
eE

m0

)
sin θA, (4.62)

where θA is the angle to the acceleration direction (in the direction of the electro-
magnetic electric field). Using Equation 1.15, the acceleration produces a radiated
power dP/d� per unit solid angle such that

dP

d�
= e2

4πε0

1

4πc

(
eE

m0
/c

)2

sin2 θA. (4.63)

The classical electron radius re (also known as the Compton or Lorentz radius or
the Thomson scattering length) is the radius where the electrostatic potential energy
of a sphere e2/(4πε0re) is equal to the electron rest energy m0c2. It is a measure of
the “size” of the electron. We have

re = e2

4πε0

1

m0c2
= 2.818× 10−15 m. (4.64)

Equation 4.63 for the radiated power of an electron accelerated by an electromag-
netic wave can be simplified using the classical electron radius. We have

dP

d�
= r2ecε0E

2 sin2 θA. (4.65)

The instantaneous incident power per unit area (Pi/A) of electromagnetic radia-
tion is given by

Pi
A

= cε0E
2. (4.66)

Consequently, the cross-section dσS associated with a solid angle d� at angle θA to
the electric field of the light is given by

dσS = dP

Pi/A
= r2e sin

2 θAd�.

We can write for the differential scattering cross-section of a free electron

dσS
d�

= r2e sin
2 θA, (4.67)
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where θA is the angle between the electric field of incoming radiation and the di-
rection of the scattered radiation. Thomson scatter has an angular variation to the
electric field direction of the incoming light as shown in Figure 1.5. Experimen-
tally, the angular variation of Thomson scatter given by Equation 4.67 is observed
in the scattering of laser light in gases (see e.g. Fruhling et al. [43]). The total scat-
tering cross-section of a free electron into any angle is found by integrating over
solid angle. We can write

σS =
∫
r2e sin

2 θAd�= 2π
∫ π

θA=0
r2e sin

3 θAa dθA = 8π

3
r2e (4.68)

using d�= 2π sin θAdθA for a geometry with a symmetry in θA.
The classical electron radius re is numerically equal to 2.818× 10−15 m which

is much smaller than the dimensions of an atom (e.g. the Bohr radius a0 = 0.53×
10−10 m) or the wavelength of most electromagnetic radiation (gamma rays of e.g.
1 MeV photon energy have a wavelength of 1.24× 10−12 m). The total scattering
cross-section σS is 6.524× 10−29 m2. For moderate intensities of light, the small
numerical values of the Compton radius and total Thomson scattering cross-section
of the electron immediately indicate that the scattering of light by isolated electrons
is usually a small effect and that little electromagnetic energy is usually lost by
electron scatter. Another feature of Thomson scatter is that the scattering cross-
sections given by Equations 4.74 and 4.68 are constant with the frequency of the
radiation. The fraction of the power radiated in Thomson scatter is independent of
the spectral content of the radiation.

Unpolarized light can be regarded as the independent supposition of two polar-
ized beams with polarization direction at angle π/2 to each other. For scattering
with unpolarized light, we can set one of the polarizations to be in the plane formed
by the incident ki-vector and scattered light k-vector (see Figure 4.3) and the other
polarization to be at angle π/2 (“out of” the plane formed by the incident ki-vector
and scattered light k-vector). For the in-plane polarization, the angle of scattering
θA relative to the electric field is related to the change in angle during scattering
θγ (the angle between ki and k) by θγ = π/2− θA (see Figure 4.3). For the out-of-
plane polarization, the angle of the k-vector of the scatter light to the electric field
is π/2. The total differential cross-section for unpolarized light is the average of the
cross-section for the two linear polarizations. Using Equation 4.74, we can write

(
dσS
d�

)
unpol

= 1

2

[(
dσS(θγ )

d�

)
pol

+
(
dσS(π/2)

d�

)
pol

]

= r2e
2
(cos2 θγ + 1). (4.69)
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Figure 4.3 Scattering in the plane of the incident ki and scattered k wavevectors
showing the angle θA between the scattered wavevector and the electric field Ei
of the incident wave in the plane of the scattering and the angle of scattering θγ
(change of wavevector direction). The angle of the scattered wavevector k to the
electric field component in the plane perpendicular to the illustrated plane is π/2.

Elliptically polarized light (see Section 4.2) exhibits an angular variation of Thom-
son scatter from a similar pattern as for Equation 4.67 at low ellipticity (close to
linear polarization), changing to close to spherical symmetry as the degree of polar-
ization ellipticity approaches circular polarization (see Fruhling et al. [43]). The to-
tal scattering cross-section σS = (8π/3)r2e for unpolarized and elliptically polarized
light integrated over all scattering angles θγ is the same as for linearly polarized
light (see Equation 4.68).

In the frame of reference of the electron, Thomson scatter is not associated with
a frequency shift of the light. However, Doppler frequency shifts observed in the
laboratory frame of reference occur. The shift in frequency is given by an expres-
sion found in our treatment of Doppler effects in Section 2.6. From Equation 2.49,
the Thomson scattered frequency ωs observed in the laboratory frame is related to
the incident light frequency ω by

ωs =ω γ 2
(
1+ (ĵ− î) · v/c

)
, (4.70)

where v is the electron velocity and î and ĵ are unit vectors in the direction of,
respectively, the incident and scattered light propagation directions. For Thomson
scatter from electrons moving with relativistic velocities, there is an upshift in the
scattered light frequency of order γ 2. Thomson scatter of laser light from fast elec-
trons is a useful mechanism for increasing the frequency of the laser light. It is
possible to produce coherent X-rays from optical laser light due to the γ 2 scaling
of the scatter [4].
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Scattering from an ensemble of electrons with different velocities produces a
shift in scattered frequency proportional to the velocity along the direction ĵ− î
(see Equation 4.70). The scattered frequency shifts proportional to the electron ve-
locity enable Thomson scatter to be used to measure electron velocity distributions
in laboratory plasmas. For thermalized electrons, the electron temperature can be
obtained from the width of a Thomson scattered spectrum. Doppler broadening
for nonrelativistic plasmas is discussed in Section 7.3. Intense light from lasers is
needed for Thomson scatter experiments because the Thomson scatter cross-section
σS is small [54], [105].

If the electric field of the light scattering from an electron is sufficiently intense,
electrons can be accelerated to relativistic velocities by the electromagnetic field
itself. Laser light intensities typically above 1018 Wcm−2 are required for electron
velocities to approach the speed of light (see Section 4.4). The electron acceleration
a|| in the direction of the electron velocity (parallel to the electric fieldE of the light)
in the rest frame is such that

a|| = − eE

γm0
.

Equation 3.44 gives an expression for the rest frame radiated power integrated over
all angles for accelerations parallel and perpendicular to the moving frame velocity.
Adapting Equation 3.44, the radiated power P in the rest frame due to Thomson
scatter is

P= e2

4πε0

2

3c
γ 6

(
a2||
c2

)
. (4.71)

The total scattering cross-section of a free electron is found by dividing the radiated
power P by the instantaneous power of the light per unit area cε0E2 (see Equation
4.66). Substituting in Equation 4.71 for a|| = −eE/(γm0) and using Equation 4.64
for the classical electron radius re, we obtain

σS = 8π

3
r2e <γ

2>2= 8π

3
r2e(1+ a2o/2)

2. (4.72)

The cycle-averaged square of the relativistic Lorentz factor <γ 2> is related to
the reduced vector potential a0 by Equation 4.30. The reduced vector potential
ao is related to laser intensities and wavelength as shown by Equation 4.15. The
Thomson scattering cross-section σS increases proportionally to the square of the
light intensity for intense light (intensity >> 1018 Wcm−2).

The angular variation of Thomson scattered light for high laser light intensities
can be evaluated using Equation 3.58 for the power radiated by a charge accelerated
in the direction of a relativistically moving charge. Substituting for the electron
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acceleration a|| = −eE/(γm0) in an electromagnetic field, the power radiated per
unit solid angle is given by

dP

d�
= e2

4πε0

1

4πc3

(
eE

γm0

)2 ( 1

1− v cos θ/c

)6

sin2 θ, (4.73)

where θ is the angle to the electron acceleration, the velocity, and the electric field
of the light. The differential cross-section dσS/d� is found by dividing by the in-
stantaneous power of the light per unit area cε0E2 (see Equation 4.66). Using Equa-
tion 4.64 for the classical electron radius re, we obtain

dσS
d�

= r2e
<γ 2>2

(
1

1− v cos θ/c

)6

sin2 θ. (4.74)

Using the approximation given in Equation 3.54 for 1/(1− v cos θ) at high γ , we
can find an approximate expression for the differential cross-section for Thomson
scatter at high laser intensity:

dσS
d�

≈ r2e(<γ
2>)4

(
2

1+<γ 2> θ2

)6

θ2

≈ r2e(1+ a2o/2)
4
(

2

1+ (1+ a2o/2)θ
2

)6

θ2 (4.75)

At high intensities where the reduced electric potential a0 is large and there are large
Lorentz factors γ for the accelerated electrons, Thomson scatter will preferentially
occur at angles θ close to the direction of the electric field of the light, though as for
low intensity Thomson scatter, the cross-section still drops to zero in the direction
(θ = 0) of the electric field of the incident light.

At high intensities, we have seen (see Section 4.1) that electrons execute a figure-
8 motion oscillating in the electric field direction with a frequency equal to the fre-
quency of the light and also oscillating at a frequency twice the frequency of the
light in the direction of light propagation (see Figure 4.1). The oscillation in the di-
rection of light propagation produces “second harmonic” radiation at twice the inci-
dent light frequency. The electron acceleration in the direction of light propagation
(the z-direction) is given by Equation 4.9. Including the Lorentz increase in mass:

d2z

dt2
= e2E2

0

γ 2m2
0ωc

sin(ωτ) cos(ωτ)= e2E2
0

2γ 2m2
0ωc

sin(2ωτ)

An electron oscillates at a frequency 2ω in the direction of light propagation (the
z-direction) and hence produces second harmonic radiation at frequency 2ω. We
use Equation 3.61 for the power radiated by an accelerated charge with the accel-
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eration perpendicular to the velocity of the charge. A value for the cross-section of
second harmonic emission can be found by dividing the average radiated power by
the incoming average power of the light ((1/2)cε0E2

0). For high irradiances (high
a0 values), we obtain a differential cross-section dσSH/d� for the second harmonic
emission

dσSH
d�

≈ 1

2
r2e (<γ

2>)2
(
eE0

m0cω

)2 (1− 2(<γ 2>)θ2 cos(2φ)+ (<γ 2>)2θ4

(1+ (<γ 2>)θ2)6

)

≈ 1

2
r2e (1+ a2o/2)

2 a20

(
1− 2(1+ a2o/2)θ

2 cos(2φ)+ (1+ a2o/2)
2θ4

(1+ (1+ a2o/2)θ2)6

)
,

(4.76)

where φ is an azimuthal angle around the electric field direction (see Figure 3.1)
and θ is the angle to the electric field direction. The angular variation within the
large brackets shows that emission is in the direction of the electric field (θ ap-
proaching zero). It is also apparent that the second harmonic cross-section is small
at low intensities (small values of the reduced electric potential a0) and only be-
comes significant relative to fundamental Thomson scatter for a0 >> 1 (intensities
>> 1018 Wcm−2).

Other harmonics of the incident light can also be scattered due to the nonlinear
nature of the electron acceleration at ultra-high intensities (a0 >> 1). In order to
treat the dominant Thomson scatter, we have considered cycle-averaged values of
the Lorentz factor (<γ 2>)1/2. At ultra-high intensities, the change of the instan-
taneous Lorentz factor γ during a cycle of electromagnetic oscillation from unity
when the electric field is zero (ignoring the drift velocity affect on γ ) up to some
maximum value at the peak of the electric field of the light becomes important.
Due to the instantaneous electron mass increase γm0, the electron oscillation be-
comes nonsinusoidal at the fundamental frequency in the electric field direction
or nonsinusoidal at twice the fundamental frequency in the light propagation direc-
tion which means that higher harmonics are produced. Second and higher harmonic
Thomson scatter of laser light off free electrons has been experimentally observed
[4], [16], [43].

4.7 Coherent Scatter

If a high density of electrons are present in a plasma, Thomson scatter of the light
can occur from the charge distribution of electrons with many electrons effectively
radiating together. The electric field of the light scattered from each electron needs
to be added to get the total electric field and the resulting intensity of scattered

https://doi.org/10.1017/9781009236072.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.005


112 Electromagnetic Wave Interactions with Plasma and Other Matter

light is proportional to the square of the total electric field. A much larger scattered
intensity occurs when the electric fields from many electrons add coherently.

Thomson scatter of coherent light from an electron charge distribution rather
than single electrons is known as “coherent scatter.” Coherent laser light, radio
waves, and X-rays can undergo coherent scatter in appropriate media. A tutorial
treatment of coherent scatter from plasmas illustrating the major features is pre-
sented in this section. More detailed discussions and examples of the use of coher-
ent scatter for the diagnosis of laboratory plasmas are available (see e.g. Chapter 7
in Hutchinson [55] and Sheffield et al. [105]).

At a position r in a scattering plasma, the electric field amplitude per unit volume
of scattered light of incident frequency ω and wavevector ki can be characterized by

Es(r)= Eene(r) exp (i(ki · r−ωt)), (4.77)

where ne(r) is the number density of electrons at position r and Ee is the scattered
light electric field amplitude from a single electron. Periodic variations of electron
density ne(r) are produced by waves in a plasma, where electrons alone or elec-
trons tied to ions oscillate with a longitudinal motion parallel to the direction of
wave propagation. Waves with frequency ωe and wavevector ke produce a periodic
variation of electron density which we can represent as a perturbation of amplitude
δne on a background uniform electron density n0. We have the electron density
varying in space and time as

ne(r)= n0 + δne cos(ke · r−ωet). (4.78)

We can expand the cosine variation of a wave in terms of exponentials:

cos(ke · r−ωet)= 1

2
(exp(i(ke · r−ωet))+ exp(−i(ke · r−ωet)))

Using this cosine expansion when substituting the expression (Equation 4.78) for
the variation of electron density due to a wave in the plasma into Equation 4.77
gives an expression for the resulting electric field per unit volume due to scattering
from a position r with three terms of different frequency and wavevector:

Es(r)= Een0 exp [i(ki · r−ωt)]

+ Eeδne
2

[exp [i((ki + ke) · r− (ω+ωe)t)]+ exp [−i((ki − ke) · r− (ω−ωe)t)]]
(4.79)

The scattered light can have frequencies and wavevectors of (ω+ωe, ki + ke),
(ω−ωe, ki − ke), and (ω, ki).

An electron density wave can be associated with oscillation of the electrons rela-
tive to the ions or a much slower oscillation of the ions which drag along the scatter-
ing electrons (an ion sound wave). Electron plasma and ion sound waves are treated
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in books on plasma physics (see e.g. page 36 of Pert [88]). Like electromagnetic
waves, plasma waves have “dispersion relationships” between the frequency ωe
and wavevector ke of the wave. The kinetic motion associated with the temperature
of the electrons (electron plasma wave) and ions (ion sound wave) acts as a restor-
ing force on the oscillation of electrons or ions and adds a temperature-dependent
frequency variation to the “zero-temperature” plasma frequency ωp oscillation. An
electron plasma wave has a dispersion relationship given by

ω2
e =ω2

p + 3kBTe
m0

k2e , (4.80)

where Te is the electron temperature andm0 is the electron rest mass. The ion sound
wave has a dispersion relationship related to the speed ωe/ke of sound in a plasma
with

ω2
e = 3kBTi + ZikBTe

M
k2e , (4.81)

where Ti is the ion temperature, M is the mass of the ions, and Zi is the average
charge of the ions (and hence the number of electrons per ion).1

The frequency shift ±ωe of coherent scattered light depends on the plasma fre-
quency ωp and electron temperature (for an electron plasma wave) and mainly the
ion temperature (for the ion sound wave). The plasma frequency ωp varies with the
electron density ne (see Equation 4.46), so the frequency shift due to the electron
plasma wave can be used to deduce the electron density as well as the electron tem-
perature. Comparing Equations 4.80 and 4.81, we see that due to the much greater
ion mass M compared to the electron mass m0, the frequency shift ωe of scattered
light is much less when scatter is off an ion sound wave rather than an electron
plasma wave. A higher spectral resolution of the scattered light spectrum is needed
to observe coherent scatter off an ion sound wave.

A plane wave of incident light of wavevector ki at different positions r in the
medium has a phase difference to the wave at the origin of the vector r equal to
+ki · r. For a particular scatter direction defined by the wavevector k, the phase
difference of scattered light traveling towards some observer a large distance away
is −k · r (see Figure 4.4). If the incoming light has a frequency ω, the scattered
electric field E∗

s per unit volume from a position r in the plasma has a phase differ-
ence to the scattered light at the r= 0 origin such that

E∗
s (r)= Eene(r) exp (i(ki · r− k · r−ωt))= Eene(r) exp(i(ki − k) · r−ωt).

1 The speed ωe/ke of sound in a plasma is given by (ωe/ke)2 = (γIkBTI + ZiγEkBTe)/M, where γI and γE are
appropriate ratios of specific heats equal to 1+ 2/nd , where nd is the number of degrees of freedom of the ions
or electrons. For a one-dimensional sound wave, nd = 1 for the ions, while nd → ∞ for the large number of
electrons moving with the ions.
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Figure 4.4 A schematic diagram showing the scattering of light from a medium
with incident wave vector ki and scattered wave vector k. The phase differences
in scattering from an electron at position r relative to notional scattering at a scat-
tering center is shown. It is assumed that the observer is a long distance from the
medium.

Introducing the vector difference�k between the incoming wavevector ki and scat-
tered wavevector k such that�k= ki − k, we have scattered electric fields (relative
to r= 0) given by

E∗
s (r)= Eene(r) exp(i(�k · r−ωt)). (4.82)

Simple geometry can be used to determine the magnitude of the wavevector
difference �k in terms of the angle θγ between the incident light (represented by
the direction of the wavevector ki) and the scattered light direction (represented by
wavevector k). Figure 4.5 illustrates a sample orientation of wavevectors that can
be used to determine the amplitude of �k. Assuming that the amplitudes of the
incoming wavevector |ki| and the scattered wavevector |k| are equal, we have

|�k| =�k= 2ki sin
(
θγ /2

)
. (4.83)

The incoming wavevector |ki| and the scattered wavevector |k| are closer to equal
when the incident wavevector is large with small wavelength, for example, the
scattering radiation is an X-ray beam. With small changes of wavevector from the
incident value ki to k= ki ± ke on scattering, Equation 4.83 is approximately accu-
rate, but a more accurate formula is readily obtained (see Exercise 4.8). Significant
differences for the incoming wavevector |ki| and the scattered wavevector |k| are
more likely with longer wavelength light, for example, visible and infrared scatter-
ing. With visible and infrared light, the plasma wavevector |ke| has a value closer
to the wavevector |ki| of the scattering light.

https://doi.org/10.1017/9781009236072.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.005


4.7 Coherent Scatter 115
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Figure 4.5 The geometry of an incident wavevector ki and a scattered wavevec-
tor k for light undergoing scattering by an angle of θγ to the original light direction.
The geometry illustrates that �k= 2ki sin

(
θγ /2

)
.

The differential scattering cross-section of a single free electron is given by
Equation 4.74:

dσS
d�

= r2e sin
2 θA,

where θA is the angle between the electric field of incoming radiation and the di-
rection of the scattered radiation and re is the classical electron radius (given by
Equation 4.64). The classical electron radius for single electron Thomson scatter
is proportional to the square of the electron charge, so with coherent scatter, the
differential cross-section for scatter from a large number of electrons allowing for
phase differences in the scattered electric field becomes

dσS
d�

= r2e |S(�k)|2 sin2 θA, (4.84)

where S(�k) is known as the form factor. Following Equation 4.82, the form factor
is given by an integration of the number of electron scatterers while allowing for
the effect of electric field additions (or subtractions) on the total scattered electric
field. We have

S(�k)=
∫
ne(r) exp (i�k · r) dr, (4.85)

where the integration extends from r= 0 to a large distance |r| = λD. An appro-
priate distance λD is the Debye length which is a distance in a plasma over which
electron and ion charges average to be equal (see Equation 4.38).
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The amount and nature of coherent scatter is dependent on the value of the form
factor S(�k) as expressed in Equation 4.85. Substituting the electron density vari-
ation associated with a density wave of frequency ωe and wavevector ke as given
by Equation 4.78 allows an integration of Equation 4.85. The absolute value of the
form factor integrates to show that for coherent scatter, the form factor |S(�k)| is
close to zero at all values of plasma wavevector ke except where ke =�k (see Ex-
ercise 4.10). Consequently, the direction and magnitude of ke =�k is determined
by the experimentally variable angle θγ between the incident light and the scattered
light. The scattering geometry selects the magnitude of the wavevector |ke| = ke of
the scattering density wave in the dispersion relationships for the electron plasma
wave and ion sound wave (Equations 4.80 and 4.81). Usefully for plasma measure-
ments, the relationship �k= ke also means that coherent scattering only samples
variations of electron density in the �k direction.

For unpolarized light, the differential cross-section for coherent scatter is found
following Equation 4.69. Unpolarized light can be said to be composed of two lin-
early polarized components with electric field directions, respectively, at an angle
of π/2 to the light scatter direction and at an angle θA to the light scatter direction.
We can write (

dσS
d�

)
unpol

= r2e
2

|S(�k)|2(cos2 θγ + 1), (4.86)

where θγ is the angle of the scattered light wavevector k to the incident light
wavevector ki. For light polarized in the plane of the light vectors, the angle θA
to the electric field of the light is related to the angle of scatter θγ by θγ = π/2− θA

(see Figure 4.3).
The forward scatter of incident coherent light when θγ ≈ 0 is more easily co-

herent as the scattering electrons are aligned closer to the same phase points for
the incident and scattered light. A large wavelength λi for the incident light also
enhances coherent scatter as the electron positions can be more readily in phase
with the light. A large wavelength corresponds to small ki value (λi = 2π/ki). As
�k= 2ki sin(θγ /2), these two arguments suggest that a small value of �k favors
coherent scatter. The size of the coherent scatter integration in Equation 4.85 as
given by the Debye length λD is also important. A smaller volume with smaller λD
containing fewer electrons is more likely to produce coherent scatter. A parameter
αs known as the scattering parameter is used to determine if scatter is coherent. The
scattering parameter is given by

αs = 1

�k λD
. (4.87)

When αs >> 1, light scatter is probably coherent. When αs << 1, scatter is likely
dominated by the contribution from single isolated electrons with a simple addition
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of the individual electron scatter intensities determining the magnitude of the scat-
ter (as discussed in Section 4.6).

4.8 Compton Scatter

At high photon energies, the model of Thomson scatter of light with an electron
oscillating in the electric field of the light and the electron scattering electromag-
netic radiation at the same frequency in the electron frame as the incident radiation
breaks down. Scattering of electromagnetic radiation with high photon energy re-
sults in a change of photon energy between the incident and scattered photons. The
scattering process at high photon energies where there is a significant change of ra-
diation frequency in the frame of the electron during scattering is known as Comp-
ton scatter. Compton scatter was discovered by Arthur Compton (1892–1962). An
American physicist, Compton was awarded the Nobel prize in 1927 for his 1923
discovery of the particle-like behavior of light scatter at high photon energy.

We first examine the shift in radiation frequency occurring in Compton scatter.
To find the shift in radiation frequency during Compton scatter, we need to recog-
nize that a photon possesses momentum pγ = h̄ω/c as well as energy h̄ω (see the
discussion in Section 2.8). The scattering by an electron of a high energy photon
with a high momentum can be regarded as a “collisional” process with energy and
momentum conserved. The geometry of Compton scatter in the initial frame of ref-
erence of a scattering electron is shown in Figure 4.6. As the sum of the photon and
electron energies before and after the scattering collision are equal, we can write

h̄ω+We = h̄ωs +We∗, (4.88)

where ω is the photon frequency before the scattering, ωs is the photon frequency
after the scattering, and the electron energy changes from We before the collision
to We∗ after the scattering collision. In the rest frame of reference of the electron
before scattering, the conservation of momentum during photon scattering requires
a balance between the momentum pγ of the photon before scattering and the vector
addition of the scattered photon and the electron momentum after scattering. We
have

pγ = pγ ∗ + pe∗, (4.89)

where pγ ∗ is the momentum of the scattered photon and pe∗ is the momentum
of the electron after scattering. As the electron is initially at rest in its frame of
reference, the electron energy before the scattering collision is simply the rest mass
energy We =m0c2. The relativistic energy for the electron after scattering is given
by Equation 2.73. We can write
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Figure 4.6 The geometry of Compton scatter of a photon by an electron initially
at rest. Symbols used in the text for the photon energies (h̄ω, h̄ωs), momentum (pγ ,
pγ ∗), and the angle θγ of photon deflection are shown.

We∗ =
√
(pe∗c)2 + (m0c2)2.

Substituting into the expression for the conservation of energy during the scattering
(Equation 4.88) gives

h̄ω+m0c
2 = h̄ωs +

√
(pe∗c)2 + (m0c2)2.

Rearranging, the magnitude of the scattered electron momentum is given by

(pe∗c)2 = (h̄ω− h̄ωs +m0c
2)2 − (m0c

2)2. (4.90)

The vector addition of the momenta of the photon and electron after the collision
is equal to the momentum of the photon before the collision:

pe∗ = pγ − pγ ∗

Using the scalar product of the electron momentum after the collision yields the
magnitude of the electron momentum after the scattering event. We can write that

p2e∗ = pe∗ · pe∗ = (pγ − pγ ∗) · (pγ − pγ ∗)= p2γ + p2γ ∗ − 2pγ pγ ∗ cos θγ ,

where θγ is the angle between the photon trajectory before the scattering event and
after the scattering. Multiplying throughout by c2, we obtain

p2e∗c
2 = p2γ c

2 + p2γ ∗c
2 − 2c2pγ pγ ∗ cos θγ .

Substituting the momenta of the photons pγ = h̄ω/c and pγ ∗ = h̄ωs/c gives

p2e∗c
2 = (h̄ω)2 + (h̄ωs)

2 − 2(h̄ω)(h̄ωs) cos θγ .

https://doi.org/10.1017/9781009236072.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.005


4.8 Compton Scatter 119

Using Equation 4.90 for the electron momentum after scattering,

(h̄ω− h̄ωs +m0c
2)2 − (m0c

2)2 = (h̄ω)2 + (h̄ωs)
2 − 2(h̄ω)(h̄ωs) cos θγ .

Evaluating the square, canceling, and rearranging terms yields

(h̄ω− h̄ωs)m0c
2 = (h̄ω)(h̄ωs)(1− cos θγ ).

Dividing both sides by h̄ωωs gives the relationship in the electron frame of the
incident radiation frequency ω and the scattered radiation frequency ωs. We have

c

ωs
− c

ω
= h̄

m0c
(1− cos θγ ). (4.91)

This equation can be rearranged to give an explicit expression for the scattered
radiation frequency ωs in terms of the incident radiation frequency ω:

ωs = ω

1+ (1− cos θγ )h̄ω/(m0c2)
(4.92)

Equation 4.91 is often expressed in the wavelength of the incident λ and scattered
λs light. In the frame of reference of the electron, we have different wavelengths
before (λ) and after (λs) scattering given by

λs − λ= λC(1− cos θγ ), (4.93)

where λC is the Compton wavelength defined by

λC = h

m0c
. (4.94)

The Compton wavelength λC has a numerical value of 2.426× 10−12 m.
For wavelengths much longer than the Compton wavelength λC, there is little

change in the scattered wavelength λs compared to the incident wavelength λ. If
λ>> λC, the photon energies are much less than the electron rest mass energy (i.e.
h̄ω<<m0c2) and the photon-electron collision can be regarded as elastic.

The differential Compton cross-section for unpolarized radiation is derived using
quantum electrodynamics and is known as the Klein-Nishina formula [62]. The
differential cross-section for the scattering of radiation of frequency ω varies with
the frequency ωs of the scattered radiation as
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Figure 4.7 The cross-section for Compton scatter relative to the Thomson scatter
cross-section as a function of photon energy in units of the electron rest mass
energy m0c2 = 511 keV.

dσC
d�

= r2e
2

(
ω

ωs
+ ωs

ω
− sin2 θγ

)
, (4.95)

where re is the Thomson scatter radius and θγ is the angle between the incident pho-
ton and the scattered photon. The relationship between the incident and scattered
frequencies is given by Equation 4.93. For low frequency radiation where ωs ≈ω,
the differential cross-section shown in Equation 4.95 reduces to the Thomson scat-
ter cross-section (r2e/2)(1+ cos2 θγ ) for unpolarized light (Equation 4.69). Using
Equations 4.91 and 4.95, it is possible to integrate the differential cross-section
over all solid angles to obtain the total Compton scatter cross-section. The total
Compton scatter cross-section considering scatter into all solid angles is given by

σC = σS
4

3

[
1+ x

x2

(
2x(1+ x)

1+ 2x
− ln(1+ 2x)

)
+ ln(1+ 2x)

2x
− 1+ 3x

(1+ 2x)2

]
,

(4.96)

where x= h̄ω/(m0c2) and σS is the total Thomson scatter cross-section. The to-
tal Compton scattering cross-section is plotted using Equation 4.96 in Figure 4.7.
The Compton scatter cross-sections decrease with photon energies> 0.1m0c2 (>50
keV).

As well as the frequency shift in the frame of the electron due to the scatter-
ing process, Compton scatter exhibits frequency shifts in the laboratory frame due
to the Doppler effect if the scattering electron has a significant velocity v. The
frequency ω′ of incident radiation in the rest frame of the electron is given by
Equation 2.46:

ω′ =ωγ
(
1− v

c
cos θi

)
, (4.97)
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Figure 4.8 Relevant angles related to electron scattering in the frame of the elec-
tron are shown. Unit vectors for an incident radiation wavevector k′

i and a scat-
tered wavevector k′

s are labeled along with the angle θ ′
γ between the incident and

scattered wavevectors. The different angles (θ ′
i and θ

′
s) of the two unit wavevec-

tors to the electron velocity v are shown. The distances a, b, and d used to find
relationships between the different angles are labeled.

where ω is the incident frequency of radiation in the laboratory frame, v is the ve-
locity of the electron, and θi is the angle of the incident radiation to the electron ve-
locity direction in the laboratory frame. The frequency ω′ determines the Compton
scatter cross-section (Equation 4.95) and scattered frequencies ω′

s in the electron
frame (Equation 4.91). The scattered frequencies ω′

s in the electron frame can be
determined from the incident frequency ω′ in the electron frame using Equation
4.91 or 4.92. Modifying Equation 4.92,

ω′
s =

ω′

1+ (1− cos θ ′
γ )h̄ω

′/(m0c2)
, (4.98)

where θ ′
γ is the angle of the scattered radiation to the incident radiation in the

electron frame. The scattered frequenciesω′
s in the electron frame are again Doppler

shifted to ωs in the laboratory frame, such that

ωs =ω′
sγ
(
1+ v

c
cos θ ′

s

)
, (4.99)

where θ ′
s is the angle of the scattered radiation propagation direction to the electron

velocity in the electron frame.
Three-dimensional geometry shows how the angle θ ′

γ of the scattered radiation
to the incident radiation in the electron frame used in Equation 4.98 is related to
the angle θ ′

i of the incident radiation to the electron velocity and the angle θ
′
s of the

scattered radiation to the electron velocity (see Figure 4.8). Unit vectors into and
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out of the electron position in the direction of the incident and scattered radiation
project onto a plane perpendicular to the electron velocity v such that there is a
distance a between the tail of the incident unit vector and the head of the scattered
unit vector. The cosine rule for a triangle in the plane perpendicular to the velocity
gives that

a2 = sin2 θ ′
i + sin2 θ ′

s − 2 sin θ ′
i sin θ

′
s cos(φ

′
i − φ′

s),

where φ′
i and φ

′
s are azimuthal angles around the velocity direction. The difference

between the components of the unit vectors in the direction of the incident and
scattered radiation along the electron velocity direction is given by

b= cos θ ′
i − cos θ ′

s.

A triangle comprising sides with the unit vectors for the incident and scattered
radiation directions and a distance d can be formed. The value of d is given by

d2 = a2 + b2 = 2− 2 cos θ ′
i cos θ

′
s − 2 sin θ ′

i sin θ
′
s cos(φ

′
i − φ′

s)

upon using sin2 θ ′
i + cos2 θ ′

i = sin2 θ ′
s + cos2 θ ′

s = 1. The cosine of the angle θ ′
γ be-

tween the directions of the incident k′
i and scattered k′

s radiation is then readily
evaluated using the cosine rule for the triangle formed by the unit vectors for k′

i
and k′

s. We have

d2 = 2− 2 cos θ ′
γ

as the length of each unit vector is one. Substituting for d2 and rearranging, we
obtain an expression for the angle θ ′

γ between the incoming and Compton scattered
light in the frame of the electron:

cos θ ′
γ = cos θ ′

i cos θ
′
s + sin θ ′

i sin θ
′
s cos(φi − φs) (4.100)

The azimuthal angles φi = φ′
i and φs = φ′

s representing angles around the velocity
v are invariant under a Lorentz transformation (see Section 3.5). Equation 4.100 is
needed, for example, in Equation 4.98 to determine the precise change of frequency
during Compton scatter.

Angles to the velocity in the electron frame can be converted to angles to the
velocity in the laboratory frame using Equation 2.43. For the incident radiation at
angle θi to the electron velocity in the laboratory frame, Equation 2.43 can be mod-
ified to give the angle θ ′

i of the incident radiation to the velocity in the electron
frame. We obtain

cos θ ′
i = cos θi − v/c

1− (v/c) cos θi
. (4.101)
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Similarly, the conversion of scattered angles θ ′
s to the electron velocity in the elec-

tron frame to scattered angles θs to the velocity in the laboratory frame is given by

cos θs = cos θ ′
s + v/c

1+ (v/c) cos θ ′
i

. (4.102)

As found for Thomson scatter with relativistic electrons, a γ shift in frequency
of radiation going from the laboratory to the electron frame and then another γ
frequency shift in going from the scattered light frequency in the electron frame
to the laboratory frame can occur. A γ 2 increase in scattered photon energy is
possible from electrons of kinetic energy (γ − 1)m0c2. Energy conservation limits
the maximum photon energy increase possible with Compton scatter. The scattered
photon energy must be less than the combined electron energy and incident photon
energy. We must have

h̄ωs < γm0c
2 + h̄ω.

For highly relativistic electrons with large γ , the maximum scattered photon ener-
gies ≈ γm0c2 = 511γ keV.

Exercises

4.1 Capillary discharge lasers output extreme ultraviolet light at wavelength 46.9
nm with focused intensities < 1014 Wcm−2 (see e.g. Macchietto et al. [71]).
Evaluate the critical density for capillary discharge laser light in a plasma.
[4.55× 1023 cm−3]

4.2 A solid target of up to several 100 nm thickness is almost instantaneously
ionized by a high-intensity laser pulse. Assuming an electron density of 1023

cm−3 and a laser wavelength of 1.06 μm, estimate the laser intensity required
for intensity-induced transparency to allow the laser pulse to transmit through
the target.

[≈1.4× 1022 Wcm−2. The laser intensity can then directly heat the back of
the target and accelerate electrons. The acceleration of electrons and indirectly
ions by this process is known in the laser-plasma literature by the exotic name
of “break-out afterburner” (abbreviated as BOA); see e.g. Yin et al. [118],
[119]].

4.3 Photons can be regarded as massless particles moving at the speed of light
c with energy h̄ω= pc, where p is the momentum of a photon. A photon
can also be regarded as being composed of elliptically polarized components
with an electric field rotating clockwise or anticlockwise and returning to the
original direction after a wavelength. Assuming a radius rp = c/ω of rotation
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for the photon momentum, show that the angular momentum of a circularly
polarized photon has a magnitude h̄. [This is an argument for the existence of
the photon spin of ±h̄.]

4.4 Fast ignition inertial fusion seeks to ignite fusion reactions in laser-
compressed deuterium and tritium fuel (see Section 2.4) by focusing a high
power laser beam into the compressed fuel in order to locally heat it and start
the fusion process [109]. Given that a high irradiance laser beam can accel-
erate electrons to a velocity c/3 in the direction of the beam (Equation 4.37),
calculate the energy of electrons traveling at velocity c/3. Discuss if such
electrons have sufficient energy to heat deuterium/tritium and ignite fusion
reactions.

[31 keV. Electrons also gain energy transverse to the laser beam with ve-
locities approaching c which can provide sufficient energy to locally heat the
fuel.]

4.5 An electromagnetic wave propagates with a magnetic field B such that B=
(k/ω)E, where E is the electric field of the wave. Given that k2 = (ω2 −
ω2
p)/c

2 for a plasma with plasma frequency ωp, show that in a plasma, the
magnetic field of an electromagnetic wave is given by

B= ηE

c
,

where η is the refractive index of the plasma.
4.6 The difference between the phase and group velocity of radio pulses passing

through the ionosphere can provide a measure of the “total electron content”
of the ionosphere. The ionospheric total electron content is a vertical spatial
integration of the electron density. Show that the difference �u in the phase
and group velocity of electromagnetic pulses in a plasma of electron density
ne is given by

�u= c

(1− ne/ncrit)1/2
ne
ncrit

,

where ncrit is the critical density for the frequency of the electromagnetic
wave.

4.7 In morning sunlight, what is the predominant polarization direction of light
from the sky directly above?

4.8 In coherent scatter, the amplitude of the scattered wavevector |k| can vary
from the amplitude of the incident wavevector |ki| due to up- or down-scatter
off electron plasma and ion sound waves. Draw an appropriate vector dia-
gram and show that the amplitude of the wavevector difference �k defined
by �k= k− ki is given by

|�k2| = k2 + k2i − 2kki cos θγ ,
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where θγ is the scattering angle (the angular change of direction of k from
ki).

4.9 Explain and show why X-ray scattering in the forward direction has a change
�k in the wavevectors of incident k and scattered ki light given by

�k≈ k θγ ,

where θγ is the scattering angle (the angular change of direction of k from
ki).

4.10 The form factor for coherent scattering from plasma waves is given by

S(�k)=
∫
ne(r) exp (i�k · r) dr,

where the integration is over distances equal to the Debye length λD. The
electron density ne(r) due to a density wave in a plasma is given by

ne(r)= n0 + δne cos(ke · r−ωet).

Show that the absolute value of the form factor is given by

|S(�k)| = λ2Dδne

(
sin
(
(�k− ke) · ẑλD/2

)
(�k− ke) · ẑ + sin((�k+ ke) · ẑλD/2)

(�k+ ke) · ẑ

)

+2λ2Dn0

(
sin(�k · ẑλD/2)

�k · ẑ
)
,

where ẑ is a unit vector in the direction of �k. [The form factor |S(�k)| has
a pronounced maximum when �k ± ke and a maximum for forward scatter
when �k= 0. ]

4.11 The Compton scattered photon energy Ws for incident photons of energy Wi

scattering off electrons at rest with rest mass energy m0c2 is readily obtained
from Equation 4.92:

Ws = Wi

1+ (1− cos θγ )Wi/(m0c2)
,

where θγ is the angular change in direction of the scattered photon relative
to the incident photon. A “Compton camera” consists of scattering material
with electron energy detection and a detector measuring the scattered photon
energy. A Compton camera works by using the above relationship to find the
position of a source of gamma rays by determining the angle θγ of scatter
from measurements of the energy Ws of the scattered photon and the energy
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We∗ of the scattered electron. Show that

cos θγ = 1−m0c
2
(

We∗
Ws(Ws +We∗)

)
.

4.12 The Compton wavelength λC can be experimentally measured by scattering
X-rays by 90 degrees from a solid target. The spectrum of scattered X-rays
from a solid has a peak at a wavelength λC above the incoming X-ray wave-
length as expected for an isolated electron. The scattered spectrum also fea-
tures scattering close to the incoming X-ray wavelength due to scattering off
tightly bound electrons in the solid. Using Equations 4.93 and 4.94, explain
how these two peaks arise.

4.13 The electron spin of h̄/2 due to zitterbewegung is discussed briefly in a foot-
note in Section 2.9 (see also the paper by Hestenes [50]). In the zitterbewe-
gung explanation of electron spin, the spin arises due to rotation at a radius
rZ of the electron mass m0 at a frequency 2m0c2/h̄ (due to the electron wave-
function frequency of m0c2/h̄). In the electron frame of reference, the phase
velocity of the electron wavefunction is c. Show that the necessary radius rZ
to produce the observed electron spin of h̄/2 is related to the Compton wave-
length λC by

rZ = 1

4π
λC.
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Particle Motion and Radiation in Electric
and Magnetic Fields

When particles distribute their energy by, for example, collisions, a thermal distri-
bution with an associated temperature can be used to describe the particle energy
distribution (see Chapter 6). When particle collisions and other energy distribution
processes are negligible, particle energies are determined by the mechanics of parti-
cle acceleration. Charged particles gain (or lose) energy by interacting with electric
fields. In this chapter, we examine particle interactions with electric and magnetic
fields with an initial treatment of a process thought to produce cosmic rays and fol-
low this with treatments of the radiation produced by charged particle acceleration
in magnetic fields.

Magnetic fields accelerate moving charged particles, but we show in Section 5.1
that static magnetic fields do not affect the kinetic energy of charged particles apart
from a small energy loss due to radiation. Magnetic fields are consequently used
for the production of radiation from electron beams in devices such as synchrotrons
and free electron lasers as the radiation energy is the main loss mechanism for
the kinetic energy of the accelerated electrons. Magnetic fields are also useful for
confining plasma as needed for fusion energy as the confined particle energies are
not significantly changed by a magnetic field.

Magnetic fields used for plasma confinement are typically large (e.g. 12 Tesla in
the ITER tokamak [18], [77]). Astrophysical plasmas such as those near a neutron
star have strong embedded magnetic fields and even in interstellar space, there is
a weak magnetic field (≈10−10 Tesla). Radiation from laboratory and astrophys-
ical plasmas produced due to electron motion in a magnetic field can be used to
determine conditions in the emitting plasmas.

This chapter investigates the radiation emitted by accelerating particles in
magnetic fields as found in plasmas, but also as used for the laboratory production
of radiation. We examine synchrotron radiation and free electron laser radiation
production in some detail. Synchrotrons and free electron laser devices are built
as large laboratory structures. A synchrotron typically occupies the land area of a
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128 Particle Motion and Radiation in Electric and Magnetic Fields

soccer field with a circular electron trajectory, while free electron lasers are linear
with electrons accelerated over kilometers. Large circular particle trajectories in
“storage rings” and linear accelerators minimize radiation losses from high energy
particles.

Advanced synchrotrons are known as third-generation light sources. Third-
generation light sources use “undulators” (alternating magnetic fields) to increase
the radiation intensity above that of second-generation synchrotrons where sim-
pler magnetic structures (“wigglers”) are employed. First-generation light sources
were often synchrotrons run parasitically alongside particle physics experiments,
where a simple single bending magnet was used to produce light output. Free elec-
tron lasers produce even brighter coherent light and are known as fourth-generation
light sources [15]. Synchrotrons and free electron lasers can both provide radiation
from the infrared to X-ray range and are used for a large variety of laboratory ex-
periments in the biological sciences, materials sciences, chemistry, and physics. As
well as providing a broad spectral range of radiation, the light from synchrotrons
and free electron lasers is collimated, is well-polarized, has a small source size, and
is pulsed over times down to femtoseconds with good stability from pulse to pulse
[115], [116].

5.1 The Motion of a Point Charge in an Electric or Magnetic Field

It is useful to examine in a general way the effects of electric and magnetic fields
on particle energies. Electric and magnetic fields are measured by the behavior of
charged particles.1 Measuring the forces exerted on charged particles in the pres-
ence of an electric or magnetic field allows a determination of the field direction
and strength. More fundamentally, the electric and magnetic fields in a system can
be regarded as being defined by the motion of infinitesimally small “test” charges.
Test charges need to be small so as not to affect the measured field values.

The classical force F on a particle of charge q due to an electric field E and
magnetic field B is known as the Lorentz force and for particles at any velocity v is
given by the expression

F= dp
dt

= q (E+ v×B). (5.1)

This Lorentz force (Equation 5.1) is not an equation that needs to be “derived.” The
Lorentz force empirically expresses how the electric E and magnetic B fields as

1 The forces arising due to subatomic interactions are less obvious examples of charged particle interactions
with fields. For example, the “magnetic moment” of subatomic particles arises due to the angular momentum
or spin of charged particles and is often the ultimate physical basis for the measurement of magnetic fields. A
compass needle, for example, can be used to measure the direction of a magnetic field because the spin and
angular momentum of electrons in the needle material are aligned to produce a bulk effect known as
ferromagnetism.
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5.1 The Motion of a Point Charge in an Electric or Magnetic Field 129

conventionally defined affect the motion of a body of charge q via the force F. We
can generalize the particle momentum such that p= γm0v. Including the Lorentz
γ factor with γ = (1− v2/c2)−1/2 in the expression for the momentum allows for
a relativistic increase in momentum measured in the laboratory frame for particles
moving close to the speed of light c.

The first principle of relativity is that “the laws of physics are the same in any
inertial frame of reference” (see Section 2.2), so a systematic theory of relativity
requires that the Lorentz equation (Equation 5.1) is applicable for observers in all
frames of reference. Equation 5.1 or an equation derived from it can be used to
determine the electric and magnetic field directions and strengths. The electric and
magnetic field values and directions change depending on the frame of reference
(see Section 3.2), but Equation 5.1 does not change.

Following Equation 2.65, the rate at which a force F does work is the power P
given by

P= F · v. (5.2)

The rate of change of the energy of a particle in an electric and magnetic field is
consequently given by

P= d(γm0c2)

dt
= qv ·E (5.3)

as v·(v×B)≡ 0. A temporally constant magnetic field has no effect on the en-
ergy of the particle, but does change the direction of the particle velocity and
momentum.

As only electric fields and not magnetic fields change the energy of charged par-
ticles (see Equation 5.3), magnetic fields, not electric fields, are used to contain
plasma in machines such as tokamaks studied in fusion energy research [18], [77].
Research aimed at achieving the production of fusion energy seeks to contain the
deuterium (D) and tritium (T) isotopes of hydrogen in a hot plasma so that D and T
nuclei collide and fuse, producing energetic helium (kinetic energy 3.5 MeV) and
neutrons (with a kinetic energy of 14.1 MeV). The kinetic energy of the helium
and the neutron results from the conversion of mass to energy following Equation
2.71. The energetic helium can act to heat D and T ions in a plasma, causing fur-
ther fusion. When the helium heating produces a self-sustained fusion reaction, a
condition of “ignition” is achieved. The neutrons escape the plasma and are used
to heat a surrounding blanket of, for example, lithium which in turn heats water to
drive a steam turbine producing electricity. Magnetic fields are used to confine D
and T ions and the associated free electrons. A magnetic field changes the direction
of ions and electrons and can confine them, but does not cause ions and electrons
to lose energy (apart from a small radiation loss).
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Equation 5.3 exemplifies why magnetic fields and not electric fields are used to
accelerate charged particles to produce radiation. The kinetic energy of a charged
particle remains constant in the presence of a steady-state magnetic field, with just a
small loss due to the electromagnetic energy radiated. Cyclotron, synchrotron, and
undulator devices developed to produce electromagnetic radiation consequently ac-
celerate electrons using magnetic fields. Acceleration using static magnetic fields
changes the velocity direction of particles, but has a negligible effect on the particle
energy.

As electric fields change the energy of charged particles, it is worthwhile to
consider charged particle energies in electric fields in some more detail. An electric
field can arise electrostatically due to an electric potential and can be produced
by a changing magnetic field. The electrostatic contribution to an electric field is
represented by a scalar potential V with the magnetic field contribution represented
by a vector potential A. The electric field E is related to the scalar and vector
potentials by

E= −∇V − ∂A
∂t
. (5.4)

The scalar and vector potentials were used in our treatment of the Lorentz transfor-
mation of the electric and magnetic field between frames of reference (see Section
3.2). We also used the vector potential in our discussion of electron acceleration in
an electromagnetic wave in Section 4.1. Substituting the scalar and vector potential
expression for the electric field (Equation 5.4) into our expression for the change in
the energy of a charged particle in an electromagnetic field (Equation 5.3), we have

d(γm0c2)

dt
= qv ·E

= −q
(
v · ∇V + v ·

(
∂A
∂t

))
. (5.5)

If the electric field is purely a steady-state electrostatic field and there is no mag-
netic field, the vector potential A is zero.2 An initially static charged particle then
has a velocity v which is parallel to the electric field and parallel to the gradient ∇V
of the scalar electric potential. For a purely electrostatic electric field, Equation 5.5
reduces to

d(γm0c2)

dt
= −qvdV

dx
= −qdx

dt

dV

dx
= −qdV

dt
,

where the x-direction is the direction of the potential gradient and consequently
also the direction of the particle velocity v. Gathering up terms, we have for an
electrostatic field that

2 In the Lorenz gauge, see the appropriate definitions in Section 3.2.
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d(γm0c2 + qV)

dt
= 0. (5.6)

Equation 5.6 means that in a purely electrostatic potential V , the quantity γm0c2 +
qV for a body of mass m0 and charge q is temporally constant.

Instead of using the Lorentz force (Equation 5.1) to calculate the motion of a
charged particle, it is possible to use a “Lagrangian” or “Hamiltonian” approach.
We do not use the Lagrangian or Hamiltonian method elsewhere in this book, but
it is appropriate to introduce the Lagrangian and Hamiltonian for particle motion
in electric and magnetic fields and to present their relativistic forms. It is possible
to determine the important equations of relativistic kinetics as we determined, for
example, in Section 2.7 in a different way using the Lagrangian approach (see
Chapter 2 of Landau and Lifshitz [63]).

With the Lagrangian form for particle motion in electric and magnetic fields,
a functional L is defined3 by an appropriate expression for the difference in the
kinetic and potential energy of a body. For an energy conserving system, the min-
imum of the functional L determines the trajectory of the body. The minimum of
a functional is found by solving the Euler-Lagrange equation. For a single particle
with motion in the x-direction, we can write the Euler-Lagrange equation as

d

dt

(
∂L

∂v

)
= ∂L

∂x
, (5.7)

where v is the particle velocity. A relativistic charged particle in a purely electro-
static potential accelerates in a direction parallel to the scalar potential gradient and
has a Lagrangian written as

L= −m0c
2
(
1− v2

c2

)1/2

− qV. (5.8)

Substituting into the Euler-Lagrange equation (Equation 5.7), the Euler-Lagrange
equation reduces to

d

dt

(
m0v

(1− v2/c2)1/2

)
= −q∂V

∂x
. (5.9)

The gradient of the scalar potential on the right-hand side equals the negative of the
electric field (∂V/∂x= −E; see Equation 5.4). Equation 5.9 becomes

d(γm0v)

dt
= qE (5.10)

3 A functional can be defined as a function where the independent variable is itself a function. Their use in the
“calculus of variations” extends well beyond the discussion presented here (see e.g. [45]).

https://doi.org/10.1017/9781009236072.006 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.006


132 Particle Motion and Radiation in Electric and Magnetic Fields

which is equivalent to the expression expected from the Lorentz force (dp/dt= qE;
see Equation 5.1). The derivative with respect to time t on the left-hand side of
Equation 5.9 simplifies as follows:

d

dt

(
m0v

(1− v2/c2)1/2

)
=
(

m0

(1− v2/c2)1/2

)
dv

dt

(
1+ v2/c2

1− v2/c2

)

=
(

m0

(1− v2/c2)1/2

)
dv

dt

The force F in the stationary frame associated with the acceleration dv/dt of a mass
m0 is found by substituting into Equation 5.9:

F=
(

m0

(1− v2/c2)1/2

)
dv

dt
= qE (5.11)

Equation 5.11 further illustrates that the Lagrangian (Equation 5.8) for a charged
particle in an electrostatic electric field is consistent with the Lorentz force (Equa-
tion 5.1).

In an environment where the electric field has a scalar potential V and vector
potential A contribution, the Lagrangian for a particle of charge q and mass m0

becomes

L= −m0c
2
(
1− v2

c2

)1/2

+ qv ·A− qV. (5.12)

It can be shown that this Lagrangian reduces to Equation 5.5 on substitution into
the Euler-Lagrange equation for the (x, y, z) coordinate axes:

d

dt

(
∂L

∂v

)
= ∂L

∂ri
, (5.13)

where ri represents each of the x, y, and z Cartesian coordinates.
The Hamiltonian H is similar to the Lagrangian except that instead of the ve-

locity of a body, the momentum is used and the Hamiltonian form is defined by
the addition of expressions for the kinetic energy and potential energy of the body
so that H = L+ 2V . The Euler-Lagrange equation (Equation 5.7) transposes to two
equations using the Hamiltonian H. The Hamilton equations for a body with vary-
ing position vector r and momentum p are:

dri
dt

= ∂H

∂pi
,

dpi
dt

= −∂H
∂ri
, (5.14)

where pi represents the momentum in the direction of the ith coordinate direction
(x, y, or z). The relativistic Hamiltonian for a body of charge q and mass m0 in an
electric field is given by
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H = c
(
m2
0c

2 + p2
)1/2 + qV, (5.15)

where the momentum p is such that

p= γm0v= m0v
(1− v2/c2)1/2

.

5.2 Acceleration of Particles

High temperatures in a plasma can lead to a thermal distribution of particle energies
with high velocities (see Chapter 6). A thermal distribution requires processes such
as collisions between particles. At low densities in plasmas and in laboratory par-
ticle accelerators, collisions between particles can be neglected and the interaction
with electric fields causes particles to gain (or lose) energy. At low particle den-
sities, the processes by which individual particles gain (or lose) energy dominates
the particle energy distribution. In this section we briefly consider how charged
particles can be accelerated to high velocities in laboratory-based particle acceler-
ators and laser-produced plasmas and then spend time discussing the origin of high
energy cosmic rays.

5.2.1 Particle Accelerators

Particle accelerators used for fundamental physics research and for application of
the particles or their radiation use electric fields to accelerate the particles. The en-
ergy of charged particles can be increased by acceleration in an electric field, but
their energy remains constant in a static magnetic field (apart from a small radiative
energy loss). In a traditional high energy particle accelerator, charged particles are
accelerated in a straight line (a linear accelerator) or in a large diameter (typically
>> 1 m) circle so as to minimize radiation losses caused by acceleration perpen-
dicular to the particle velocity. The Large Hadron Collider (LHC) near Grenoble
is the world’s largest and highest energy particle accelerator. The LHC has pro-
tons of energy up to 6.7 TeV = 6.7× 1012 eV orbiting in a circle of circumference
26.7 km. The large circumference is needed to minimize radiation losses and to
enable acceleration to 6.7 TeV as the maximum accelerating electric field in a large
particle accelerator is ≈ 108 V m−1.

In the laboratory particle accelerators developed for high energy collider experi-
ments or the production of radiation, electric potentials spaced around the acceler-
ation path switch from positive to negative at a given frequency, so that particles
traveling along the acceleration path experience a “traveling wave” of accelerating
electric field polarity. For example, in a circular geometry, the circle can be divided
into two D-shaped potentials which oscillate in polarity so that particles are always
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accelerated from one “dee” to the other. “Cyclotrons” use two hollow D-shaped
sheet metal electrodes (called “dees”) placed between the poles of an electromag-
net which applies a static magnetic field perpendicular to the electrode plane and
causes the particles to move between the dees with a circular trajectory of increas-
ing radius with particle energy. “Synchrotrons” are descended from cyclotrons, but
employ a time-varying magnetic field to bend the particle beam into a fixed radius
trajectory. With a synchrotron, the magnetic field increases in time during the parti-
cle accelerating process so that the magnetic field is synchronized to the increasing
kinetic energy of the particles.

5.2.2 Laser-produced Plasmas

Plasmas irradiated by lasers or high energy particles can accelerate high fluxes of
particles over short distances. Plasma accelerators can be small as they can generate
electric fields ≈ 1011 V m−1 much greater than the fields (≈108 V m−1) available
in large laboratory accelerators [51]. Such electric fields associated with laser light
or plasma gradients enable acceleration to high energies (e.g. GeV) over short dis-
tances (usually < 1 cm; see Joshi et al. [59]). Wakefield acceleration where a laser
or electron pulse is incident into a plasma creates a traveling wave of electric field
gradient moving with the laser or electron pulse which accelerates charged parti-
cles in the direction of the laser or electron pulse. With a laser pulse, accelerated
electrons also oscillate transversely, generating Thomson scatter of the laser light
with an increase in photon energy in the laboratory frame by a factor γ 2 (see Equa-
tion 2.49 for incident and scattered radiation in the same direction). The generated
radiation is directed within an angular range of 1/γ of the electron velocities due
to the beaming effect (see Section 3.5). Here γ is the Lorentz parameter for the
accelerated electrons, with γ > 8,000 achieved with laser acceleration [64]. The
γ 2 increase of photon energy from the laser photon energy and 1/γ decrease in
angle of emission due to beaming imply an approximate increase in the radiation
flux (power per unit solid angle) due to Thomson scatter from wakefield acceler-
ated electrons of γ 4. A significant number of electrons can oscillate in phase, so
laser wakefield accelerated electrons can create a bright source of X-rays as well as
a beam of high energy particles [73], [74].

Focused lasers incident onto solid targets can produce high energy particles with
energies significantly greater than the temperature (< 1 keV) of thermalized plasma
making up the bulk of the plasma ions and electrons typically created by laser
heating of targets. High energy electrons have a small cross-section for interaction
with other electrons and ions (see Chapter 8) and after being accelerated often
escape the high plasma density created by laser irradiation of solid targets to form
a superthermal population with large energy, but low density.
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The interaction of high power laser light with electrons is examined in Section
4.1 where it is shown that a reduced vector potential ao determines the acceleration
of electrons. Using Equation 4.15, we have that the reduced vector potential ao is
related to the irradiance I measured in Wcm−2 by

ao =
√

Iλ2

1.37× 1018
, (5.16)

where the laser wavelength λ of focused laser light is measured in units of mi-
crons. For ao < 1, at the critical density where the laser frequency equals the plasma
frequency (see Section 4.4), electrons are resonantly accelerated to moderately
high energies with superthermal distributions of temperature ≈ a2/3o MeV [24].
At higher irradiances ao > 1, electrons are accelerated to produce energetic su-
perthermal electrons with measured Lorentz parameters γ ≈ (1+ a2o)

1/2 [24], [85],
[114]. This scaling is consistent with our deduction in Section 4.3 of the maxi-
mum Lorentz parameter for electrons accelerated in an electromagnetic field (see
Equation 4.31).

High energy electrons created in laser plasmas can penetrate through a solid tar-
get of typical thickness 1− 100 μm. Such high energy electrons can create a steep
potential gradient from the largely unperturbed back surface of a target irradiated
at the front by a high intensity laser. Protons from the target are accelerated in this
potential gradient to energies ≈ 500 a2o keV [85]. This process of ion acceleration
is known in the laser-plasma literature as “target normal sheaf acceleration.” The
physics of the acceleration of electrons and ions in laser-produced plasmas is ex-
amined in detail in more specialized books (see e.g. Gibbon [47]), but due to the
complexity of different processes, empirical particle energy scalings obtained from
experiments and simulations as given here are important.

5.2.3 Cosmic Rays

Cosmic rays are protons and atomic nuclei that move through space with velocities
close to the speed of light. Cosmic ray particles originate and undergo acceleration
in the Sun and from outside the solar system in both our own galaxy and distant
galaxies. Upon impact with the Earth’s atmosphere, a cosmic ray produces sec-
ondary showers of particles in a direction closely following the original trajectory
of the cosmic ray.

The secondary particles detected at the Earth’s surface due to cosmic ray impact
in the atmosphere provided the first evidence for high energy, short half-life “ex-
otic” particles existing in addition to the protons, neutrons, and electrons making
up terrestrial matter [84]. The detection at the Earth’s surface of muons of half-life
1.56 μs was early evidence for relativistic time dilation as the time of travel in the
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Figure 5.1 The Fermi acceleration of cosmic rays is illustrated with two scenar-
ios: (a) two rapidly colliding structures such as colliding shock waves, (b) a fast
moving structure such as a shock wave with a stationary scatterer. Symbols used
in the text and illustrative trajectories for accelerated particles that can escape as
cosmic rays are annotated.

Earth’s frame of reference from the muon creation in the upper atmosphere to its
detection at the Earth’s surface is much longer than 1.56 μs (see the discussion in
Section 1.2).

There is strong evidence that cosmic rays are generated by repeated particle re-
flections off rapidly moving structures or fields [6], [39]. In scenarios where a struc-
ture or a field is moving at high velocity, particles can be accelerated when reflected
by the structure or field. A process known as first order Fermi acceleration [39] oc-
curs when charged particles are repeatedly reflected by a rapidly moving shock
wave4 or a moving magnetic field5 in a plasma. Possible geometries for cosmic ray
acceleration are illustrated in Figure 5.1.

In order to quantitatively examine Fermi acceleration, consider a particle with
velocity v and rest mass m0 located between two particle reflecting structures (two
“walls”) which are moving with speeds vwall towards the particle parallel (or an-
tiparallel) to the particle velocity. Assume the reflection surfaces are separated at a

4 A shock wave is a surface of higher density with a steep, abrupt density gradient moving through a fluid.
Shock waves can form because the speed of a density oscillation wave in a fluid (known as a “sound wave”)
increases with density. A pulse of a sound wave can increase in amplitude and approach a step-like density
increase as the peak of compression “overtakes” lower density, slower moving parts of the sound wave. For a
detailed treatment of shock waves in fluids and plasmas, see Pert (Chapter 10) [88].

5 A moving magnetic field generates an electric field that can change the kinetic energy of a charged particle, so
our comments in Section 5.1 regarding the conservation of energy in a static magnetic field are not
contradicted. In order for a generated electric field to increase the energy of a particle, the magnetic field needs
to have a component out of the plane in which the particle is reflected, which usually means that the magnetic
field is tangled and the plasma is turbulent [104].
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particular time by a distance Lwall. The rate of energy increase dE/dt for the parti-
cle is determined by the number of particle-wall collisions per unit time (≈v/Lwall)
multiplied by the energy change �E per collision. The particle momentum �p in-
crease in a collision with a wall moving at speed vwall is γm0vwall, where γ is the
Lorentz factor for the particle. Assuming that the particle has a kinetic energy E
much greater than the rest mass energy m0c2 means that E≈ pc, where p is the
particle momentum (see Equation 2.73). The energy increase �E per collision is
then given by

�E≈�p c= γm0vwall c.

The rate of energy increase of the particle with time is then

dE

dt
≈ v

Lwall
γm0 vwall c≈ γm0c2 vwall

Lwall
= E

vwall
Lwall

(5.17)

upon assuming v≈ c and noting that the particle energy E≈ γm0c2. Equation 5.17
represents an equation of form

dE

dt
≈ E

τ
, (5.18)

where τ ≈ Lwall/vwall represents a timescale. The energy of particles accelerated
by repeated reflection off rapidly moving surfaces grows exponentially at a rate
proportional to the original energy of the particle. With a distribution of particle
energies, higher energy particles are accelerated to much greater energy than lower
energy particles. Some of the accelerated particles after several reflections will not
be reflected further. These particles become cosmic rays traveling through space.

In order to deduce the energy distribution of particles accelerated by Fermi ac-
celeration, we need to consider the number n of reflections, the energy gain �E
per reflection, and the probability Pr of a particle remaining in the region of the
reflecting structure. If the fractional change of energy on each reflection is βr, then
βr =�E/E and the particle energy E increases from an initial value E0 so that

E= E0 β
n
r . (5.19)

After n reflections the number N of particles continuing to be reflected will drop
from the original number N0 trapped near the reflecting surfaces. We can write that

N =N0 P
n
r . (5.20)

Combining Equations 5.19 and 5.20, the number n of reflections can be eliminated
by considering the ratio of the logarithm of the particle number and energy:
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ln(N/N0)

ln(E/E0)
= ln(Pr)

ln(βr)

Differentiating this expression, the number of particles per unit energy varies with
particle energy E as

dN

dE
=N0

[(
ln Pr
ln βr

)
E

(
ln Pr
ln βr

)
0

]
E

(
ln Pr
ln βr

−1
)
. (5.21)

The spectrum dN/dE of cosmic rays varies as dN/dE∝ E−k according to Equa-
tion 5.21. Cosmic ray numbers impinging on the Earth are measured to have a
maximum at ≈ 109 eV with the number of cosmic rays decreasing with increasing
energy above 109 eV at a rate E−k, where k≈ 2.7− 3 [44]. The maximum energy
of cosmic rays (≈ 2× 1020 eV) is determined by cosmic ray scatter off the rela-
tivistically shifted cosmic microwave background as the cosmic rays travel over
intergalactic distances (see Exercise 6.15). Comparing the observed E−k variation
of cosmic ray numbers to Equation 5.21 suggests that with the Fermi acceleration
mechanism, the probability Pr of particles escaping in a reflection and the ratio of
energy change βr upon reflection are related by

ln Pr
ln βr

≈ 1− k,

which means that

Pr ≈ 1

βk−1
r

. (5.22)

A low particle energy increase on reflection (small βr) is associated with a large
probability Pr that a particle remains localized near the reflecting structure, while a
large energy increase (large βr) means a particle is likely to escape (there is a low
probability Pr of remaining localized).

Simulations show that two colliding structures such as colliding shock waves are
not necessary for cosmic ray acceleration. A single rapidly moving shock wave can
accelerate particles as scattering processes cause particles to interact with the shock
front many times [6]. The origin of cosmic rays in different energy ranges and from
different sources is an interesting and continuing research topic [7], [44].

5.3 Emission from Particles in a Magnetic Field

Charged particles in a magnetic field with a velocity component perpendicular to
the magnetic field direction undergo circular orbital trajectories around the mag-
netic field lines because of the Lorentz force (discussed in Section 5.1) directed
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towards the center of the orbit. For the remainder of this chapter we consider the
kinetics of charged bodies in steady-state magnetic fields.

For particles with a charge q and a velocity component, v⊥, perpendicular to a
magnetic field B and, v‖, parallel to the magnetic field, in the absence of an electric
field, the acceleration due to the Lorentz force (Equation 5.1) in the laboratory
frame is given by

dv⊥
dt

= q v⊥B
γm0

, (5.23)

where the Lorentz parameter γ = 1/(1+ (v2|| + v2⊥)/c2)1/2. We can balance this
acceleration produced by the v×B Lorentz force with the centrifugal acceleration
v2⊥/rL, where rL is the radius of the circular orbit around the magnetic field line
(and is known as the Larmor or gyroradius):

q v⊥B
γm0

= v2⊥
rL

Canceling a v⊥ on both sides of the balance gives the angular frequency of the
particle orbit in the laboratory frame:

ωc = v⊥
rL

= qB

γm0
(5.24)

which is known as the cyclotron frequency, Larmor frequency, or gyrofrequency
for the particle. The particles undergo circular cyclotron motion of angular fre-
quency ωc = qB/(γm0) in the frame of reference traveling at velocity v‖, parallel to
the magnetic field. For v|| �= 0 in the laboratory frame, the particle trajectory traces
out a helical orbit. The Larmor or gyroradius in the laboratory frame is given by

rL = γm0v⊥
qB

. (5.25)

If the particle velocity is at an angle, α, to the magnetic field, we can write that
v⊥ = v sin α and

dv⊥
dt

= q B v sin α

γm0
, (5.26)

where dv⊥/dt is directed perpendicular to the magnetic field. Using Larmor’s for-
mula (Equation 1.16) with acceleration measured in the rest frame (Equation 3.44),
the radiated electromagnetic power associated with the acceleration is given by
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PS = q2

4πε0

2

3c
γ 4 q2B2

(γm0)2

v2 sin2 α

c2

= q2

4πε0

2

3c
γ 4 ω2

c

(v
c

)2
sin2 α (5.27)

and is known as “cyclotron radiation” when v<< c or “synchrotron radiation”
when v approaches the speed of light c. Here α is the angle of the particle velocity
to the magnetic field, ωc = qB/(γm0) is the cyclotron frequency, and the Lorentz
parameter γ = 1/(1− v2/c2)1/2.

As a particle executes an orbit around a magnetic field, the particle undergoes
an acceleration directed towards the center of the orbit and the electric field of the
radiation due to the acceleration detected at a position far from the orbiting particle
varies in time. For nonrelativistic particle motion with an observation angle perpen-
dicular to the magnetic field lines, the radiated instantaneous power peaks when the
acceleration is directed perpendicular to the line of sight (θ ′

A = π/2) and then os-
cillates in time as sin2 θ ′

A with θ ′
A =ωct (see Equation 1.15). The angular frequency

of radiation from particles moving at speeds v<< c is consequently equal to the
orbiting frequency ωc = eB/m0 as γ = 1. If the angle of observation is not perpen-
dicular to the magnetic field or the particle has a significant velocity v|| component
along the magnetic field, when v<< c, harmonics at frequencies nωc are produced,
where n is an integer. The detected radiation is emitted as a harmonic for nonrela-
tivistic particles as the electric field variation in time in the direction of observation
departs from a single frequency sinusoidal oscillation, but has zero electric field
values at the same time as the fundamental frequency ωc. A range of harmonic sine
waves of frequency nωc then sum to produce the electric field variation in time.

Particles moving at relativistic velocities have the angular variation of emission
in the rest frame enhanced in the direction of the particle velocity (see Section 3.5).
This causes departures from a pure sinusoidal oscillation of radiated electric field
as detected in the rest frame and again leads to the production of harmonic frequen-
cies. The spectrum of emission from relativistic particles (synchrotron radiation) is
considered in Section 5.4.

If a particle velocity distribution is isotropic, we can average the expression for
sin α over the surface of a sphere and obtain the radiated power Pav per particle of
cyclotron radiation for an ensemble of particles in a gas or plasma:

Pav =
∫ π

0
PS 2π sin αdα (5.28)

= q2

4πε0

2

3c
γ 4ω2

c

(v
c

)2 ∫ π

0
2π sin3 α dα

= q2

4πε0

2

3c
γ 4 ω2

c

(v
c

)2 8π
3

(5.29)
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Considering electrons of charge q= −e, we can substitute ωc = eB/(γm0) for the
electron cyclotron frequency, use the expression for the classical electron radius
(Equation 4.64) considered in our treatment of Thomson scatter (see Section 4.6),
and obtain an expression for the cyclotron power radiated by an isotropic distribu-
tion of electrons in terms of the magnetic field B. The radiated power per electron
of cyclotron radiation with an isotropic distribution of electron velocities becomes

Pav =
(
2

3

)2

r2ec
(v
c

)2
γ 2B2. (5.30)

The energy density6 of a magnetic field B is B2/(2μ0), so Equation 5.30 can be
written in terms of an energy density Um associated with the magnetic field causing
cyclotron radiation. The radiated cyclotron power Pav for an isotropic distribution
of electron velocities can then be presented in terms of the total Thomson cross-
section σS = (8π/3)r2e (see Equation 4.68) and the magnetic field energy density
Um:

Pav =
(
4

3

)
σS c

(v
c

)2
γ 2 Um (5.31)

upon using μ0 = 1/(c2ε0) (see Section 1.8). As the total scattering cross-section
σS is 6.524× 10−29 m2, we see that the power radiated by cyclotron emission in
a plasma is small and needs to proceed for a long time before the energy radiated
approaches the magnetic field energy density Um.

It is shown in Section 7.9 that the power transfer from electrons to photons dur-
ing inverse Compton scatter of light has an identical form as Equation 5.31 if the
magnetic field energy density U is replaced by the energy density Up of the radia-
tion field. Having a similar expression for the power associated with the scatter of
photons and the emission of cyclotron radiation is possibly unexpected, but arises
fundamentally because the energy density of electromagnetic radiation is propor-
tional to the magnetic field energy density of the radiation (see the discussion for
Equation 1.12).

In plasmas, electrons are accelerated at greater rates and have larger velocities
than ions due to their low mass. Synchrotrons and plasmas produce light more effi-
ciently due to electron or sometimes positron motion rather than a heavier particle
as their low rest mass causes the frequency ωc of emission to be higher and for
similar energy content, the velocity v is higher. The higher velocity v and higher
frequency ωc increase the radiated power proportionally to ω2

cv
2. The increased

velocity can also result in the relativistic factor γ = 1/
√
1− v2/c2 enhancing light

emission due to the γ 2 scaling (see Equations 5.30 and 5.31). As well as increases

6 The energy density B2/(2μ0) of a magnetic field can be verified by considering the energy required to produce
a magnetic field B inside a solenoid; see Exercise 5.2.
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in the angle integrated emission, the maximum intensity of synchrotron radiation
is enhanced compared to nonrelativistic cyclotron radiation, as synchrotron light
is concentrated within a half-angle 1/γ around the direction of the velocity of the
charged particles (see the discussion in Section 3.5).

5.4 Synchrotron Radiation

Synchrotron light is the electromagnetic radiation emitted when particles, mov-
ing at velocities close to the speed of light, change direction under the action of a
magnetic field. A “synchrotron” is typically a large machine (about the size of a
soccer field) that accelerates electrons to almost the speed of light. In a typical syn-
chrotron, a vertical magnetic field causes the electrons to move in a large horizontal
quasi-circular orbit resulting in bright light emitted in the direction of the electron
velocity due to the “beaming” effect discussed in Section 3.5. Synchrotron light is
also emitted when particles in plasmas moving at velocities approaching the speed
of light are accelerated by magnetic fields (see Equations 5.27 and 5.29).

At relativistic particle energies, enhanced emission in the direction of the particle
velocity ensures that synchrotron emission detected in the rest or laboratory frame
comprises electric field oscillations significantly distorted from the sinusoidal vari-
ation of electric field associated with cyclotron radiation where the particles veloc-
ities are nonrelativistic (see Section 5.3). Synchrotron radiation comprises many
closely spaced high harmonics of the relativistically increased cyclotron frequency
ωc = qB/(γm0). Such closely spaced harmonics typically merge into a quasi-
continuum output due to small variations of particle velocities and the magnetic
field strength experienced by accelerated particles.

The total radiated power detected in the rest frame from a charged particle in
a synchrotron can be evaluated from Equation 3.44. With synchrotron radiation
the acceleration of the charged particle is perpendicular to the particle velocity, so
the acceleration a|| parallel to the particle velocity is zero. For the orbiting particle
acceleration a⊥ perpendicular to the velocity, we substitute the acceleration of a
rotating body, namely a⊥ = v2⊥/rL, where rL is the Larmor radius. The total radiated
power P for a particles of charge q is given by

P= q2

4πε0

2

3c3
γ 4 v

4⊥
r2L

≈ q2

4πε0

2

3
γ 4 c

r2L
(5.32)

as the particle velocity v⊥ with synchrotron emission is close to the speed of light c.
Synchrotron machines uses electrons of charge q= −e moving close to the speed
of light. The γ factor for a synchrotron machine is consequently γ ≈ Tk/(m0c2),
where Tk is the kinetic energy of the electrons and m0c2 = 511 keV is the electron
rest mass energy (see Equation 2.72). The power radiated by a synchrotron is often
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expressed using the orbiting electron kinetic energy Tk. The power radiated by each
electron is given by

P≈ e2

4πε0

2c

3r2L

(
Tk
m0c2

)4

. (5.33)

The observed spectrum of synchrotron radiation is determined by the variation
in time of the electric field arising from the acceleration of charged particles as seen
in a rest frame of reference. Beaming effects cause the radiation field observed in
the rest frame to be concentrated in a narrow range of angles close to the direction
of the particle. With synchrotron radiation, an observer sees a pulse of light of
duration much shorter than the period 2π/ωc of gyration of the charged particles
around the magnetic field. The spectrum of observed light consequently extends
over a much broader spectral region than ωc/(2π).

In order to estimate the frequency range of synchrotron emission, we need to
estimate the duration of a pulse of synchrotron emission from a single particle
as detected by an observer. The angular range �θ of an orbiting particle where
the detected emission occurs is given by �θ = 2/γ . The geometry of synchrotron
emission is schematically illustrated in Figure 5.2. By simple geometry, the angular
range is also related to the Larmor radius rL of the particle orbit by �θ =�s/rL,
where �s is the distance along the particle orbit where the detected emission oc-
curs. The velocity change |�v| of the orbiting particle over the distance �s is
given by

|�v| = 2v⊥ sin(�θ/2)≈ v⊥ �θ

as the angular range�θ is small (see the inset in Figure 5.2). Here v⊥ is the velocity
perpendicular to the magnetic field. The quantity v⊥ is equal to the speed of the
particle as it rotates in the Larmor orbit, so that �s= v⊥�t, where �t is the time
taken by the particle to move the distance �s around the Larmor orbit. Replacing
dv⊥/dt by |�v|/�t in Equation 5.23, we have

|�v|
�t

= v⊥�θ
�s/v⊥

= q v⊥B
γm0

.

Simplifying, gives

�θ

�s
= q B

γm0v⊥
= ωc

v⊥
, (5.34)

where ωc = qB/(γm0) is the cyclotron frequency for the particle. The distance
�s around the particle orbit where emitted light reaches the observer can now be
determined using the angular range �θ = 2/γ for emission. Using Equation 5.34:
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1/�

rL

v

v
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v
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�v
��/2

��

|�v| = 2v sin(��/2)

Figure 5.2 The geometry of synchrotron emission. Emission only occurs over
a narrow range of angles �θ = 2/γ due to the beaming effect associated with
the relativistic velocity v of the emitting particles. The inset shows the geometry
needed to work out the change in velocity |�v| = 2v sin(�θ/2) as a particle orbit
rotates by �θ .

�s= 2v⊥
γωc

(5.35)

Equation 5.35 means that the time for emission �t= 2/(γωc).
The arrival time of light at the observer is affected by the changing distance of

the emitting particle from the observer. The first light emission takes longer to reach
the observer, so the time duration of the observed light pulse is reduced compared
to the duration of emission. The time duration �t∗ of the observed pulse of light is
given by

�t∗ =�t− �s

c
, (5.36)

where �s/c is the time for light to travel the distance �s over which emission
occurs. As �t=�s/v⊥, using Equation 5.35 the observed time duration of the
synchrotron pulse of light is given by

�t∗ = 2

γωc

(
1− v⊥

c

)
. (5.37)

The frequency of emission is consequently broad, extending to a maximum fre-
quency ≈ 1/�t∗. When the particle velocity approaches the speed of light, this
maximum frequency is much higher than the cyclotron frequency ωc.
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When particle velocities v⊥ are close to the speed of light c, we can approximate
Equation 5.37 using

1− v⊥
c

= (1− v⊥/c)(1+ v⊥/c)
1+ v⊥/c

= 1− v2⊥/c2

1+ v⊥/c
≈ 1

2γ 2
. (5.38)

The observed time duration of the synchrotron pulse is then simply related to the

relativistic factor γ = 1/
√
1− v2⊥/c2. We have

�t∗ ≈ 1

γ 3ωc
. (5.39)

The spectrum of radiation for synchrotron emission from highly relativistic parti-
cles extends up to a maximum critical frequency ωcrit defined by the inverse of�t∗.
Following standard convention, we set

ωcrit = 3

2
γ 3ωc = 3qB

2m0
γ 2. (5.40)

Converting the frequency in radians per second to cycles per second (hertz), the
value of the synchrotron critical frequency is

νcrit = 3

4π
γ 3ωc = 3qB

4πm0
γ 2. (5.41)

Strong synchrotron emission occurs up to the critical frequency νcrit which is a
frequency higher by a factor (3/2)γ 2 compared to the cyclotron frequency for a
nonrelativistic particle where v⊥ << c.

In Section 4.5, we discussed the Razin effect which causes a reduction in the
beaming of light from relativistic particles in a plasma. Equation 4.61 shows that
there is a cut-off in the beaming effect for relativistic particles in a plasma medium
associated with a refractive index η < 1. The medium produces a much greater
beaming angle �θ ≈ 2ωp/ω than occurs in vacuum where �θ ≈ 2/γ when

ω<< γωp,

where ωp is the plasma frequency (see Equation 4.46). The Razin effect for syn-
chrotron radiation from a plasma stops the strong emission of lower frequency light
where ω<< γωp. As the Lorentz parameter γ can be large for particles such as
electrons with velocities close to the speed of light, the effective cut-off in low fre-
quency emission moves to a greater frequency, well above the lower-limit plasma
frequency ωp applicable for nonrelativistic electrons.
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The polarization of synchrotron light is in the plane formed by the particle ac-
celeration vector and the direction of emission (see Section 1.3). In Section 9.4 we
show that the polarization of light is not changed when moving between frames
of reference. Linearly polarized light detected in astronomy is often associated
with synchrotron radiation, so can indicate the presence of a regular magnetic field
embedded in a plasma [23]. The predominant polarization of a large synchrotron
device with electrons orbiting in a horizontal circle is horizontally linear as the elec-
tron acceleration and direction of observation are horizontal. Small deviations from
a pure horizontal polarization can occur at small angles away from the horizontal
axis of a synchrotron as electrons then have a small nonhorizontal acceleration
component.

5.5 The Spectrum of Synchrotron Radiation

To obtain the spectrum of synchrotron radiation, the electric field variation in
time associated with the pulsed output needs to be determined. The temporal elec-
tric field variation of synchrotron radiation can be calculated using the expression
(Equation 3.59) for the radiated power detected in the rest frame as a function of
angle θ to the velocity. Angles θ are related to distances s around the circumference
of the orbiting charge by

θ = s

rL
,

where rL is the Larmor radius (see Figure 5.2). The relative time t in the rest frame
when synchrotron light reaches an observer needs to take account of the time of
flight of photons from the emission distance s. The distance s over which syn-
chrotron emission occurs is along a line of sight intersecting the synchrotron orbit
(see Figure 5.2), so that using Equation 5.38 we have that

t= s

v⊥

(
1− v⊥

c

)
≈ s

v⊥
1

2γ 2

and hence

s≈ 2v⊥γ 2t.

We can now relate the angle θ of a particle in the synchrotron orbit to the time t
when emission is detected along a line of sight:

θ = v⊥
rL

= 2γ 2 v⊥
rL
t= 2γ 2ωct, (5.42)
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where ωc = v⊥/rL = qB/(γm0) is the cyclotron frequency. We have defined a crit-
ical frequency ωcrit related to the spectrum of synchroton emission with ωcrit =
(3/2)γ 3ωc (see Equation 5.40). In terms of the critical frequency

θ =
(
4ωcrit
3γ

)
t=ω∗

critt, (5.43)

where we introduce

ω∗
crit =

4ωcrit
3γ

= 2γ 2ωc.

As the particle rotates, we can set the angle θ to a line of sight using θ =ω∗
critt.

Using Equation 3.59, the power radiated as a function of time t is given by

dP

d�
= q2

4πε0

1

4πc3
v4⊥
r2L

(
1

1− v⊥ cos θ/c

)4
(
1−

(
sin θ cos φ

γ (1− v⊥ cos θ/c)

)2 )

≈ q2

4πε0

c

4πr2L

(
1

1− v⊥ cos(ω∗
critt)/c

)4
(
1−

(
sin(ω∗

critt) cos φ

γ (1− v⊥ cos(ω∗
critt)/c)

)2 )
.

(5.44)

The variation of electric field amplitude E(t) with time is proportional to the square
root of dP/d� given by Equation 5.44. We can write

E(t)= E0

(
1

1− v⊥ cos(ω∗
critt)/c

)2
√
1−

(
sin(ω∗

critt) cos φ

γ (1− v⊥ cos(ω∗
critt)/c)

)2
, (5.45)

where

E0 = 1

ε0c

q√
4πε0

1√
4πc3

v2⊥
rL
.

An example of the time dependence of the electric field in a pulse of synchrotron
light is shown in Figure 5.3.

An electric field temporal pulse is composed of many sinusoidal electric field
components with a large range of frequencies. The electric field E(ω) variation with
frequency ω for synchrotron radiation is obtained from Equation 5.45 by taking the
Fourier transform of E(t):

E(ω)=
∫ ∞

−∞
E(t) exp(iωt)dt (5.46)

In the extreme relativistic limit when γ >> 1, it is more accurate to evaluate the
Fourier transform of the electric field using the approximations (1− v⊥ cos θ/c)≈
(1+ γ 2θ2)/(2γ 2) (Equation 3.53) and sin θ ≈ θ . Using θ =ω∗

critt and Equation
5.45, the Fourier transform of the electric field variation in time becomes

https://doi.org/10.1017/9781009236072.006 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.006


148 Particle Motion and Radiation in Electric and Magnetic Fields

Figure 5.3 The electric field component for a pulse of synchrotron light at a
single frequency ω= 10ω∗

crit (see the text). The electric field variation with time in
units of ω−1 is shown for v⊥/c= 0.9 (γ = 2.29) and an azimuthal angle φ = π/2.

E(ω)≈ 8E0γ
4
∫ ∞

0

√(
1− 2γ 2(ω∗

critt)
2 cos(2φ)+ γ 4(ω∗

critt)
4
)

(1+ γ 2(ω∗
critt)

2)3
cos(ωt)dt. (5.47)

Synchrotron radiation power P(ω) from large synchrotron facilities is commonly
quoted as the power per a constant 0.1% frequency bandwidth rather than the
power per a constant unit of frequency. The power P(ω) in units of power per
constant bandwidth is related to the power per unit frequency dP(ω)/dω such that
P(ω)∝ (dP(ω)/dω) ω. The total power P(ω) output with synchrotron radiation is
proportional to the square of the electric field variation with frequency (see Equa-
tion 1.12) so the synchrotron radiation power from a single electron is given by

P(ω)= 1

2
ε0c|E(ω)|2(10−3ω)dA, (5.48)

where dA is the area of the beam. Using Equation 5.47 to deduce the Fourier trans-
form of the electric field and then evaluating the synchrotron power using Equation
5.48, the spectrum of synchrotron radiation is shown in Figure 5.4. The output
power P(ω) increases with frequency up to the critical frequency ωcrit as defined
by Equation 5.40. The synchrotron power output then drops rapidly as ω increases
above ωcrit. The relative variation in synchrotron power shown in Figure 5.4 ap-
plies for all values of γ >> 1, though the total output power (i.e. the absolute value
of the vertical power axis) varies strongly with γ (the power integrated over all
frequencies ∝ γ 4; see Equation 5.32).
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Figure 5.4 The spectrum of synchrotron radiation. The relative output power
P(ω) is shown as a function of relative frequency ω/ωcrit, where ωcrit is the critical
frequency. This evaluation is for azimuthal angle φ = π/2.

It is useful to examine the development of a typical synchrotron spectrum as
the electron energy increases from nonrelativistic values (γ close to 1) up to highly
relativistic regimes (γ >> 1). For low energies, the electric field varies sinusoidally
with a frequency equal to the cyclotron frequency ωc. In synchrotron and cyclotron
devices, radiation is detected at angles close to π/2 to the acceleration associated
with the orbit around the magnetic field. In synchrotron and cyclotron devices, the
spectrum of radiation at low energies is consequentially a single spectral line at
the cyclotron frequency ωc. In plasmas, where observations can be at some angle
other than π/2 to the acceleration, cyclotron harmonics at frequency nωc (with n
an integer) can occur as the electric field is always zero at the same node points as
the fundamental frequency ωc, but along an arbitrary line of sight, is no longer a
simple sinusoid.

When the velocity of particles increases (v/c approaches 1), higher harmonics
are produced even when the observation angle to the acceleration is close to π/2,
as the electric field is no longer a simple sinusoid, but is distorted due to the beam-
ing effect. Again the electric field is zero at the same node points as the fundamental
frequency ωc so that the contributions of the different frequencies to the total elec-
tric field are all harmonics nωc.

For highly relativistic velocities (where v≈ c and γ >> 1), the sinusoidal vari-
ation of electric field present at low velocities becomes a series of sharp pulses
repeated at time intervals 2π/ωc when particles undergo a complete Larmor orbit
(see Figure 5.3). The spectrum is a large number of harmonics, with the envelope of
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the power of each harmonic adding to give the spectrum shown in Figure 5.4. With
synchrotron devices, there is typically a small spread of particle energies so that the
cyclotron frequency ωc = qB/(γm0) varies for different particles with slightly dif-
ferent energies and hence slightly different values of γ . The spread of energies and
small variations of magnetic field B seen by different particles cause synchrotron
emission at highly relativistic velocities to be effectively continuous once the spec-
tral contribution from a large number of particles is summed.

5.6 Bending Magnets and Undulators

The output radiated power from charged particles moving at relativistic velocities
in a large circular orbit synchrotron can be significantly enhanced by using mag-
netic fields to accelerate the particles into a motion with smaller radii of curvature.
The power radiated by charged particles in a circular orbit is proportional to 1/r2L,
where rL is the Larmor radius of curvature (Equation 5.33). Moving the Larmor
radius for particles from values of tens of meters down to a centimeter scale can
alone increase the power output by > 106. Further enhancement can be engineered
by adding a sequence of bending magnets so that particles undergo a sine wave
oscillation.

Synchrotron radiation sources and particle accelerator facilities often have par-
ticles rotating in large radii rL “storage rings” to minimize radiation losses. Where
radiation is needed, particles are injected into bending magnets producing a small
Larmor radius. Employing alternating magnetic fields, particles injected into alter-
nating magnetic pole pieces can undergo oscillatory half-orbital trajectories. If the
radiation electric field produced by each pole piece is independent, the alternating
magnetic field structure is known as a “wiggler” and the radiated power is propor-
tional to the number of pole pieces. If the pole pieces are placed sufficiently close
to each other, the electric fields from each pole piece can add coherently and the al-
ternating magnetic field structure is known as an “undulator.” For an undulator, the
electric fields from each pole piece add, so that the radiated power is proportional
to the square of the number of pole pieces because the power is proportional to the
square of the electric field. With an undulator there is also a decrease of the angular
variation of the radiation output in one plane, leading to an enhanced power per
unit solid angle.

We can examine the motion of particles in an undulator by considering the
Lorentz force due to the magnetic field (Equation 5.1). Radiated fields are rela-
tively weak so that we ignore the radiation reaction force (see section 7.12) and
any electric field. The force on a particle in an undulator is given by
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dp
dt

= q(v×B). (5.49)

Assuming a Cartesian coordinate system for an undulator where the particle veloc-
ity v is in the x-direction and the magnetic field Bz is in the z-direction, the particles
are accelerated in the y-direction. We have

γm0
dvy
dt

= qvxBz

upon using subscripts for the velocities v in different directions and assuming |v| is
close in value to vx.

In an undulator, there is a periodic oscillation along the x-direction of the mag-
netic field due to the alternate reversing of the polarity of pole pieces. If the spacing
between pole pieces of the same polarity is λU , the magnetic field variation and par-
ticle oscillation has a regular structure with a “wavelength” of λU . We can write for
the spatial variation of the magnetic field

Bz = B0 cos

(
2πx

λU

)
. (5.50)

If there are Np pole pieces, this variation of magnetic field extends from say x= 0
up to x=NpλU . The particle acceleration in the y-direction oscillates with distance
x as

γm0
dvy
dt

= q
dx

dt
B0 cos

(
2πx

λU

)
.

Multiplying both sides by dt, integrating the left-hand side with respect to dvy and
the right-hand side with respect to dx gives

γm0vy = qB0

∫
cos

(
2πx

λU

)
dx= qB0

λU

2π

∫
cos

(
2πx

λU

)
d

(
2πx

λU

)
.

The cosine integral is readily evaluated to give an expression for the particle veloc-
ity in the y-direction as a function of distance x along the undulator. We have

vy = Kmc

γ
sin

(
2πx

λU

)
, (5.51)

where we introduce the dimensionless parameter Km such that

Km = qB0λU

2πm0c
. (5.52)

The parameterKm is known as the “magnetic deflection parameter” for an undulator.
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Particles in an undulator are deflected from paths parallel to the x-direction with
a “deflection angle” θD given by

θD = vy
vx

≈ vy
c

= Km
γ

sin

(
2πx

λU

)
.

The maximum deflection angle of a particle is Km/γ , so if Km < 1, the relativistic
cone of radiation emission with a half-angle 1/γ overlaps at all stages of the par-
ticle motion. The electric fields of the radiation emission at different stages of the
particle motion can interfere and add. A value of Km < 1 is consequently a criterion
for an array of magnetic pole pieces to act as an undulator. If Km >> 1, only a small
angular range of the relativistic emission overlaps at different stages of the particle
motion and so coherent addition of electric fields at different stages of the particle
motion does not occur. The magnetic deflection parameter Km >> 1 is the criterion
for an array of pole pieces to act as a wiggler.

The angular radiation output from an undulator or wiggler in the direction of the
particle oscillation (our y-direction) is over a range of angles Km/γ , while in the
direction of the magnetic field (our z-direction), the Lorentz beaming effect means
the angular range of radiation is over 1/γ . With an undulator, Km < 1, and the
angular range of emission is reduced in the direction of the particle oscillation. The
net effect is a concentration of undulator power into a solid angle which is reduced
by a factor Km compared to the solid angle of emission from a simple bending
magnet.

In the magnetic fields of an undulator, the Lorentz factor γ is constant as the par-
ticle energy remains constant apart from a small radiation energy loss. For particles
with initial velocity v injected into an undulator

γ = 1√
1− v2/c2

= 1√
1− (v2x + v2y)/c

2
.

Hence

v2x
c2

= 1− 1

γ 2
− v2y
c2

= 1− 1

γ 2
− K2

m

γ 2
sin2

(
2πx

λU

)
.

Taking the square root of v2x/c
2, noting that 2 sin2 α = 1− cos(2α) for any angle α

and vx/c≈ 1, we have

vx
c

= 1− 1+K2
m/2

2γ 2
+ K2

m

4γ 2
cos

(
2
2πx

λU

)
. (5.53)
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d cU/vx 

 

U 

Radiation  

Particle oscillation 

Figure 5.5 A schematic of an undulator showing the particle oscillation and
radiation emission at angle θ . The geometry illustrates that the distance d be-
tween the particle motion and the electromagnetic wavefront is given by d=
cλU/vx − λU cos θ , where λU is the wavelength of the particle oscillation. For the
two rays of emission illustrated, the radiation electric fields of wavelength λ are in
phase if d= nλ, where n is an integer.

The average value of the particle velocity in the x−direction is simply

< vx >

c
= 1− 1+K2

m/2

2γ 2
. (5.54)

The time for a particle to travel a length λU along an undulator is λU/<vx>. In
this time, a wavefront of electromagnetic radiation travels a distance of c λU/<vx>.
After one period of particle motion through the undulator (distance λU), the spatial
separation d of the particle and an electromagnetic wavefront propagating at an
angle of θ to the x-axis along the direction of the radiation is given by

d= c λU
< vx >

− λU cos θ.

A schematic illustrating the derivation of the spatial separation d is shown in
Figure 5.5.

For the coherent addition of electric fields, the wavelength λ of the radiation in
the undulator must be such that d= nλ, where n is an integer. From Equation 5.54,
for small K and large Lorentz factor γ :

c

< vx >
≈ 1+ 1+K2

m/2

2γ 2
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The wavelengths λr where coherent positive interference of emission from different
pole pieces occurs are thus given by

nλr ≈ λU

(
1+ 1+K2

m/2

2γ 2

)
− λU cos θ.

For small angles θ , we have cos θ = 1− 2 sin2(θ/2)≈ 1− θ2 and obtain an equa-
tion for allowed undulator wavelengths

λr ≈ λU

2nγ 2

(
1+ K2

m

2
+ γ 2θ2

)
. (5.55)

Equation 5.55 is known as the “undulator equation.” The value of λr with n= 1 is
referred to as the resonant wavelength. Shorter output wavelengths with n> 1 are
known as “harmonics.”

The value of the magnetic deflection parameter Km is proportional to the mag-
netic field B0 and spacing λU/2 of the magnetic pole pieces (see Equation 5.52).
Even with a fixed spacing of pole pieces (fixed λU/2), from Equation 5.55 we
see that it is possible to tune the output wavelengths by changing the magnetic field
value. Undulator wavelengths also vary with the angle θ to the axis of the undulator
and so appropriate apertures are often employed to select the required wavelengths
of output. The λ∝ 1/γ 2 dependence in the undulator equation ensures that undu-
lator output can be at X-ray wavelengths (λ< 1 nm) as low mass particles such as
electrons with energies > 0.5 GeV have γ > 1,000. If there are Np magnetic pole
pieces, the radiated power from an undulator varies as N2

p , as the electric fields
of the electromagnetic wave from each pair of pole pieces add coherently and the
power is proportional to the square of the electric field.

5.7 Free Electron Lasers

Free electron lasers enhance radiation output from undulator structures by
“microbunching” electrons so that the radiation emission from all electrons adds
coherently. Microbunching occurs due to a ponderomotive force associated with
an intense laser electromagnetic wave copropagating with the electron beam caus-
ing electrons to be spaced along the undulator with the same period as the magnetic
pole pieces of the undulator. The output of a free electron laser is enhanced above
that of an undulator by the number of electrons in a microbunch as the output is pro-
portional to the square of the number of electrons, rather than being proportional to
the number of electrons. For a review of free electron laser physics and operations,
see Pellegrini et al. [87]. A schematic illustrating the methods of producing radia-
tion from relativistic particles is shown in Figure 5.6.

https://doi.org/10.1017/9781009236072.006 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.006


5.7 Free Electron Lasers 155

(a) Bending magnet 

S 

N 

S 

N 

S 

N 

S 

N 

S 

S 

N 

S 

N 

S 

N 

S 

N 

(b) Wiggler 

N 

S 

N 

S 

N 

S 

N 

S 

N 

S 

S 

N 

S 

N 

S 

N 

S 

N 

(c) Undulator 

N 

S 

N 

S 

N 

S 

N 

S 

N 

S 

S 

N 

S 

N 

S 

N 

S 

N 
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Figure 5.6 A schematic showing the production of radiation from relativis-
tic electrons using (a) bending magnets (power ∝ neγ 4/r2L), (b) wigglers (power
∝ neNpγ 4/r2L) , (c) undulators (power ∝ neN2

pγ
4/r2L), and (d) free electron lasers

(power ∝ n2eN
2
pγ

4/r2L). Here ne is the number of electrons in the radiating volume,
Np is the number of magnetic pole pieces, γ is the relativistic Lorentz factor for
the electrons, and rL is the Larmor radius of the electron orbit in the magnetic field.

Free electron lasers operating in the visible and infra-red can utilize an opti-
cal “cavity” where mirrors reflect the light backward and forwards through an un-
dulator. In the extreme ultraviolet and X-ray spectral regimes (wavelengths < 50
nm), mirrors and a cavity are not feasible due to the low reflectivity of mirrors.
At shorter wavelengths, the laser electromagnetic radiation in a free electron laser
can be “seeded” by injecting coherent light into an undulator or it can grow by
amplification of spontaneous emission arising from the undulator output (this last
method of operation is known as self-amplified spontaneous emission: SASE).

We represent the electric field of the laser light along the undulator length
(x-direction) by

Ey = E0 cos(kx−ωt+ψ), (5.56)
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where k is the radiation wavenumber, ω is the radiation frequency, andψ represents
the phase difference between the light and the electron oscillations in the undulator.
The magnetic field variation along the undulator length is as shown for Equation
5.50 with

Bz = B0 cos (kU x) . (5.57)

We introduce here a “wavevector” kU for the magnetic field oscillation with kU =
2π/λU . The magnetic field oscillation with distance x along the undulator causes an
electron velocity oscillation perpendicular to the undulator axis and the magnetic
field (see Equation 5.58) such that

vy = −Kmc

γ
sin (kU x) . (5.58)

The magnetic deflection parameter Km in terms of kU for electrons is given by

Km = eB0

kU m0c
. (5.59)

Electrons in the undulator oscillate with a velocity vy parallel to the electric field
Ey of the laser light and are accelerated (or deaccelerated) by the laser electric field.
The electrons move in a force −eEy so that the rate of energy transfer to an elec-
tron due to the force is −eEyvy. The kinetic energy of electrons oscillating due to
the alternating electric field associated with an electromagnetic wave is termed the
ponderomotive energy (see Chapter 4). The ponderomotive energy U of electrons
in an undulator changes at a rate

dU

dt
= −vyeEy = eE0

Kmc

γ
sin (kU x) cos(kx−ωt+ψ)

= eE0
Kmc

2γ
[sin ((k+ kU)x−ωt+ψ)+ sin ((k− kU)x+ωt−ψ)]

upon using the identity sin a cos b= (sin(a+ b)+ sin(a− b)) /2. The Lorentz fac-
tor γ is constant with the electron oscillations due to the undulator magnetic field
and we assume that the change of γ due to the laser electric field is small. Further-
more, we ignore the low spatial frequency variation of dU/dt (varying as
sin ((k− kU)x)) and write that
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dU

dt
= eE0

Kmc

2γ
sin ((k+ kU)x−ωt+ψ). (5.60)

The velocity of the highly relativistic electrons used in undulators and free elec-
tron lasers is close to the speed of light c. The variation of the electron kinetic
energy along the length of the undulator is, therefore, given by

dU

dt
= dU

dx

dx

dt
≈ 1

c

dU

dx
.

Within the phase term of Equation 5.60, a precise measurement of the electron
velocity along the undulator axis (the x-direction) is needed to convert time t to
distance x. The average value of the electron velocity <vx> in the x-direction is
always slightly less than the speed of light c. In Section 5.6 we showed that particle
velocities along an undulator are related to the magnetic deflection parameter K as
given by Equation 5.54. We have

<vx>

c
= 1− 1+K2

m/2

2γ 2
≈ 1

1+ (1+K2
m/2)/(2γ

2)
(5.61)

as the deviation of the electron velocity <vx> from the speed of light c is small.
The laser electromagnetic wave propagates at phase velocity c=ω/k (see Equation
1.7). We can equate time t to a value x/ < vx >, where x is the distance along the
undulator axis. The temporal phase variation ωt of the laser electromagnetic wave
relates to the spatial phase variation with

ωt= k x c/ <vx>= k x

(
1+ 1+K2

m/2

2γ 2

)
.

Rewriting the phase term of Equation 5.60 so that it represents the relative phase
between the electromagnetic wave and the electron oscillation as a function of dis-
tance x along the undulator, we have

dU

dx
= eE0

Kmc2

2γ
sin�, (5.62)

where the phase � of the electron oscillation relative to the laser electromagnetic
wave is given by

�=
(
kU − k(1+K2

m/2)

2γ 2

)
x+ψ. (5.63)

The ponderomotive force associated with gradients of ponderomotive energy
was discussed in Chapter 4. The ponderomotive force Fp on an electron is given
by Fp = −∇U (see the discussion leading to Equation 4.18). From Equation 5.62,
there is a ponderomotive force −dU/dx on each electron directed in the x-direction
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that seeks to reduce the phase � between the electron oscillation and the electro-
magnetic wave to zero (or an integer multiple of π) by moving electrons to a zero
value of dU/dx.

The phase � is reduced to zero when the phase ψ between the electron oscilla-
tions and the electromagnetic wave oscillations reduces to zero. We saw in Section
5.6 that undulators produce enhanced light output when the electric fields of the
electromagnetic wave produced from adjacent pole pieces of the same parity co-
herently add. The undulator equation (Equation 5.55) gives the wavelengths λr of
light which are resonant for an undulator. For angles parallel to the undulator axis
with θ = 0, the resonant (n= 1) wavelength is given by

λr ≈ λU

2γ 2

(
1+ K2

m

2

)
. (5.64)

The corresponding resonant wavevector kr = 2π/λr for a wavelength λr (see
Equation 5.64) is given by

kr ≈ kU
2γ 2

1+K2
m/2

. (5.65)

Substituting k= kr from Equation 5.65 into the expression for the phase difference
� between the electron oscillation and the laser electromagnetic wave (Equation
5.63), we see that � is zero when the phase difference ψ between the light and the
electron oscillation is zero. The electrons and the electromagnetic wave are then
in phase so that the ponderomotive force dU/dx= 0. The reduction to zero of the
phase ψ between the electron oscillations and electromagnetic wave oscillation is
the process that causes electrons to microbunch together in an undulator operating
as a free electron laser.

In a free electron laser, electrons microbunch with separation in distance along
the undulator axis equal to the wavelength of a resonant electromagnetic wave.
The microbunched electrons then oscillate coherently in the transverse direction to
the axis so that the oscillating charge q effectively becomes q= −Nee, where Ne
is the number of electrons in a microbunch. The output power from an accelerated
charge is proportional to q2 (see Equation 1.16), so the power output from a free
electron laser is proportional to N2

eN
2
p , where Np is the number of magnetic pole

pieces in the undulator. The power output from a free electron laser is Ne times the
power of an equivalent undulator.

A free electron laser can readily operate up to the critical frequency ωcrit for
synchrotron radiation as defined by Equation 5.40. The critical frequency ωcrit =
(3/2)γ 3ωc, where ωc is the cyclotron frequency of the undulator structure. Due
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to the γ 3 scaling, free electron lasing at photon energies up to 10 keV is readily
achieved with a large electron accelerator.

Exercises

5.1 Consider a thin wire of short length dl with Ne conducting electrons per unit
length along which flows a current IC given by IC =Neeve, where ve is the
velocity of the electrons. A positive test charge q at a distance r at an angle of
θ to dl is electrostatically attracted to the wire by the electrons and repelled
by the positively charged ions in the wire. The charges per unit length Ne due
to the electrons and ions are equal in magnitude, but opposite in sign so that
the overall wire is neutrally charged. (a) If the charged particle is moving at
a velocity v parallel to dl and allowing for relativistic effects on the electric
fields produced by the electrons and ions in the wire, show that the respective
electrostatic forces of attraction dF− and repulsion dF+ between the charge
and the electrons and ions respectively are given by

dF− = − 1

4πε

qNeedl

r2

[(
1− (v+ ve)2

c2

)1/2

sin θ + cos θ

]
,

dF+ = 1

4πε

qNeedl

r2

[(
1− v2

c2

)1/2

sin θ + cos θ

]
.

(b) Hence, show that the net attractive force dF= dF+ + dF− for electron
velocities ve << c and a velocity v in the same direction as the current I is
given by

dF= −μ0

4π

IC dl

r2
qv sin θ.

(c) Assuming the Lorentz equation dF= qv×dB defines a magnetic field dB
associated with the current carrying element, show that

dB= μ0

4π

IC dl×r̂
r2

,

where r̂ is a unit vector in the direction of r. [For an answer to this Exercise,
see Section 10.2.]

5.2 A cylindrical solenoid has wiring with N turns per unit length around a cir-
cular cross-sectional area of A and radius R. Use the Biot-Savart law to show
that the magnetic field B produced inside such a solenoid of length l at the
center of the solenoid is given by

B= μ0

2
ICN

∫ l/2

−l/2
R2dx

(R2 + x2)3/2
,
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where x is a distance along the length of the solenoid and IC is the current in
the wire. Hence show that for an infinitely long solenoid,

B=μ0NIC.

The “inductance” Lind of a solenoid is defined by the voltage LinddIC/dt. Show
that the energy per unit length required to charge an infinitely long solenoid
is (1/2)LindI2C. Faraday’s law in an integral form shows that the voltage op-
posing the rise in current in a solenoid is NA dB/dt. Show that the inductance
of the infinitely long solenoid per unit length is given by μ0N2A and that the
energy per unit length required to achieve a magnetic field B in the solenoid
is given by A(1/2)B2/μ0. [This analysis confirms that the energy per unit
volume contained in a magnetic field is (1/2)B2/μ0.]

5.3 A particle of charge q and rest mass m0 moves with a velocity v relative to the
laboratory frame of reference and hence has a momentum p in the laboratory
frame given by

p= m0v
(1− v2/c2)1/2

.

An electrostatic potential accelerates the charge. The force F due to the po-
tential must be such that

F= dp
dt
.

Differentiate the above expression for the momentum p to show that in the
laboratory frame

F= m0

(1− v2/c2)1/2
dv
dt
.

5.4 Synchrotrons can accelerate particles to velocities close to the speed of light.
Consider a synchrotron of circumference LC with protons of kinetic energy
Tk. Show that the magnetic field B needed to maintain the proton orbit within
the synchrotron circumference is given by

B= 2πTk
e c LC

.

5.5 The Large Hadron Collider (LHC) near Geneva is the world’s largest and
highest energy particle accelerator. It is used for fundamental research in par-
ticle physics, notably producing the Higgs boson in 2012, a particle with a
rest mass energy of 125 GeV. The LHC employs a circular “storage ring” of
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circumference 26.7 km containing protons of energy up to 6.7 TeV. Deter-
mine the magnetic field needed to keep these protons within the storage ring.
[5.1 T]

5.6 Consider synchrotron radiation for particles with kinetic energy Tk(t) mea-
sured relative to their rest mass energy m0c2. Assuming that synchrotron ra-
diation is the only process affecting the particle energy, show that the particle
kinetic energy changes in time t from some initial time t= 0 according to the
following relationship:

ln

(
Tk(t)

Tk(0)

)
− ln

(
Tk(t)+ 1

Tk(0)+ 1

)
+ 1

Tk(t)+ 1
− 1

Tk(0)+ 1
= −8

3
σS c

U

m0c2
,

where σS is the Thomson scatter cross-section and U is the energy density of
the magnetic field.

5.7 If particle kinetic energies are significantly below the particle rest mass en-
ergy, show that the kinetic energy of particles varies due to cyclotron radiation
such that

Tk(t)= Tk(0) exp

(
− t

t0

)
,

where t0 ≈ 4/B2 seconds for the magnetic field B measured in Tesla.
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6

Photon and Particle Distribution Functions

To examine the emission or absorption of light from matter, we need to know how
the numbers of interacting particles of matter change with particle energy. The dis-
tribution of particle numbers with energy is also needed in order to evaluate the total
energy of an ensemble of particles and the way particles and energy move spatially
and change temporally. In equilibrium, populations of quantum states are steady-
state and the population variation with energy is characterized by a temperature.
Equilibrium population distributions occur when there are sufficient interactions to
enable a statistical distribution of particle energies.

All particles in equilibrium have energy distributions represented by a tem-
perature, but the population distributions divide into two categories with differ-
ent forms. Particles have Fermi-Dirac or Bose-Einstein distributions depending on
whether the particles are respectively classed as fermions or bosons. The equilib-
rium population distributions are different as bosons can have any number of parti-
cles in a quantum state, while fermions are restricted to a maximum of one particle
per quantum state (a restriction known as the Pauli exclusion principle). Particles
such as electrons and protons are fermions and obey Fermi-Dirac statistic. Photons
are an example of the boson class and obey Bose-Einstein statistics. We follow a
treatment in Section 6.1 for the derivation of particle distribution functions that al-
lows for the two types of distributions by allowing the number Ni of particles in a
quantum state i to be either 0 or 1 for fermions, but to have any integer value for
bosons.

The naming of the particle distributions as Fermi-Dirac or Bose-Einstein with
particles labeled as fermions or bosons was instigated by the founder of relativis-
tic quantum mechanics Paul Dirac (1902–1984). Later in life, Dirac preferred the
expressions “Fermi” and “Bose” statistics, modestly dropping his own name and
for symmetry, dropping Einstein’s name. Dirac was born in Bristol and worked for
most of his life at the University of Cambridge. Dirac shared the 1933 Nobel prize
in physics with Erwin Schrodinger. The Nobel citation reads “for the discovery of
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new productive forms of atomic theory.” Dirac’s fundamental discoveries in quan-
tum mechanics make him one of the most significant physicists of all time.1

Enrico Fermi (1901–1954) was born in Rome and worked in Italy and from
1938 in the United States, where he led the building and operation of the first
nuclear reactor. The Chicago Pile-1 reactor sustained the first fission chain reac-
tion in 1942. Fermi was awarded the Nobel prize in 1938 with the Nobel cita-
tion “for his demonstrations of the existence of new radioactive elements produced
by neutron irradiation, and for his related discovery of nuclear reactions brought
about by slow neutrons.” Earlier Fermi developed the distribution function for
particles where only one particle can occupy a quantum state. Fermi published
a result in the same year as Dirac also solved the particle distribution problem
[25], [38].

Satyendra Bose (1894–1974) was an Indian mathematician and physicist who
contacted Einstein in order to publish his work on the distribution function of pho-
tons [98]. Particles such as photons which obey Bose-Einstein statistics were also
termed “bosons” by Dirac after Bose. In the modern standard model of particle
physics, it is recognized that other “force carrying” particles, namely gluons, and
the W and Z bosons are also bosons (photons are the force carriers for electromag-
netism). Whole atoms if the total spin is an integer also behave as bosons. When
cooled bosonic atoms form Bose-Einstein condensates [91].

Wolfgang Pauli (1900–1958) was born in Austria, but worked in the United
States from 1940 to 1946. Pauli developed several concepts in quantum mechan-
ics including the principle bearing his name (the Pauli exclusion principle) that
only one electron (or more generally one fermion) can occupy a quantum state.
Pauli was awarded the Nobel prize in 1945 for developing the exclusion
principle.

This chapter evaluates the equilibrium distribution of photon and particle ener-
gies. Expressions for particle energy distribution functions are derived using the
idea of temperature and, for fermions, the chemical potential. The chemical poten-
tial is the energy needed to add another particle to an ensemble of particles. This
leads to the Boltzmann ratio for the ratio of the population of two quantum states in
an atom or ion and to the Saha-Boltzmann equation for the ratio of the populations
of different ionization stages. The equilibrium distribution for radiation energy
density and radiation intensity, the black-body radiation distribution is introduced.

1 Paul Dirac was known to be extremely taciturn and precise in private, though he was an excellent public
speaker and writer. Dirac became a professor at Florida State University in 1971 and undertook lecture tours. I
heard Professor Dirac lecture on the fine structure constant during a visit to the Australian National University
in 1975 [26]. I then attended a buffet lunch during his visit as a representative of the graduate students of the
university. At the lunch I made myself innocuous by grabbing food and sitting at a corner table. To my
surprise, the guest of honor Paul Dirac did the same and sat next to me without speaking. It was a typical
Canberra summer day with a temperature of 35 ◦C, so I attempted to open a dialogue with “It’s hot, isn’t it?”
Dirac replied, “Yes.” I sensed that further conversation was not required, so we then both ate in silence.
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Particle distribution functions for free electrons are presented: namely, the nonrel-
ativistic Maxwellian distribution and the relativistic Maxwell-Juttner distribution.

6.1 Particle Distribution Functions

For a large number of particles, the probability that a particle is in an energy state
E can be described by a quantity f (E)dE proportional to the number of particles
per unit volume with an energy between E and E+ dE. The variation with particle
energy of the number of particles for an equilibrium particle distribution can be
characterized by two parameters: the temperature and the total number of particles.
Instead of using the total number of particles, a quantity known as the chemical
potential can be employed. The chemical potential is the energy required to add
another particle to the group of particles.

For an equilibrium particle distribution function to exist, the different states of
the system need to be accessible and there must be sufficient time without change
of the system for the equilibrium distribution to be established. An equilibrium
particle distribution function is the most probable distribution when the system is
unchanged for some time. The length of time for equilibrium to be established
depends on the rate of interaction, for example, the rate of collisions between
particles.

In this section, we determine a general expression for equilibrium particle distri-
bution functions leading to expressions for a collection of fermions (e.g. electrons),
where only one fermion can occupy a quantum state, or a collection of bosons,
where any number of bosons can occupy a quantum state. A relevant example of
the boson class are photons. Any number of photons can occupy the same energy
and spatial state. For photons, the same energy and spatial state is often referred to
as a “mode.”

We start our investigation of particle distribution functions by considering
scenarios where temperatures may be low or modest, leading to the Fermi-Dirac
distribution for fermions and the Bose-Einstein distribution for bosons. At the
high temperatures where relativistic effects are important, the distinction between
Fermi-Dirac and Bose-Einstein distributions largely disappears for laboratory plas-
mas as quantum state occupancies tend to be low and the “degeneracy” of fermions
(number of quantum states for particles to occupy) has little effect. There are as-
trophysical situations where relativistic energies and particle degeneracy are both
important (for e.g. in neutron stars where temperatures can approach 107–108 eV
and densities approach 3× 1017 Kg m−3, comparable to the density of an atomic
nucleus).

Consider the change �U of the total energy U of an assumed large number ntot
of particles distributed into a number of quantum states. For a constant temperature
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6.1 Particle Distribution Functions 165

T and constant chemical potential μ, any change in the total energy U of a large
number of particles arises from a change in the entropy S of the system, plus any
energy change due to a change �ntot of the number of particles. We have

�U = T�S+μ�ntot. (6.1)

In thermodynamics, entropy change �S is defined by the first term on the right
and the chemical potential μ by the second term on the right. If the temperature
is kept constant, there can be an energy change associated with an increase in the
“disorder” represented by the entropy and an energy change when more particles
are added (or removed).

The total energy U is determined by adding up the energy of each quantum state
multiplied by the number of particles in the state, so that

U =
∑
i

NiniEi, (6.2)

where Ni is the number of particles allowed in the ith quantum state and ni is the
number of quantum states in the system with an energy Ei. For fermions, Ni = 1 or
Ni = 0 particles per quantum state. For particles such as photons which are classed
as bosons, Ni can range from 0, 1, 2, ... up to any integer.

The total number of particles is determined from a summation of the particle
number over all the quantum states. We have

ntot =
∑
i

Nini. (6.3)

In statistical physics, the entropy S of a system is determined by the number of
ways Q that particles can be arranged in the collection of quantum states of the
system. We have that

S= kB lnQ. (6.4)

We show below that this definition of entropy is consistent with the thermodynamic
definition stated in terms of the change �U of total energy of the particles due to
increasing entropy �S:

�S= �U

T

The logarithm in Equation 6.4 is useful in obtaining an approximate value for
the entropy. Fortunately, the approximation we will use becomes very accurate
when the number ntot of particles is large. The number of distinct arrangements of
ntot indistinguishable particles into quantum states (which we are labelling as i) is
given by probability theory. We have that the number of distinct arrangements Q is
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given by the factorial of the total number ntot of particles divided by the product of
factorials of the number ni of particles in each quantum state i of the system2 :

Q= ntot!∏
i ni!

(6.5)

The total number of ways that ntot particles can be arranged is ntot!. We are not
concerned with the order of “placing” the particles in each of the quantum states
i as we assume that they are indistinguishable, so Equation 6.5 divides the total
number of arrangements by the number of ways ni! that ni particles can be arranged
in each quantum state i. This is done for each quantum state i giving rise to the
product in the denominator. Taking the logarithm of Q gives

lnQ= ln(ntot!)−
∑
i

ln ni.

The Stirling approximation is a convenient simplification for the factorial of ntot.
For large x, we have

ln(x!)≈ x ln x− x.

The value of lnQ becomes

lnQ= ntot ln ntot − ntot −
∑
i

ni ln ni +
∑
i

ni. (6.6)

Returning to the energy balance equation (Equation 6.1), we can divide through-
out by a small increment�nj of the population of nj quantum states associated with
a quantum state j. Taking the limits of small increments and using S= kB lnQ, we
have a differential equation

∂U

∂nj
= kbT

∂ lnQ

∂nj
+μ

∂ntot
∂nj

. (6.7)

Each of these terms simplifies considerably. Using the summation of all quantum
state energies given by Equation 6.2 we have

∂U

∂nj
=NjEj. (6.8)

All values in the summation of U are zero in the partial derivative except when
i= j. Similarly, using Equation 6.3 we have that

μ
∂ntot
∂nj

=Njμ.

2 Equation 6.5 assumes that particles have sufficient time and sufficient interaction for all the quantum states to
be accessible. For fermions, collisions between particles often ensure equal accessibility, leading to
equilibrium distributions. For photons and other bosons, the particles need to interact with electrons (or other
fermions).
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The partial derivative of lnQ also simplifies. We can differentiate lnQ using Equa-
tion 6.6. The total number of particles ntot is constant when considering the partial
derivative with respect to the population of the jth quantum state and again the
summations are only nonzero upon partial differentiation when i= j. We have

∂ lnQ

∂nj
= − ln nj. (6.9)

The result of these simplifications is

NjEj = −kBT ln nj +μNj.

Rearranging gives an expression for the occupancy of the jth quantum state

nj = exp

(
Nj(μ− Ej)

kBT

)
. (6.10)

Dropping the subscript j, we then have a probability for the occupation of a quan-
tum state of energy E determined by

P(E)= exp

(
N(μ− E)

kBT

)
/ntot. (6.11)

For bosons where any number N of particles can occupy the same quantum state,
there is no energy involved in adding another particle to the ensemble of particles,
so for bosons the chemical potential μ is zero. The average number of bosons
in a quantum state (the Bose-Einstein particle distribution function) is determined
in Section 6.4 (Equation 6.42), where we consider black-body radiation. In the
derivation of the equilibrium radiation field (the black-body distribution), we need
the average number of photons per quantum state. For photons, the quantum states
are usually referred to as “modes.”

For fermions, a quantum state can be either occupied or unoccupied. This cri-
terion is known as the Pauli exclusion principle as it was first formulated by the
physicist Wolfgang Pauli. The Pauli exclusion principle can be understood with-
out detailed mathematics as follows. For fermions, the total wave function is an-
tisymmetric, which means that changing the position vector r to −r changes the
sign of the wavefunction and changes the sign of the particle spin. We can re-
gard an antisymmetric total wavefunction as the criterion for defining a fermion.
If two fermions are in the same state, consider a wavefunction representing both
fermions. Interchanging the position vector changes nothing for the two-fermion
wave function: The total wave function and spin are both unchanged. However,
the total wave function and spin for fermions should change sign when the po-
sition vector r changes to −r as fermions (by definition) have an antisymmetric
total wavefunction. The only way for the two-fermion wave function to change
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sign and remain the same is if the two fermion wavefunction is zero everywhere,
which means that the two-fermion state cannot exist. Bosons have a symmetric to-
tal wavefunction and remain the same with position vector r to −r changes and
hence any number of bosons can occupy a quantum state.

For fermions, the average occupancy n(E) of a quantum state with energy E is
determined by the ratio of the probability of occupation when a particle can be
present in the quantum state (N = 1) to the addition of the two probabilities when
a further occupancy is allowed (N = 0) and not allowed (N = 1). We obtain

n(E)= P(N = 0)

P(N = 1)+ P(N = 0)

= exp((μ− E)/kBT)

exp((μ− E)/kBT)+ 1

= 1

1+ exp((−μ+ E)/kBT)
. (6.12)

The particle energy distribution shown in Equation 6.12 is known as the Fermi-
Dirac distribution.

We may have several quantum states with the same energy E or an energy within
a small range E to E+ dE. Equation 6.11 shows for fermions that if the energy E is
the same for different quantum states then the probability P(E) of occupation is the
same. We can allow for the effect on the populations of different quantum states
with the same energy by multiplying the average occupancy by a “degeneracy” g
(also known as a statistical weight) which is the number of distinct quantum states
with the same energy. The average occupancy of a discrete quantum state of energy
E with a degeneracy g is given by

n(E)= g

1+ exp((−μ+ E)/kBT)
. (6.13)

At low densities and high temperatures when the average occupancy of free elec-
tron quantum states is much less than one, the chemical potential μ for free elec-
trons is negative (see Appendix C). The exponential factor in the denominator of
Equation 6.13 is then much greater than one and the occupancy of a quantum states
simplifies to

n(E)= g exp

(
μ− E

kBT

)
. (6.14)

Free electrons have many quantum states closely spaced in energy so that the
quantum states form a “continuum” of energy states. For free electrons, we need to
think about the density of quantum states as a function of energy. If the degeneracy
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or density of states in the energy range E to E+ dE is g(E), the population of all
quantum states with energy E to E+ dE is given by

fFD(E)dE= g(E)dE

1+ exp((−μ+ E)/kBT)
, (6.15)

where g(E) is the degeneracy density or density of quantum states at energy E. The
degeneracy density g(E) is the number of quantum states per unit energy per unit
volume.

The thermodynamic definition of an entropy change�S defines entropy in terms
of the change of total energy �U by specifying that �S=�U/T . This defini-
tion assumes that the chemical potential remains constant and the temperature re-
mains constant. The statistical physics definition is given by Equation 6.4 with
S= kB lnQ. We now show that the two definitions are consistent.

With constant chemical potential μ and constant temperature T , we can have an
increase in entropy S associated with an increase of the total energyU by adding the
entropy increase due to an increase in “disorder” (represented by kB lnQ) and the
increase in entropy associated with the addition of particles. We have (see Equation
6.1) that the additional energy associated with an increase of the total particle num-
ber ntot is given by μ�ntot. The increase of entropy associated with the increase
of particle number is consequently (μ/T)�ntot. Adding the differential of the en-
tropy increase due to disorder plus the entropy increase due to particle number with
respect to the total energy U gives

dS

dU
= ∂(kB lnQ)

∂U
+ μ

T

∂ntot
∂U

.

We can write for any of the quantum states j that

∂ lnQ

∂U
= ∂ lnQ

∂nj

∂nj
∂U

= (− ln nj)
1

NjEj

upon using Equation 6.9 for the differentiation of lnQ and Equation 6.8 for the
differentiation of the total energy U. For the term involving the chemical potential
μ, we write that

(μ/T)
∂ntot
∂U

= (μ/T)
∂ntot
∂nj

∂nj
∂U

= μ/T

Ej
.

Using Equation 6.10 for the occupancy of the jth quantum state, namely nj =
exp(Nj(μ− Ej)/kBT), gives the required result that
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dS

dU
= ∂(kB lnQ)

∂U
+ μ

T

∂ntot
∂U

= (− ln nj)
kB
NjEj

+ μ/T

Ej
= 1

T
.

This last result illustrates that the thermodynamic definition of entropy change
�S=�U/T is consistent with the statistical physics definition of entropy S=
kB lnQ.

6.2 The Saha-Boltzmann Equation and Boltzmann Ratio

Two important equilibrium particle distributions are evaluated in this section: the
Saha-Boltzmann equation and the Boltzmann ratio. The Saha-Boltzmann equation
represents the ratio of the populations of differently charged ionic states, while the
Boltzmann ratio gives the ratio of the populations of two quantum states within
ions (or atoms) of the same charge.

Meghnad Saha (1893–1956) was an Indian astrophysicist who developed the
Saha equation for the equilibrium ratio of the number of ions in different ionization
stages in hot plasmas. He was elected a Fellow of the Royal Society in 1927 and
after Indian independence from Britain became a member of the Indian parliament
in 1952. The Saha equation generalizes to the Saha-Boltzmann equation if ratios
between excited states of ions are considered. Ludwig Boltzmann (1844–1906)
was an Austrian physicist who developed statistical mechanics and the definition
of entropy (see Equation 6.4).

To determine expressions for the Saha-Boltzmann equation and Boltzmann ra-
tio, we need the degeneracy g(E) of the free electron quantum states and can then
use Equation 6.15. In this section, we consider the nonrelativistic form of the Saha-
Boltzmann equation. Relativistic effects on the Saha-Boltzmann equation are con-
sidered in Section 6.3.

The density g(E) of quantum states of free particles like the electrons in a plasma
can be evaluated using the idea of the density of states in a three-dimensional cubic
cavity or box with infinitely steep potential sides and zero potential within the box.
All wavefunctions for particles in a box with infinite potential walls have sinusoidal
spatial variations with a node (zero wavefunction value) at the walls of the box
(where the potential creating the box becomes infinite). The wavefunctions in a
cubic cavity of sides L are often determined in undergraduate quantum mechanics
course where it is shown that the volume in momentum p-space occupied by a
single quantum state is (h/(2L))3 provided L is much larger than the wavelength of
the sinusoidal wavefunctions (see Exercise 6.2).

The degeneracy or number of quantum states of free particles with momentum
between p and p+ dp per unit volume is given by

g(p)dp= 2
(1/8)4πp2dp

(h/(2L))3L3
= 8πp2

h3
dp. (6.16)
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The volume in p-space of an annulus of radius p and thickness dp is 4πp2dp. We
divide here by the p-space volume of a single state (h/(2L))3 and the volume L3

of the potential box. The factor 1/8 arises as all components of momentum px, py,
and pz are positive so only an octant of momentum space should be considered.
The factor 2 allow for the two spin orientations for electrons. The degeneracy of
quantum states of free particles given in Equation 6.16 is independent of the size L
of the potential box. We can allow the potential box size L to approach infinity so
as to have a truly “free” particle and still obtain the same density of states.

The number of particles with momentum p is determined by the degeneracy of
free particles (Equation 6.16) multiplied by the average occupancy of the quantum
states (Equation 6.12). We have for the number np(p) dp of particles with momen-
tum between p and p+ dp per unit volume:

np(p)dp= g(p) n(E) dp= 8πp2

h3
1

1+ exp
(
(−μ+ p2/(2m0))/kBT

) dp (6.17)

upon using E= p2/(2m0).
The degeneracy g(E)dE of quantum states with energy between E and E+ dE

is obtained by equating g(E)dE= g(p)dp and noting that E= p2/(2m0) and dE=
p/m0dp. The number of free electron quantum states with energies between E and
E+ dE per unit volume is given by

g(E)dE= 4π

(
2m0

h2

)3/2

E1/2dE. (6.18)

The number np(E)dE of particles per unit volume with an energy between E and
E+ dE is found by multiplying the number of states per unit volume g(E)dE by
the average occupancy n(E) of the quantum states for a Fermi-Dirac distribution
(Equation 6.12). We obtain for the number np(E) of particles per unit volume per
unit of energy:

np(E)= 4π

(
2m0

h2

)3/2

E1/2 1

1+ exp((−μ+ E)/kBT)
(6.19)

Integrating Equation 6.19 over all energies E, it is possible to determine a rela-
tionship between the chemical potential μ of free electrons and the total electron
density ne. We have

ne =
∫ ∞

0
np(E)dE= 4π

(
2m0

h2

)3/2 ∫ ∞

0

E1/2

1+ exp((−μ+ E)/kBT)
dE. (6.20)

Evaluation of Equation 6.20 involves numerical integration of so-called Fermi-
Dirac integrals. Such evaluations show that the chemical potential μ is large and

https://doi.org/10.1017/9781009236072.007 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.007


172 Photon and Particle Distribution Functions

negative at high temperatures T and low densities ne (see e.g. Figure 13.1 of Tal-
lents [110] and for relativistic particles, see Appendix C). At high temperatures
and low densities, the occupation of quantum states is low and does not approach
the degeneracy limit. At low density and high temperatures, a particle added to an
ensemble of free particles will likely go into a low energy free particle quantum
state as the low energy states are not occupied. Adding a particle then reduces the
average kinetic energy per particle which means the chemical potential is negative.

The degeneracy of free electrons becomes an important effect at much lower
densities than for other particles (e.g. the nuclei of atoms or ions). The much
smaller electron mass ensures that for similar temperatures, the electron momentum
is much larger and the volume of space occupied by a single free particle quantum
state is much larger (see Equation 6.18). It is, consequently, much easier to “fill up”
the free electron quantum states.

In plasma physics, we want to relate the chemical potential for free electrons to
the more readily measured electron number density (the number of electrons per
unit volume). As the chemical potential μ is large and negative at all but the most
dense of free electron densities (see Appendix C), the exponential in the denomi-
nator for Equation 6.20 is much greater than unity and the electron density ne can
be approximated by

ne = 4π

(
2m0

h2

)3/2

exp

(
μ

kBT

) ∫ ∞

0
E1/2 exp

(
− E

kBT

)
dE

= 2

(
2πm0kBT

h2

)3/2

exp

(
μ

kBT

)
. (6.21)

Rearranging to obtain an expression for the chemical potential μ:

exp

(
μ

kBT

)
= ne

2

(
h2

2πm0kBT

)3/2

and hence

μ= kBT ln

[
ne
2

(
h2

2πm0kBT

)3/2
]
. (6.22)

Using Equation 6.15 it is possible to determine a general relationship known as
the Saha-Boltzmann equation for the ratio of the population of two discrete quan-
tum states. We start by considering a quantum state in an ion of charge Zi such that
the quantum state is at energy �Eion below the continuum; that is �Eion is the ion-
ization energy of the quantum state in the Zi charged ion. To ionize the Zi charged
ion to an ion of charge Zi + 1 involves removing an electron to the continuum of
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ΔEion 
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Zi +1 ion 

Chemical poten�al  

Ion 
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free electrons 

(a) (b) 

Figure 6.1 Schematic plots illustrating the energy balance in the ionization of
a Zi charged ion to a Zi + 1 charged ion. (a) The chemical potential of the ion
changes by −μ on ionization as an electron is added to the reservoir of free elec-
trons. (b) The energy levels of a schematic Zi charged ion and Zi + 1 charged ion
showing the ionization energy �Eion of a quantum state of the Zi charged ion.

free electron states and requires an energy input equal to �Eion. The ionization
energy �Eion is defined as a positive quantity for our treatment.3

Adding an electron to the free electrons changes the free electron chemical po-
tential by +μ and the ionic chemical potential by −μ. The To obtain the relative
abundance of the number density NZi+1 of Zi + 1 charged ions and the number
density NZi of Zi charged ions, we use Equation 6.13 noting that the chemical po-
tential change for the ion is −μ and the energy change is +�Eion (see Figure 6.1
for schematics illustrating the ionization energy and chemical potential changes on
ionization). The ratio of the ion populations is such that

NZi+1

NZi
= gZi+1

gZi

(
exp

(
−μ+�Eion

kBT

)
+ 1

)
Pb, (6.23)

where gZi+1 is the degeneracy of the Zi + 1 charged ion quantum state and gZi is
the degeneracy of the Zi charged ion quantum state. The factor Pb represents the
fraction of “holes” (vacant quantum states) in the occupancy of the Zi energy level
and so gives a relative probability for the existence of the Zi + 1 state formed by
electrons vacating the Zi energy level.

3 We assume throughout that ionization energies written as �Eion are positive quantities. This issue is
highlighted because in atomic physics, ionization energies are sometimes quoted as being negative. For
example, the ionization energy of the hydrogen atom is often written as �Eion = −13.6/n2 eV, where n is the
principal quantum number.
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The probability Pb for the existence of the Zi + 1 state is known as a Pauli
blocking factor. With low degeneracy where the Zi state populations have low oc-
cupancy, Pb approaches one, whereas if the lower energy quantum state is fully
occupied, there are no Zi + 1 states for an electron to be ionized into, so Pb = 0.
Generally, the blocking factor Pb is one minus the occupancy of the Zi energy level:

Pb = 1−
(
exp

(
−μ+�Eion

kBT

)
+ 1

)−1

(6.24)

Equation 6.23 then reduces to

NZi+1

NZi
= gZi+1

gZi
exp

(
− μ

kBT

)
exp

(
−�Eion

kBT

)
. (6.25)

This equation is known as the Saha-Boltzmann equation. This version of the Saha-
Boltzmann equation is valid, both when the average occupancy of free electron
quantum states approaches unity and when the occupancy approaches zero [110].
The expression is universally valid independent of the occupancy of the quantum
states. With an appropriate evaluation of the chemical potentialμ, we see in Section
6.3 that Equation 6.25 is also valid when the electrons have relativistic velocities.

When electron occupancy of the free electron quantum states is low, we can
use Equation 6.22 to obtain an expression for the Saha-Boltzmann equation using
the electron density ne rather than the chemical potential μ. We obtain the more
commonly recognized form for the Saha-Boltzmann equation:

NZi+1

NZi
= gZi+1

gZi

2

ne

(
2πm0kBT

h2

)3/2

exp

(
−�Eion

kBT

)
(6.26)

Equation 6.25 shows that the population of an excited quantum state within an
atom or ion is proportional to g exp(−E/kBT), where E is the energy of the quantum
state relative to the ground state and g is the degeneracy of the excited quantum
state. There is no change of the free electron chemical potential in exciting or de-
exciting from one excited quantum state to another within the same ion charge. The
ratio of two discrete quantum state populations n per unit volume which we label
for the higher energy state with subscript “u” and for the lower energy state with
subscript “l” is given by

nu
nl

= gu
gl

exp

(
−�E
kBT

)
, (6.27)

where the energy difference of the two quantum states is �E and gu and gl are,
respectively, the upper and lower quantum state degeneracies. Equation 6.27 is
often referred to as the “Boltzmann ratio” for bound electron quantum states.

https://doi.org/10.1017/9781009236072.007 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.007


6.3 The Relativistic Form of the Saha-Boltzmann Equation 175

6.3 The Relativistic Form of the Saha-Boltzmann Equation

The Saha-Boltzmann equation for the population ratio of two quantum states in
ions (or atoms) of different charge depends on the degeneracy of free electrons as
a free electron is created when an ion or atom is ionized to a higher charge. In
Section 6.2, we determined the degeneracy of free particles by considering a three-
dimensional cavity or box with infinitely steep potential sides and zero potential
within the box. The allowed quantum states within the box have discrete values of
momentum and a degeneracy density per unit volume which is independent of the
volume of the box.

The degeneracy of free particles in a three-dimensional cavity or box with in-
finitely steep potential sides and zero potential within the box are the same in mo-
mentum space for particles with relativistic momentum as given for non-relativistic
particles (Equation 6.16) provided the box is sufficiently large. It is possible to
show for a cavity or box where the box dimensions are much greater than the
Compton wavelength λC = h̄/(m0c) of the particles, that particles with relativistic
momentum have the same density of quantum states in momentum space (Equation
6.16) as nonrelativistic particles [1]. The density of states of relativistic particles in
a box is examined in Exercise 6.11.

Equation 6.16 is valid for relativistic particles provided we consider the degen-
eracy density for a box or cavity with sides greater than the Compton wavelength.
The Compton wavelength λC is 2.426× 10−12 m for electrons. Considering a box
associated with a single electron implies that plasmas with electron densities an
order of magnitude or so less than 1/λ3C ≈ 1035 m−3 have free electron quantum
states densities given by Equation 6.16. Such an upper density limit is extremely
high. For example, the density of all the electrons in a typical solid is less than 1030

m−3. The compressed plasmas required for inertial fusion ignition in the laboratory
and found at the center of the Sun have electron densities less than 1033 m−3 [67],
[68], [80].

The degeneracy g(W)dW of relativistic quantum states with energy between W
and W + dW is obtained as for nonrelativistic particles by equating g(W)dW =
g(p)dp. The total relativistic energy is given by Equation 2.73:

W =
√
p2c2 +m2

0c
4

so that

p=
(
W2

c2
−m2

0c
2
)1/2

.

Differentiating the total relativistic energy we find that
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dW

dp
= c2p

(p2c2 +m2
0c

4)1/2
= c(W2 −m2

0c
4)1/2

W
.

The number of relativistic free electron quantum states with energies between W
and W + dW is found by substituting for momentum p and dp/dW into Equa-
tion 6.18:

g(W)dW = 8πp2

h3
dp

dW
dW = 8π

h3
1

c3
(
W2 −m2

0c
4)1/2WdW (6.28)

We convert this expression for the degeneracy of relativistic free electron quantum
states to a variation with the Lorentz parameter γ usingW = γm0c2. The number of
relativistic free electron quantum states with energies corresponding to the Lorentz
parameter between γ and γ + dγ per unit volume is

g(γ )dγ = 8π

h3
(m0c2)3

c3
(
γ 2 − 1

)1/2
γ dγ. (6.29)

The number density of relativistic electrons can be related to the chemical poten-
tial μ as was undertaken for nonrelativistic electrons (Equation 6.20). We integrate
the Fermi-Dirac distribution (Equation 6.15) using the degeneracy given by Equa-
tion 6.29. We need to substitute the kinetic energy E by E= (γ − 1)m0c2 to arrive
at an integration with respect to the Lorentz parameter γ :

ne = 8π

h3
(m0c2)3

c3

∫ ∞

γ=1

(
γ 2 − 1

)1/2
γ

1+ exp((−μ+ (γ − 1)m0c2)/kBT)
dγ (6.30)

This expression is valid where both relativistic effects and degeneracy effects due
to the full occupation of quantum states are important. Plasmas where degeneracy
and relativistic velocities are important can only be expected in the hottest and
most dense bodies such as the early universe and in, say, dwarf and neutron stars.
Equation 6.30 is evaluated in Appendix C.

Relativistic particles occupy high energy free electron quantum states and the
number of the accessible states increases with particle energy. For electron densi-
ties below, say, the extreme value of ≈ 1035 m−3, relativistic thermal distributions
of particles have a large negative chemical potential (see Appendix C). The denom-
inator in Equation 6.30 then has the exponential term much greater than one and
we can write that

ne = 8π

h3
(m0c2)3

c3
exp

(
μ+m0c2

kBT

) ∫ ∞

γ=1

(
γ 2 − 1

)1/2
γ exp

(
−γm0c2

kBT

)
dγ.

(6.31)
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The integration is soluble as a special function:

∫ ∞

γ=1
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ = kBT

m0c2
K2(m0c

2/kBT), (6.32)

where K2(m0c2/kBT) is a modified Bessel function of the second kind and order
two evaluated at an inverse temperature value of m0c2/kBT . The electron density
ne is then related to the chemical potential μ by

ne = 8π

h3
(m0c2)2

c3
exp

(
m0c2

kBT

)
exp

(
μ

kBT

)
K2(m0c

2/kBT) kBT. (6.33)

The exponentiated factor containing the chemical potential μ is then given by

exp

(
− μ

kBT

)
= 8π

h3
(m0c2)2

c3
exp

(
m0c2

kBT

)
K2(m0c

2/kBT)
kBT

ne
. (6.34)

The chemical potential for a nondegenerate relativistic distribution of particles in
an equilibrium state can be written as

μ= −kBT ln

[
8π

h3
(m0c2)2

c3
exp

(
m0c2

kBT

)
K2(m0c

2/kBT)
kBT

ne

]
. (6.35)

Using the general form of the Saha-Boltzmann equation (Equation 6.25) we can
substitute Equation 6.34 for the term containing the chemical potential μ:

NZi+1

NZi
= gZi+1

gZi
exp

(
− μ

kBT

)
exp

(
−�Eion

kBT

)

= gZi+1

gZi

8π

h3
(m0c2)2

c3
exp

(
m0c2

kBT

)
K2(m0c

2/kBT)
kBT

ne
exp

(
−�Eion

kBT

)

(6.36)

Equation 6.36 is the relativistic form of the Saha-Boltzmann equation. Equation
6.36 enables an evaluation of the equilibrium ratio of the population of a Zi + 1
charged ion relative to the population of a bound quantum state in a Zi charged ion
when electron temperatures kBT are sufficiently high that relativistic effects need
to be taken into account.

We can evaluate the electron temperatures kBT needed for relativistic effects to
be important in the relativistic Saha-Boltzmann equation by considering a large
amplitude asymptotic expression for the modified Bessel function K2(m0c2/kBT)
(see Appendix B). When kBT <m0c2, we have that

K2(m0c
2/kBT)≈

√
π

2

(
2kBT

m0c2

)1/2

exp

(
−m0c2

kBT

) [
1+ 15

8

kBT

m0c2

]
. (6.37)
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Substituting this expression for the modified Bessel function into Equation 6.36
gives an approximate expression for the Saha-Boltzmann equation valid when rel-
ativistic effects are small, but not insignificant. We obtain the Saha-Boltzmann ex-
pression for nonrelativistic electrons (Equation 6.26 ) multiplied by a relativistic
correction factor:

NZi+1

NZi
≈ gZi+1

gZi

2

ne

(
2πm0kBT

h2

)3/2

exp

(
−�Eion

kBT

) [
1+ 15

8

kBT

m0c2

]
(6.38)

Here the relativistic correction factor is contained within the square bracket.
Using Equation 6.38, we can estimate that when kBT ≈ 0.05m0c2, relativistic ef-

fects increases the Saha-Boltzmann ratio NZi+1/NZi from the non-relativistic limit
by a factor of ≈ 10%. A temperature kBT = 0.05m0c2 corresponds approximately
to a temperature 26 keV for electrons. Temperatures ≈ 26 keV are required for
efficient production of fusion energy in inertial fusion [67], [68], [80]. In inertial
fusion, the ionization is determined by the Saha-Boltzmann equation as densities
are high (peaking at ne ≈ 5× 1032 m−3 [67], [68], [80]). Our treatment here shows
that relativistic effects should be included in some inertial fusion ionization calcu-
lations.

6.4 Black-body Radiation

Electrons, protons, the nuclei of atoms and matter in general exhibit wave-like
properties (the quantum mechanical wavefunction), but for many applications, ma-
terial bodies can be treated as particle-like point sources of mass and charge. In a
kind of symmetry, light has a wave-like nature and a particle-like nature. The com-
plementarity principle discussed as a footnote in our initial wave treatment of light
(Section 1.1) states that both light and matter exhibit wave-like and particle-like
properties depending on the measurement or interaction being considered.

Light particles are now known as photons. The particle nature of light is apparent
in the photo-electric effect and was discussed originally by Einstein [34] who used
the term “light quanta” (lichtquant in German).4 In the photo-electric effect, light
irradiated material only emits an electron when the energy of a photon of the light
exceeds the binding energy of the material. Light is absorbed by matter in units of
energy and if the unit of light energy is less than the quantum differences for the
energies in the material irradiated, the light is not absorbed.

In a more theoretical approach, the particle-like nature of light is seen to arise
from time-dependent solutions of the Schrodinger equation (see Section 2.9) and,

4 The term “photon” was introduced in a paper published in 1926 [66], though the term “light quanta” and,
particularly the idea of “virtual quanta” rather than “virtual photons” (see Section 7.7) continued to be used for
many years (see e.g. Jackson [58]).
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as we show in the section, from time-dependent solutions of the wave equation
(Equation 1.5). In the wave equation approach, the wave equation for a radiation
field can be shown to transform to a harmonic oscillator variation in time which has
discrete energy eigenvalues that are equally spaced for each frequency. Each unit
of the equally spaced energy eigenvalues represents a photon.

We now expand on this argument for the particle-like properties of light. The
wave equation for light in vacuum (Equation 1.5) can be written as

∇2E− 1

c2
∂2E
∂t2

= 0. (6.39)

The electric field E for a light field varies spatially and temporally. The spatial
variation in r is characterized by a wave vector k such that E(t)=E0(t) exp(ik · r).
Substituting into Equation 6.39, we have

−k2E0(t)− 1

c2
∂2E0(t)

∂t2
= 0.

Using c=ω/k, where ω is the angular frequency of the light, the variation of the
electric field amplitude in time reduces to

∂2E0(t)

∂t2
= −ω2E0(t). (6.40)

Equation 6.40 has the form of an equation for a harmonic oscillator of frequency ω.
Classical harmonic oscillators include the oscillation of a pendulum and the oscil-
lation of a vibrating spring. Quantum mechanical solutions are often solved in un-
dergraduate quantum mechanics courses (see e.g. Appendix A3 in Tallents [110]).
Like all quantum mechanical energies, the energy eigenvalues are quantized. The
energy eigenvalue solutions for the harmonic oscillator equation are such that

Enp =
(
np + 1

2

)
h̄ω=

(
np + 1

2

)
hν, (6.41)

where np is an integer, ν is the frequency of the light, h is Planck’s constant, and h̄=
h/(2π). Equation 6.41 illustrates that the energies of a radiation field are quantized
in units of hν. Each quanta hν of radiation is known as a photon. The integer np
represents the number of photons of frequency ν in the light field.

The German physicist Max Planck (1858–1947) gives his name to the propor-
tionality constant h between the frequency of radiation and the energy of the quanta
of radiation. Planck was awarded the 1918 Nobel prize in physics for “... his dis-
covery of energy quanta” (as cited by the Nobel committee).

The equilibrium radiation field for light is known as black-body radiation or
as Planckian radiation (in honor of Max Planck). When a radiation field inter-
acts strongly with particles of matter via emission and absorption processes, the
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radiation field can acquire a distribution of the number of photons between modes
with a characteristic temperature equal to the temperature of the matter. The black-
body distribution of photon energies is obtained by first considering the density
of possible wavevectors k in a spatial cavity (known as the “density of modes”).
The black-body radiation intensity is found by multiplying the density of modes
by the mean number of photons per mode and the energy of each photon. Photons
are classed as bosons, so it is possible to have any number of photons in a mode.
The actual number of photons in a mode for black-body radiation is determined by
the characteristic temperature of the radiation field. We undertake an evaluation of
the black-body radiation intensity in the frame of reference of the radiation field.

The probability of the presence of np photons with energy hν for a radiation
temperature of T is needed in order to determine the equilibrium radiation field. As
photons are bosons, the chemical potential is zero. Adding a photon to a collec-
tion of photons does not release or require any energy. For bosons, the parameter
N in Equation 6.11 can represent any number of photons in the same mode. The
probability of having np photons per mode follows from Equation 6.11:

Pnp = exp(−nphν/kBT∑∞
n′=0 exp(−n′hν/kBT)

=
(
1− exp

(−hν
kBT

)) [
exp

(
− hν

kBT

)]np

The summation in the denominator represents the total occupancy of all quan-
tum states and can be evaluated using the solution for an infinite series given by∑∞

n′=0 r
n′ = 1/(1− r). The average number of photons nav per mode is then given

by

nav =
∞∑
np=0

npPnp =
(
1− exp

(−hν
kBT

)) ∞∑
np=0

np

[
exp

(
− hν

kBT

)]np
.

The infinite series
∑∞

n=0 nr
n = r/(1− r)2 so

nav = exp (−hν/kBT)
1− exp(−hν/kBT)

which simplifies to

nav = 1

exp(hν/kBT)− 1
. (6.42)

This value of nav can be generalized to represent the average occupancy of bosons
in a quantum state of energy E after replacing hν by E. Equation 6.42 then becomes
the Bose-Einstein particle distribution function. There is a resemblance to the aver-
age occupancy of fermions (the Fermi-Dirac distribution given by Equation 6.12),
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except the minus in the denominator for bosons becomes a plus for fermions and
we can set the chemical potential μ to zero for bosons.

The density of modes for a radiation field can be obtained by considering the
density of modes inside a defined space. Consider the space inside a conducting
cube of sides L. A steady-state radiation field requires that the electromagnetic field
has nodes so that the electric field is zero at the walls of the cube. With electric field
nodes of the electromagnetic waves at the walls, the number of half-wavelengths of
the light directed parallel to a wall is an integer. In any direction parallel to a wall,
the wavevector of the electromagnetic field in that direction has a value of some
integer times π/L. The volume of a single mode in k-space is thus (π/L)3.

The number ρkdk of modes per unit volume with a wavenumber k= |k| between
k and k+ dk is given by

ρkdk= 2
(1/8)4πk2dk

(π/L)3L3
.

The volume 4πk2dk in k-space between k and k+ dk is here divided by the volume
(π/L)3 of a mode in k-space and the volume L3 of the conducting cube. The factor
1/8 arises as only positive kx, ky, and kz have meaning and need to be counted,
while the factor 2 accounts for the possible two components of polarization for
an electromagnetic wave. Simplifying and converting wavenumber k= 2πν/c to
frequency ν, the density ρνdν of modes per unit volume with a frequency between
ν and ν + dν becomes

ρνdν = 8πν2

c3
dν. (6.43)

The density of modes given by Equation 6.43 is independent of the size L of the
assumed cavity and so is universally applicable for all cavities. Allowing the size
L of the cavity to approach infinity means that the density of modes applies to
a freely propagating radiation field, such as the cosmic microwave background.
The density of modes is also applicable to some small black-body cavities, such
as the “hohlraums” used in inertial fusion research (see Exercise 6.4). More gen-
erally, the mode density (Equation 6.43) applies to any radiation field, though for
a radiation field which is not a black-body, modes may have zero occupancy of
photons.

The black-body radiation energy densityWp(ν)dν per unit volume in a frequency
between ν and ν + dν is given by a multiplication of the density of modes ρν , the
energy hν per photon and the mean or average number nav of photons per mode for
an equilibrium distribution of photons. Using Equation 6.42 for the mean number
of photons per mode, we have for the black-body radiation energy density that
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Figure 6.2 The relative energy density per unit photon energy per unit volume
for black-body radiation as a function of photon energy. Three sample radiation
temperatures (100 eV, 150 eV, and 200 eV) as indicated are plotted.

Wp(ν)dν = ρν nav hν dν = 8πhν3

c3
1

exp(hν/kBT)− 1
dν. (6.44)

The radiation energy density for a black-body radiation field as a function of photon
energy for some sample temperatures is illustrated in Figure 6.2.

In unit time, the black-body radiation energy density within a distance equal to c
will pass through a surface. The radiation energy density Wp(ν)dν is consequently
equal to Ibb(ν) dν/c, where Ibb(ν) is the intensity of the black-body radiation. The
black-body intensity Ibb(ν) calculated in this way represents the power per unit
area per unit frequency over all possible angles (4π steradian). This black-body
radiation intensity in the frame of the radiation is given by

Ibb(ν)= 8πhν3

c2
1

exp(hν/kBT)− 1
. (6.45)

Black-body radiation Ibb(ν) has a maximum at a photon energy of hν = 2.8kBT .
Integrating the black-body spectrum over all frequencies produces a spectrally inte-
grated intensity varying as (kBT)4 (see Exercise 6.3). The spectrally integrated flux
of radiation incident per unit area on the walls of a black-body is given by σSBT4,
where σSB = 5.78× 10−8 W m−2 K−4 is known as the Stefan-Boltzmann constant.
In a time δt, one quarter of the radiation energy from a black-body cavity volume
of A c δt impinges on the surface area A of black-body cavity (three quarters of the
radiation is propagating at angles which do not strike the surface in a time δt, see
Exercise 6.7). Using Equation 6.44, this means that the Stefan-Boltzmann constant
is related to some of the constants determining the black-body radiation energy
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density by

σSB = 8πh

c3
c

4

k4B
h4
π4

15
= 8π5

60

k4B
h3
. (6.46)

The integration of the frequency ν dependent quantities in Equation 6.44 over all
frequency reduces to a value k4Bπ

4/(15h4).
We show in Section 7.1 that I/ν3 is invariant under a Lorentz transformation.

The black-body radiation intensity component 8πhν3/c2 is consequently invariant
under a Lorentz transformation as Ibb(ν)∝ ν3. However, when the radiation is de-
tected in other frames of reference, a Doppler shift in the observed frequencies ν ′
occurs such that ν/ν ′ = γ (1+ v cos θ ′/c) (see Equation 2.47). Black-body radia-
tion intensities in a frame of reference S′ moving relative to a black-body source
(frame S)5 appear with a Doppler shift such that

I′bb(ν
′)= 8πhν ′3

c2
1

exp
[
(hν ′/kBT) γ (1+ v cos θ ′/c)

]− 1
. (6.47)

Equation 6.47 indicates that the temperatures T ′ observed in a frame moving rela-
tive to the black-body radiation source are such that

T ′ = T

γ (1+ v cos θ ′/c)
, (6.48)

where T is the temperature of the black-body radiation in the frame of the radiation
source, v is the relative velocity of the observer to the black-body emission and θ ′
is the angle of observation to the relative velocity in the moving observers frame of
reference.

The cosmic microwave background (CMB) is an example of near-isotropic
black-body radiation [41], [92], [108]. In the early universe, particle and radia-
tion temperatures were in equilibrium due to frequent interactions via photon ab-
sorption, emission and scatter. As the universe expanded, the likelyhood of photon
absorption and scatter reduced with Thomson scatter of photons with free electrons
(see Section 4.6) acting as the last significant photon/particle interaction process. At
a time 378,000 years after the Big Bang, the universe had cooled to a temperature
T ≈ 3,000 K and almost all electrons had recombined with protons to form either
atomic hydrogen (76% abundance) or atomic helium (24% abundance). Further
Thomson scatter off free electrons then ceased and the CMB photons of tempera-
ture T ≈ 3,000 K with kBT ≈ 0.26 eV had insufficient energy to ionize hydrogen or
helium as hydrogen has an ionization energy of 13.6 eV and helium an ionization

5 The proper frame of reference is here frame S. Elsewhere, we usually have frame S′ as the proper frame
moving with the measured quantity.
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energy of 24.59 eV. The CMB stopped interacting with particles and simply prop-
agated freely in space with a constant temperature in the frame of reference of the
last Thomson scattering event.

We are now moving away from the last scattering events that created the CMB
at a velocity just below the speed of light. The angle θ ′ of the present observations
of the CMB relative to the CMB frame velocity in our frame of reference on planet
earth is close to zero radians. Equation 6.48 for the observed CMB temperature T ′
then becomes

T ′ = T

γ (1+ v/c)
= T

(1− (v/c)2)1/2

1+ v/c
= T

((1− v/c)(1+ v/c))1/2

1+ v/c

= T

(
(1− v/c

1+ v/c

)1/2

= T

1+ z
(6.49)

upon using the expression for the cosmological redshift z given by Equation 2.52,
namely

1+ z=
(
1+ v/c

1− v/c

)1/2

.

The detected CMB temperature (T ′ = 2.725 K) varies from the emitted temperature
T by a large factor 1/(z+ 1) with z≈ 1,100 due to the expansion of the universe.

As well as a 1/(z+ 1)≈ 1/1,100 drop in the measured CMB temperature due to
the expansion of the universe, there is also has a much smaller temperature varia-
tion associated with the velocity of the solar system relative to the CMB and even
smaller variations due to tiny temperature variations in the initial CMB. When
searching for small anisotropies in the CMB temperature due to anisotropies in
the early universe6 , a relativistic effect due to the solar system velocity relative
to the CMB at the last scattering event needs to be taken into account. The CMB
temperature is +0.00335 Kelvin viewed in directions towards the constellation Leo
and −0.00335 Kelvin viewed in directions π radians opposite to Leo towards the
constellation Aquarius. This angular variation of the CMB arises because the lo-
cal group of galaxies move together with a velocity of ≈ 600 km s−1 relative to the
cosmological microwave background [92]. Exercise 6.14 considers an approximate
relationship between the velocity of the local group of galaxies relative to the CMB
and the CMB temperature anisotropy.

6 Small angular anisotropy in the CMB arises due to small temperature fluctuations of matter at the time of the
last photon scattering event, now imprinted as small variations of the CMB temperature as a function of the
angle of observation [92]. The observed small anisotropies of the near-uniform early universe are believed to
be the precursors to the formation of galaxies and other nonuniformities in the present universe.
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6.5 The Maxwellian Distribution

Free particles at moderate to high temperatures not bound in a potential have closely
spaced quantized energies approaching a continuum of possible energy states. In
this section, we develop the particle distribution function appropriate for free
fermionic particles at modest temperatures. We consider the non-relativistic expres-
sion for the distribution of particle speeds and energy where all significant particle
speeds are much less than the velocity of light. Such nonrelativistic particle dis-
tribution functions are known as Maxwellian or Maxwell-Boltzmann distributions.
Later this treatment of free particle distribution function is generalized (in Section
6.6) to high temperatures where the particle velocities approach the speed of light.

This average occupancy n(E) of a quantum state given by Equation 6.12 can be
utilized to obtain an expression for the distribution of the speeds and energies of
free fermions. Assuming a three-dimensional distribution of particle velocities, the
number of particles per unit volume fv(v)dv with speed between v and v+ dv is
given by the proportionality

fv(v)dv∝ 4πv2n(E)dv,

where E= (1/2)m0v2 is the particle energy for rest mass m0. The factor 4πv2dv is
the velocity space volume corresponding to the speed range v to v+ dv given by
the volume of a shell of radius v and thickness dv. The expression for the particle
distribution of speeds can then be written as

fv(v)dv∝ 4πv2
dv

1+ exp
(
((1/2)m0v2 −μ)/(kBT)

) . (6.50)

To convert the proportionality constant here to an absolute value of the distribu-
tion of speeds requires normalization. We choose to require that integrating over
all possible speeds gives a value of unity, so that the particle distribution function
represents the probability of finding a particle with speed in the range v to v+ dv.
We then have that ∫ ∞

0
fv(v)dv= 1.

The probability distribution function with this normalization will give the number
of particles per unit volume with speeds between v and v+ dv if we multiple fv(v)dv
by the number density of all particles (of any velocity). The integrations in the gen-
eral case are not analytic, but at high temperatures, the chemical potential is large
and negative,7 so the exponential in the denominator of Equation 6.50 becomes
much larger than one and we neglect the one. We write that

7 The chemical potential μ for free particles is discussed in Section 6.2 and Appendix C.
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fv(v)dv∝ 4πv2
dv

1+ exp
(
((1/2)m0v2 −μ)/(kBT)

) ∝ 4πv2 exp

(
−m0v2

2kBT

)
dv.

After normalization so that
∫∞
0 fv(v)dv= 1, we obtain the Maxwellian distribution

of speeds with

fv(v)dv=
(

m0

2πkBT

) 3
2

4πv2 exp

(
−m0v2

2kBT

)
dv. (6.51)

By equating the number fE(E)dE of particles with energy between E and E+ dE
to the Maxwellian distribution of speeds using fv(v)dv= fE(E)dE (and noting that
E= (1/2)m0v2 and dE=m0vdv), we can obtain an expression for the Maxwellian
distribution of energies:

fE(E)dE= 2√
π

(
1

kBT

) 3
2

E1/2 exp

(
− E

kBT

)
dE (6.52)

Many plasmas have equilibrium distributions given by the Maxwellian distribu-
tion. In equilibrium, the absolute values of the particle velocity and energy distri-
butions are proportional to the total number density, but the probability distribution
with velocity and energy varies only with the temperature.

6.6 Maxwell-Juttner Distributions for Relativistic Particles

At very high temperatures, the Maxwellian distribution (Equation 6.51) can predict
particle velocities exceeding the speed of light. Clearly, an alternative expression
allowing for relativistic effects as velocities approach the speed of light is needed.
The defining temperature where this is necessary is usually regarded as being ex-
tremely high, with temperature kBT values approaching the rest mass energy m0c2

of the particles.
Just as for nonrelativistic particles, relativistic particles have statistical popula-

tion distributions.8 Temperatures where particles have velocities approaching the
speed of light have statistical distributions fMJ varying as fMJ ∝ exp(−E/kBT) with
a kinetic energy E= (γ − 1)m0c2. Rather than consider the distribution of speeds
as we did for non-relativistic particles (Equation 6.51), we consider the distribution
of particle momentum. Assuming a three-dimensional distribution of the particle
momentum of free particles, the number of particles per unit volume fMJ(p)dp with
momentum between p and p+ dp is given by the proportionality

8 Thermodynamics and statistical mechanics are inherently nonlocal in space and time which is a particular
conceptual problem when individual particle velocities approach the speed of light and have different frames
of reference. Nevertheless, detailed treatments show that relativistic particles can be treated statistically (see
the discussion by Dunkel et al. [27]).

https://doi.org/10.1017/9781009236072.007 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.007


6.6 Maxwell-Juttner Distributions for Relativistic Particles 187

fMJ(p)dp∝ 4πp2 exp

(
−(γ − 1)m0c2

kBT

)
dp.

We want to convert this distribution to an energy distribution. For relativistic parti-
cles, the energy is readily measured in terms of the value of the Lorentz parameter
γ so we write that

fMJ(γ )dγ ∝ 4πp2 exp

(
−(γ − 1)m0c2

kBT

)
dp

dγ
dγ.

The particle momentum p= γm0v= γm0cβ, where β = v/c. Recalling that γ =
1/
√
1− v2/c2 = 1/

√
1− β2, a little manipulation shows that

β = 1

γ

(
γ 2 − 1

)1/2
.

The differentiation of the momentum yields

dp

dγ
=m0c

d(γβ)

dγ
=m0cγ (γ

2 − 1)−1/2 = 1

β
.

The particle energy distribution function for relativistic particles then has the fol-
lowing proportionality:

fMJ(γ )∝ (γβ)2 dp
dγ

exp

(
−(γ − 1)m0c2

kBT

)
= γ 2β exp

(
−(γ − 1)m0c2

kBT

)

= γ
(
γ 2 − 1

)1/2
exp

(
−(γ − 1)m0c2

kBT

)

= γ
(
γ 2 − 1

)1/2
exp

(
m0c2

kBT

)
exp

(
−γm0c2

kBT

)
(6.53)

The normalization of the particle energy distribution function removes the propor-
tionality in Equation 6.53 and proceeds by requiring that∫ ∞

γ=1
fMJ(γ )dγ = 1.

We employ a normalization term equal to 1/[exp(m0c2/kBT) Z(T)] with Z(T)
given by

Z(T)=
∫ ∞

γ=1
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ = kBT

m0c2
K2(m0c

2/kBT), (6.54)

where K2(m0c2/kBT) is a modified Bessel function of the second kind and order
two evaluated at an inverse temperature value of m0c2/kBT . The factor
exp(m0c2/kBT) in the denominator of our normalization term cancels the equiv-
alent term in our proportionality expression for fMJ(γ ) (Equation 6.53). The varia-
tion of the normalization parameter Z(T) with temperature is shown in Figure 6.3.
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Figure 6.3 The parameter Z(T) as a function of temperature in units of the rest
mass energy. Z(T) is used to normalize the Maxwell-Juttner particle distribution
function. Both axes are plotted on logarithmic scales.

After multiplication by the normalization term, the Maxwell-Juttner particle distri-
bution function for free relativistic particles with an isotropic (three-dimensional)
statistical distribution is given by

fMJ(γ )= 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
. (6.55)

The Maxwell-Juttner expression is given here as a function of the relativistic
Lorentz factor γ . The distribution can be readily converted to a distribution func-
tion in terms of the kinetic energy E using E= (γ − 1)moc2, where m0c2 is the rest
mass energy of the particles.

In the limit of temperatures T where the particle velocities are well below the
speed of light (where γ approaches unity), Equation 6.55 is equivalent to the
Maxwellian distribution (Equation 6.52). Sample Maxwell-Juttner distribution
functions are compared to Maxwellian distributions in Figure 6.4. Figure 6.4a
shows that at temperatures of 0.1m0c2 (corresponding to a temperature of 51 keV
for electrons), there is a small discrepancy between the Maxwellian and the
Maxwell-Juttner distributions. From Figure 6.4b we see that at temperatures of
10m0c2 (corresponding to a temperature of 5.1 MeV for electrons), the difference
between the Maxwellian and Maxwell-Juttner distributions is significant. The be-
havior of the Maxwell-Juttner distribution over a large dynamic range is shown
in 6.5. There is a cut-off in the maximum kinetic energy of particles which in-
creases linearly with temperature (maximum kinetic energy ∝ maximum γ − 1∝
temperature). The maximum kinetic energy ≈ 25kBT . The peak of the Maxwell-
Juttner distribution for highly relativistic particles can be shown to occur when
γ = 2kBT/m0c2 (see Exercise 6.12).
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Maxwellian 

Maxwell-Ju�ner 

Figure 6.4 Examples of the Maxwellian and Maxwell-Juttner particle distribu-
tion functions for temperatures (a) kBT = 0.1m0c2, and (b) kBT = 10m0c2. The dis-
tribution functions are plotted as a function of the particle kinetic energy in units
of the particle rest mass energy.

With relativistic particles, temperatures in different directions can sometimes
be significantly different. A particle acceleration process may produce a relativis-
tically high temperature in a single direction with a Maxwellian distribution at
a more modest temperature perpendicular to the acceleration direction. Collision
cross-sections between particles drop rapidly at high particle energies, so an ac-
celeration process can dominate the particle distribution function. For example,
in laser-produced plasmas, significant potential changes can arise on the surfaces
of planar targets which accelerate ions and electrons perpendicular to the surface
planes, but have little affect on motion parallel to the planes (see Section 5.2.2).
Perpendicular to the target planes, ions and electrons can be accelerated to rela-
tivistic energies. It is useful to consider a one-dimensional statistical distribution
of particles at temperatures when the particle velocities are affected by relativistic
effects.
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Figure 6.5 The Maxwell-Juttner particle distribution function for relativistic par-
ticles plotted as a function of the Lorentz γ parameter for the particles. A value of
γ − 1 is equal to the particle kinetic energy in units of the rest mass energy m0c2.
Curves are shown for temperatures kBT = 1×m0c2, 10×m0c2 and 100×m0c2 as
labeled. Both axes are plotted on logarithmic scales.

For a one-dimensional distribution of particles, the number of particles fMJ(p)dp
with momentum between p and p+ dp is given by the proportionality

fMJ(p)dp∝ exp

(
−(γ − 1)m0c2

kBT

)
dp.

For a one-dimensional distribution, the particle energy distribution function for
relativistic particles has the following proportionality Figure 6.5:

fMJ(γ )∝ dp

dγ
exp

(
−(γ − 1)m0c2

kBT

)
= 1

β
exp

(
−(γ − 1)m0c2

kBT

)

= γ
(
γ 2 − 1

)−1/2
exp

(
−(γ − 1)m0c2

kBT

)

= γ
(
γ 2 − 1

)−1/2
exp

(
m0c2

kBT

)
exp

(
−γm0c2

kBT

)
(6.56)

We employ a normalization term 1/[exp(m0c2/kBT) Z1D(T)] with a revised Z1D(T)
given by

Z1D(T)=
∫ ∞

γ=1
γ
(
γ 2 − 1

)−1/2
exp

(
−γm0c2

kBT

)
dγ =K1(m0c

2/kBT), (6.57)

where K1(m0c2/kBT) is a modified Bessel function of the second kind and order
one evaluated at an inverse temperature value of m0c2/kBT . The Maxwell-Juttner
particle distribution function for free relativistic particles with a statistical distribu-
tion at a high temperature in only one dimension is given by
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Figure 6.6 The Maxwell-Juttner particle distribution function for relativistic par-
ticles plotted as a function of the Lorentz γ parameter for the particles assuming
a one-dimensional and three-dimensional distribution (as labeled). The value of
γ − 1 is equal to the particle kinetic energy in units of the rest mass energy m0c2.
Curves are shown for temperature kBT = 10×m0c2. Both axes are plotted on log-
arithmic scales.

fMJ(γ )= 1

Z1D(T)
γ
(
γ 2 − 1

)−1/2
exp

(
−γm0c2

kBT

)
. (6.58)

A comparison of a distribution functions with a one- and three-dimensional statis-
tical distribution of particles is shown in Figure 6.6.

6.7 Relativistic Equations of State

An “equation of state” is a tabulation or mathematical expression that relates “state”
parameters such as the energy density, pressure, material density and temperature
of matter. At moderate temperatures (where particles have nonrelativistic veloc-
ities) and moderate densities (where degeneracy effects are negligible), plasma
quantities are often related by ideal gas laws with an allowance if needed for en-
ergy expended in ionizing atoms or other processes taking up energy. We consider
in this section equation of state departures from ideal gas laws where particles have
sufficient density to have high occupancy of quantum states and where particles
have relativistic velocities.

Plasmas can have separate equations of state for the electrons and ions with
the ions (and unionized atoms) alone contributing to the material density, but with
both electrons and ions contributing to the plasma pressure. In laboratory plasmas,
the electrons and ions often have different temperatures with equilibrium popula-
tion distributions as collisions between particles transfer energy at rates propor-
tional to the ratio of the particle masses. Electrons equilibrate energy with ions on a
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timescale≈ (1/2)× 1836MA longer than they equilibrate energy to other electrons,
where MA is the atomic mass of the ion species and 1,836 is the ratio of the mass
of protons to electrons (see Exercise 8.2 and Spitzer [107]). Particle collisions are
examined in Chapter 8.

There are many examples where knowledge of an equation of state is needed
in the modeling and simulation of plasma fluids. In a fluid, the material density
varies proportionally to pressure gradients in the fluid. The equation of state rela-
tionship between density and pressure is needed to solve for the material density
as pressure gradients can be converted to density gradients using the equation of
state. The equation of state relationship between energy density and temperature
is needed to determine the temperature of a plasma for a known amount of en-
ergy input. The heat capacity is usually quoted here: It is the energy required to
raise the temperature of a unit mass of material by a unit of temperature. In cos-
mology, the “equation of state” usually refers to the ratio of the pressure Pp to
the energy density UT of material in the universe with a parameter w representing
this ratio:

w= Pp
UT

(6.59)

In cosmology, the energy density UT includes the rest mass energies of particles
and their kinetic energies.

Gaseous and plasma changes of density ρ in response to a pressure gradient ∇Pp
can be modeled using the fluid equations of continuity and an equation of mo-
tion. The equation of continuity represents conservation of mass. Material density
changes in time (dρ/dt) are due to the velocity u of the fluid so that for fluids with
fluid velocities |u|<< c, the equation of continuity can be written as

∂ρ

∂t
+ ∇ · (ρu)= 0 (6.60)

as dρ/dt= ∂ρ/∂t+ ∇ · (ρu). The equation of motion is a fluid version of Newton’s
law that the net force on a body produces an acceleration, where the force is equal
to the body’s mass multiplied by the acceleration. For the fluid equation of motion,
the net force on the fluid is replaced by a pressure gradient (the net force per unit
area) and the mass is replaced by density (the mass per unit volume). The fluid
equation of motion for nonrelativistic fluid velocities u can be written as

ρ

(
∂u
∂t

+ (u · ∇)u
)

= −∇Pp (6.61)

as du/dt= ∂u/∂t+ (u · ∇)u). For fluids with nonrelativistic velocities u in a rest
frame, Equations 6.60 and 6.61 can be used to determine density variations in time
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and space using an equation of state relationship between pressure Pp and the ma-
terial density ρ (mass per unit volume). Equations 6.60 and 6.61 are usually solved
numerically.

A fluid may have bulk motion at velocity u which is nonrelativistic, but if the
temperature of particles is sufficiently high, random particle velocities of partic-
ularly the much less massive electrons can approach the speed of light. We need
an equation of state modification between pressure Pp, the material density ρ and
the energy density Uk to take into account the relativistic nonlinear relationship of
velocity and momentum at high velocities (v approaching c). The kinetic energy Tk
of a particle is related to the momentum p by Equation 2.74:

TK =
√
p2c2 +m2

0c
4 −m0c

2

Rearranging we can write for the kinetic energy

Tk =m0c
2

⎡
⎣
(
1+

(
p

m0c

)2
)1/2

− 1

⎤
⎦ . (6.62)

The velocity v of a particle is generally related to the energy W by v= dW/dp
(see Equation 2.77). The rest mass energy m0c2 does not change with the particle
momentum p so that

v(p)= dW

dp
= p

m0

[
1+

(
p

m0c

)2
]−1/2

. (6.63)

In gases or plasmas, the mass density ρ is dominated by the mass of the atoms or
ions. However, electrons contribute to the plasma pressure. The plasma pressure
to be used in Equation 6.61 is the addition of the pressure due to the ions and
electrons. Due to their light mass, electrons have relativistic velocities at much
lower temperatures than atoms or ions.

We now consider a distribution of particles with the same mass m0 in a gas or
plasma. The material density ρ needed to solve Equation 6.60 and 6.61 is simply
given by

ρ =m0ntot, (6.64)

where ntot is the total number of particles per unit volume. The kinetic energy Uk

per unit volume of all the particles can be found by integrating the kinetic energy
Tk(p) of the number of particles np(p) dp per unit volume with momentum between
p and p+ dp:

Uk =
∫ ∞

0
Tk(p) np(p) dp (6.65)
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The scalar product of a particle velocity v and the particle momentum p can be
expanded in Cartesian coordinates (x, y, z) as

v · p= v p= vxpx + vypy + vzpz.

The velocities multiplied by momentum can be averaged over the particle distribu-
tion with the average indicated by <v p>. For an isotropic distribution of particle
velocities and momentum, these averages are the same in all directions so that

<vxpx>=<vypy>=<vzpz>= 1

3
<v p> . (6.66)

The pressure Pp due to the particles is the integration of all the particle momentum
crossing a surface of unit area in unit time. We can choose a surface of unit area
perpendicular to, say, the x-axis in Cartesian coordinates and write for the pressure

Pp =
∫ ∞

0
<vxpx> np(p) dp= 1

3

∫ ∞

0
v(p) p np(p) dp, (6.67)

where v(p) is the particle velocity corresponding to momentum p.
Substituting v(p) from Equation 6.63 into Equation 6.67 we obtain an expression

for the pressure Pp of a distribution n(p) of particles:

Pp = 1

3

∫ ∞

0

p2

m0

[
1+

(
p

m0c

)2
]−1/2

np(p) dp (6.68)

The kinetic energy Uk per unit volume of all the particles is given by Equation 6.65
which can be rewritten as

Uk =
∫ ∞

0
m0c

2

⎡
⎣
(
1+

(
p

m0c

)2
)1/2

− 1

⎤
⎦ np(p) dp. (6.69)

Consider a nonrelativistic distribution of particle velocities where p<<m0c.
The pressure Pp becomes for a non-relativistic distribution:

Pp ≈ 1

3

∫ ∞

0

p2

m0
n(p) dp (6.70)

The energy density Uk for a nonrelativistic distribution is given by

Uk =
∫ ∞

0
m0c

2

⎡
⎣
(
1+

(
p

m0c

)2
)1/2

− 1

⎤
⎦ np(p) dp

≈
∫ ∞

0
m0c

2
[

p2

2(m0c)2

]
np(p) dp

= 3

2
Pp (6.71)
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upon expanding the square root in the limit p<<m0c and noting the similarity of
the second integral with Equation 6.70.

Equation 6.71 shows a relationship where the energy density Uk = (3/2)Pp,
where Pp is the pressure. As well as assuming that the momentum of particles
is small (p<<m0c), to obtain Equation 6.71 we have simply assumed that the
particle velocities and momentum are isotropic (directed equally in all directions).
The form of the particle distribution function np(p) does not affect the relationship
Uk = (3/2)Pp provided energy is distributed equally in the x, y, and z coordinate
directions (as assumed for Equation 6.66). The three co-ordinate axes represents
three degrees of freedom. In some gases, plasmas and other systems, there are more
degrees of freedom. For example, molecules may have rotational and vibrational
degrees of freedom. Energy is then distributed so that that Uk = (n/2)Pp, where n
is the number of degrees of freedom.

A system may be composed of ultra-relativistic particles where p>>m0c, v≈ c
and Tk ≈ p c. Using Equation 6.67 we have for the pressure of a highly relativistic
particle distribution:

Pp ≈ 1

3

∫ ∞

0
c p np(p) dp (6.72)

Using Equation 6.65 for the energy density, we have for the energy density of a
highly relativistic particle distribution:

Uk ≈
∫ ∞

0
c p np(p) dp= 3Pp (6.73)

The form of the particle distribution function np(p) does not affect this relationship.
If there are more than (or less than) three degrees of freedom, we have Uk = n Pp,
where n is the number of degrees of freedom. Equation 6.73 shows a similar propor-
tionality of the pressure and energy density for highly relativistic particle distribu-
tions as found for nonrelativistic distributions, but with a change of the w= Pp/Uk

parameter from w= 2/3 (non-relativistic) to w= 1/3 (highly relativistic).
To relate the plasma pressure Pp and the energy density Uk of a distribution of

particles to the temperature kBT of the particles, we need to substitute in Equations
6.68 and 6.69 an expression for the particle distribution function np(p). We found
in Section 6.2 (Equation 6.17) that

np(p)= 8πp2

h3
1

1+ exp
(
(−μ+ p2/(2m0))/kBT

) , (6.74)

where μ is the chemical potential. The chemical potential μ is large and nega-
tive if the particle density ntot is sufficiently small that quantum states are not
close to being fully occupied. Such a particle distribution function is said to be

https://doi.org/10.1017/9781009236072.007 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.007


196 Photon and Particle Distribution Functions

“nondegenerate” as the “degeneracy” (number of particles occupying an energy
level) does not affect the particle distribution. Expanding Equation 6.68, the pres-
sure Pp of a distribution n(p) of particles can be expressed as

Pp = 8π

3h3m0

∫ ∞

0

[
1+

(
p

m0c

)2
]−1/2

p4

1+ exp
(
(−μ+ p2/(2m0))/kBT

) dp.
(6.75)

Expanding Equation 6.69, the kinetic energy Uk per unit volume of all the particles
can be expressed as

Uk = 8πm0c2

h3

∫ ∞

0

⎡
⎣
(
1+
(

p

m0c

)2
)1/2

−1

⎤
⎦ p2

1+ exp
(
(−μ+ p2/(2m0))/kBT

) dp.
(6.76)

In the limit of a nonrelativistic distribution of particles (p<<moc) with a suffi-
ciently low density so the chemical potential μ is large and negative (see Appendix
C), Equation 6.75 for the pressure Pp of the particles reduces to the ideal gas re-
lationship ntotkBT , where ntot is the total number of particles per unit volume (see
Exercise 6.16). The total energy Uk in the nonrelativistic, low density limit reduces
to (3/2)ntotkBT .

With a relativistic particle distribution, the chemical potentialμ for a low density
particle distribution which is not degenerate is given by Equation 6.35. We can
write for a nondegenerate relativistic particle distribution that

exp

(
μ

kBT

)
= h3

8π

c3

(m0c2)2
exp

(
−m0c2

kBT

) [
K2(m0c

2/kBT)
]−1 ntot

kBT
,

where ntot is the total number of particles per unit volume and K2(m0c2/kBT) is the
modified Bessel function of the second kind (see Appendix B). We can substitute
into Equation 6.75 for the particle pressure as follows:

Pp = 8π

3h3m0

∫ ∞

0

[
1+

(
p

m0c

)2
]−1/2

p4 exp

(
μ− p2/(2m0)

kBT

)
dp

= 1

3m0

c3

(m0c2)2
exp

(
−m0c2

kBT

) [
K2(m0c

2/kBT)
]−1 ntot

kBT
IPint, (6.77)
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where we represent the integration over momentum by

IPint =
∫ ∞

0

[
1+

(
p

m0c

)2
]−1/2

p4 exp

(
−p2/(2m0)

kBT

)
dp

= (m0c)
5
∫ ∞

0

x4

(1+ x2)1/2
exp

(
− x2

2�

)
dx. (6.78)

Here x= p/(m0c) and�= kBT/(m0c2) is a reduced temperature expressed in units
of the particle rest mass energy.

The kinetic energy Uk given by Equation 6.76 can be treated in a similar manner
to the pressure. For a nondegenerate relativistic particle distribution, we can write
for the total kinetic energy of the particles:

Uk = 8πm0c2

h3

∫ ∞

0

⎡
⎣
(
1+

(
p

m0c

)2
)1/2

− 1

⎤
⎦ p2 exp

(
μ− p2/(2m0)

kBT

)
dp

= c3

m0c2
exp

(
−m0c2

kBT

) [
K2(m0c

2/kBT)
]−1 ntot

kBT
IUint, (6.79)

where we represent the integration over momentum by

IUint =
∫ ∞

0

⎡
⎣
(
1+

(
p

m0c

)2
)1/2

− 1

⎤
⎦ p2 exp

(
−p2/(2m0)

kBT

)
dp

= (m0c)
3
∫ ∞

0
[(1+ x2)1/2 − 1] x2 exp

(
− x2

2�

)
dx. (6.80)

In the limit of�<< 1 (kBT <<m0c2), expanding the square root to two terms, this
integration simplifies to

IUint ≈ (m0c)
3
∫ ∞

0
(1/2) x4 exp

(
− x2

2�

)
dx.

= (m0c)
3 3

√
π

23/2
�5/2. (6.81)

Returning to Equation 6.79, we can expand K2(m0c2/kBT) as outlined in Appendix
B and use Equation 6.81 to show that in the nonrelativistic limitUk = (3/2)ntotkBT .

To obtain approximate expressions for the relativity “correction” when �=
kBT/m0c2 < 1, but � is not negligible, we can simplify the expression for the inte-
gration IUint as for Equation 6.81, but include an extra term in the expansion of the
square root:
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w

Log10(kBT/m0c2)

Figure 6.7 The equation of state parameter w for the ratio of the pressure Pp to
energy per unit volume Uk of a distribution of particles as a function of the particle
temperature kBT (in units of the particle rest mass energy m0c2). The horizontal
particle temperature axis is on a logarithmic scale.

IUint ≈ (m0c)
3
∫ ∞

0
[(1/2)x2 − (1/8)x4] x2 exp

(
− x2

2�

)
dx.

= (m0c)
3 3

√
π

23/2
�5/2 (1− (5/4)�)

Allowing for the mildly relativistic approximation of K2(m0c2/kBT) (see Appendix
B), we obtain an expression for the kinetic energy per unit volume including a
“correction” valid when kBT <m0c2:

Uk ≈
(
3

2

)
ntotkBT

[
1− (5/4)kBT/m0c2

1+ (15/8)kBT/m0c2

]
(6.82)

The multiplier in the square bracket is a correction to the expression for the total
kinetic energy Uk for a distribution of ntot particles of temperature kBT allowing for
relativistic particle velocities, but assuming kBT <m0c2.

The ratio w of the particle pressure to the particle kinetic energy simplifies to a
ratio of two integrations (based on Equations 6.78 and 6.80) with values dependent
on the reduced temperature �= kBT/(m0c2):

w= Pp
Uk

= 1

3

∫∞
0 x4(1+ x2)−1/2 exp

(−x2/(2�)) dx∫∞
0 [(1+ x2)1/2 − 1] x2 exp (−x2/(2�)) dx (6.83)

The variation of the ratio w of particle pressure to energy density evaluated us-
ing Equation 6.83 is shown in Figure 6.7. At nonrelativistic temperatures (kBT/
m0c2 << 1)), the ratio w approaches w= 2/3, while for highly relativistic temper-
atures (kBT/m0c2 >> 1)), w approaches w= 1/3. Using Figure 6.7 and the cor-
rection for relativistic effects enclosed in the square bracket of Equation 6.82, a
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relativistic correction for the pressure variation from the ideal gas law can be esti-
mated for particles with temperatures kBT <m0c2.

Exercises

6.1 The Schrodinger equation for an electron in a potential V can be written as(
− h̄2

2m0
∇2 + V

)
ψ = Eψ,

where ψ is the electron wavefunction; E is the energy state of the electron;
and h̄= h/(2π), where h is Planck’s constant. For a free electron with
V = 0, show that ψ = exp(ikz) is a solution of Schrodinger’s equation with
k= 2π/λDB, where λDB = h/p for p the electron momentum. [The wave-
length λDB of the free electron wavefunction is known as the De Broglie
wavelength.]

6.2 Consider a three-dimensional potential box or cavity of sides Lwith an infinite
potential at the walls of the box and zero potential within the box. For a single
electron confined within the box, show that the components of momentum in
Cartesian coordinates px, py, and pz parallel to the sides of the box must have
values of nh/(2L), where n is an integer. Hence show that the volume in
momentum space occupied by a quantum state of the electron in the box is
h3/(2L)3.

6.3 The energy of black-body radiation per unit of frequency per unit volume is
given by

Wp(ν)= 8πhν3

c3
1

exp(hν/kBT)− 1
.

Show that the spectrally integrated energy density per unit volume Wtot is
given by

Wtot = 8π5

15h3c3
(kBT)

4.

[You need the definite integral
∫∞
0 x3/(exp(x)− 1)dx= π4/15.]

6.4 Inertial fusion research seeks to compress a plastic pellet containing deu-
terium and tritium inside a black-body cavity. The black-body radiation im-
pinging on the pellet ablates some material which causes compression of the
deuterium and tritium via Newton’s third law. In inertial fusion research,
black-body cavities are usually known by the German word hohlraum. Deter-
mine the radiation temperature inside a small hohlraum of cylindrical shape
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with a length of 6.44 mm and diameter of 3.55 mm used for research at the
National Ignition Facility in California if the total radiation energy in the
hohlraum is 1 MJ. [1 keV]

6.5 The solar surface is typically 5,800 K, while sunspots are regions appearing
darker with lower temperatures. If a sunspot has a temperature of 4,200 K,
determine the relative spectrally integrated intensity of the sunspot compared
to other parts of the solar photosphere. [0.275]

6.6 Given the solar photosphere temperature of 5,800 K and that the radius of the
Sun is 6.957× 105 km, determine (a) the mass of solar material converted to
energy per second. (b) The present mass of the Sun is 1.989× 1030 kg and the
Sun is 4.6× 109 years old. Estimate the fraction of solar mass that has been
converted to energy in the life of the Sun. [(a) 4.3× 109 kg s−1, (b) 3× 10−4]

6.7 Consider isotropic radiation of energy density Wrad at a distance of z from a
surface of area A. In a time δt, show that radiation within a cone of half-angle
α impinges on the surface, where

cos α = z

cδt
.

A cone of half-angle α subtends a solid angle of 2π(1− cos α) steradian. Use
this to show that in a time δt, the radiation energy impinging on the surface
from all possible distances z is Wrad(1/4) A c δt.

6.8 Show that the black-body intensity Ibb(λ) in units of power per unit area per
unit wavelength per unit steradian is given by

Ibb(λ)= 2hc2

λ5

1

exp(hc/(λkBT))− 1
,

where λ is the wavelength of the radiation. Hence, for long wavelength radi-
ation show that

Ibb(λ)≈ 2c

λ4
kBT.

[The long wavelength expression is an example of the Rayleigh-Jeans approx-
imation for black-body radiation intensity.]

6.9 A laser pulse is focused so that the intensity variation in radius r from the
focal center and in time t is such that

I(r, t)= I0 exp

(
−r2

r20

)
exp

(
− t2

t20

)
.

Show that the energy E of the pulse is such that

E= 4π3/2r20t0.
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Evaluate the number of photons in the laser pulse if the laser wavelength is
one micron, the focal radius is one micron, the laser pulse duration is one
picosecond and the peak laser intensity is 1016 W cm−2. [≈1016]

6.10 A particle with relativistic energy in a three-dimensional potential box of
sides L with infinitely high potential walls has been shown [1] to have si-
nusoidally varying wavefunctions as found for Exercise 6.1 with components
of k parallel to the sides of the box with values of kx, ky, and kz determined by
three equations of form

tan(kiL)= 2(W +m0c2)h̄ki
h̄2(k2i − k2)c− 2m0c(W +m0c2)

,

where i represents the components x, y or z and k2 = k2x + k2y + k2z . In the
nonrelativistic limit where the total energy W ≈m0c2 and the momentum
h̄ki <<m0c, show that the components of momentum in Cartesian coordi-
nates px, py, and pz parallel to the sides of the box have values of nh/(2L),
where n is an integer.

6.11 Show that the expression for the appropriate relativistic kx, ky and kz val-
ues in a three-dimensional potential box as listed in Exercise 6.10 reduces
to tan(kiL)≈ 0 when the Compton wavelength λC = h/(m0c) is such that
L>>λC. Hence show that when L>>λC, the components of momentum
are given by nh/(2L), where n is an integer as was found for nonrelativistic
particles.

6.12 Consider theMaxwell-Juttner distribution fMJ(γ ) given by Equation 6.55. For
a highly relavistic distribution where kBT >>m0c2, show that the peak of the
particle distribution occurs when γ = 2kBT/m0c2.

6.13 Show that the redshift parameter z is related to the Lorentz γ parameter for
an astronomical object by

z= γ − 1+
√
γ 2 − 1≈ 2γ,

where the last relationship only applies for large redshift.
6.14 The cosmic microwave background temperature of T ′ = 2.725K is measured

with a small angular anisotropy in temperature known as the dipole pattern
with a “hot pole” and “cold pole” temperature variation of ±0.00335K at
angles π radians apart. The temperature difference�T ′ = 0.0067K associated
with the dipole is due to the velocity�v of the local cluster of galaxies relative
to the CMB. The “hot pole” is associated with a velocity decrement of −�v
and the “cold pole” with a velocity increase of �v above the velocity v of
the frame of the last scattering event that produced the CMB. Using Equation
6.48, show that
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�T ′ ≈ T

γ

(
1

1+ (v+�v)/c
− 1

1+ (v−�v)/c

)

assuming that v has a value approaching the speed of light c. Hence show that

�T ′

T ′ ≈ −�v
c
.

6.15 Extremely high energy cosmic rays collide with the cosmic microwave back-
ground (CMB) to produce new particles as the CMB spectral frequencies are
Doppler shifted to sufficiently high photon energies in the particle frame to
enable particle-photon interactions. Use the Doppler shift formula (Equation
2.46) to show that cosmic rays made up of protons of energy Emax and rest
mass energy mpc2 can produce a pion of rest mass mπc2 from the most abun-
dant CMB photons if

Emax >
(mπc2)(mpc2)

2× 2.8kBT
,

where T is the CMB temperature. As protons lose their energy when inter-
acting with the CMB in this way, evaluate the maximum proton energy you
would expect to observe when the protons in cosmic rays interact with the
present day CMB to produce a proton and a pion. [≈ 1020 eV. This upper
limit for cosmic ray energies is known as the Greisen-Zatsepin-Kuzmin limit
[48]. In approximate agreement with our answer, cosmic rays with energy
over 3× 1020 eV have not been observed [9], [22].]

6.16 The pressure of an equilibrium distribution of particles with momenta p al-
lowing for relativistic and degeneracy effects can be written as

Pp = 8π

3h3m0

∫ ∞

0

[
1+

(
p

m0c

)2
]−1/2

p4

1+ exp
(
(−μ+ p2/(2m0))/kBT

) dp.
For a nondegenerate distribution of particles, the chemical potential μ is
given by

μ= kBT ln

[
ntot
2

(
h2

2πm0kBT

)3/2
]
,

where ntot is the total number of particles per unit volume. Show that the
pressure of particles where relativistic and degeneracy effects are small is
given by the ideal gas relationship

Pp = ntot kBT.

[You need the integral
∫∞
0 p4 exp(−p2/A)dp= (3

√
π/8)A5/2.]
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6.17 Plasmas studied for the production of fusion energy may require temperatures
of 25 keV for an efficient fusion process. The electron pressure in such plas-
mas is usually evaluated assuming ideal gas laws. Estimate the percentage
reduction in electron pressure from the ideal gas law value due to relativistic
effects for an electron temperature of 25 keV. [14%]
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7

Radiation Emission, Absorption, and Scatter
in Plasmas

Special relativity is important in understanding radiation produced by plasmas and
the interaction of radiation with plasma when the velocities of plasma particles are
high. Electrons achieve relativistic velocities at lower energies due to their much
smaller mass compared to ions, so this chapter concentrates on relativistic electron
effects on the emission, absorption, and scattering of light in plasmas. Nonrela-
tivistic or low velocity treatments are presented first in most cases. Our relativistic
expression are compared to the nonrelativistic, so that relativistic “corrections” can
be applied for small, but not insignificant relativistic changes.

Radiation emission, absorption and scatter are the processes whereby photons
interact with matter. These radiative processes transfer energy spatially in a plasma,
cause radiation fields to become thermalized with a black-body distribution and
can ensure particles become thermalized with Boltzmann population ratios. Light
emission, absorption, and scattering effects are also used for the measurement of
plasma quantities.

In this chapter, we find some combinations of radiative quantities that remain
Lorentz invariant in different frames of reference. Spectral line radiation emission
and absorption is examined. An intrinsic relativistic effect – the Doppler broaden-
ing of spectral lines is considered in some detail. The rate of continuum emission
associated with free electrons accelerating in the field of an ion is examined using a
novel perspective, intrinsically linked to relativity concepts. The method of “virtual
photons” is used to evaluate expressions for continuum emission. The idea is that in
the frame of an electron, a “collision” with an ion appears to the electron as a pulse
of electric field with an associated magnetic field, in other words an electromag-
netic pulse. The continuum emission arises from the Thomson or Compton scatter
of the electromagnetic pulse off the electron. The chapter presents a discussion of
inverse Compton scatter where the radiation field can gather energy by Compton
scatter in a plasma of relativistic electrons. An introduction to the radiation reaction
force on electrons emitting light is presented.

204
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7.1 Radiative Transfer 205

7.1 Radiative Transfer

We now consider the emission and absorption from a volume of gas or plasma with
a density of many emitters per unit volume. If the emission processes from indi-
vidual particles in a gas or plasma are independent of each other, the total power
of emission is given by a sum of the power emitted by each particle. Some radia-
tive quantities of independent emitters are Lorentz invariant: that is, the quantities
remain constant under a Lorentz transformation between frames of reference.

Charged particles radiate electromagnetic radiation when accelerated. A general
expression for the electromagnetic power radiated by a single accelerated charged
body or particle in the reference frame of the body or particle was considered in
Section 1.3. The acceleration and radiation of particles due to magnetic fields was
considered in Chapter 5. We deal with issues related to the radiation from acceler-
ated electrons in a plasma and transitions between quantum states in this chapter.
However, the detailed atomic physics relating to the acceleration and consequent
radiation of electrons bound in atomic and ionic quantum states needs to be evalu-
ated using time-dependent quantum mechanics and is not covered in this book (see
e.g. Chapter 10 of Tallents [110]).

Calculations of radiated electromagnetic power are best carried out in the frame
of reference of the radiating particle, atom or ion. Any angular change in this radi-
ated power in other frames of reference (such as the rest frame) can be treated as
outlined in Section 3.4 with the particular frequency changes due to the Doppler
effect treated as outlined in Section 2.6.

When there are a large number of emitters producing radiation, we can define an
emission coefficient ε as the sum of the power from individual identical emitters
such that in the frame of the emitting particle

ε =Np
dPe
dν d�

, (7.1)

where Np is the number density of emitters and dPe/(dν d�) is the power radi-
ated per emitter per unit solid angle per unit frequency. Absorption of light can
be regarded as the inverse process to emission whereby impinging electromagnetic
radiation accelerates a charged particle.

The general change in intensity dI of light over a small length dzl along a line
of sight through a medium is found by taking into account the emission minus the
absorption over the length dzl. The resulting formula is known as the equation of
radiative transfer:

dI = ε dzl −KIdzl (7.2)

The absorption coefficient K gives the rate of absorption of radiation of inten-
sity I per unit length. For example, K can have units of m−1. Another measure of
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absorption or more generally interaction of radiation with matter is a cross-section.
Cross-sections σK represent notional areas associated with absorption or radiation
interaction with a single particle. If there is a number density of Np absorbing par-
ticles, the absorption coefficient K is related to the absorption cross-section σK by

K =Np σK . (7.3)

The absorption of radiation is also sometimes characterized by a measure of opacity
K/ρ, where ρ is the material density or mass per unit volume of the medium. Cross-
sections σK per atom or opacities K/ρ have more constant values with changing
number density Np and density ρ and so are often tabulated in the literature rather
than absorption coefficients K (see e.g. Colgan et al. [21] for tabulations of plasma
opacities and Henke et al. [49] for tabulations of the atomic cross-sections and
opacities of room temperature elements).

The inverse of the absorption coefficient 1/K gives a measure of the distance
traveled by photons in a medium before they are absorbed and is referred to as the
mean free path for absorption or the attenuation length for the radiation. Over a
distance of the attenuation length 1/K, the intensity of light in a purely absorbing,
uniform medium drops by a factor of e−1. This drop is apparent if Equation 7.2 is
solved assuming zero emission (ε = 0) and a uniform medium as then

I(zl)= I(0) exp(−Kzl), (7.4)

where I(zl) is the intensity as a function of distance zl in propagating through a
uniform medium.

The emission coefficient ε is the power radiated per unit solid angle per unit
volume by a body of gas or plasma. The emission coefficient can be specified for
a particular frequency range or a particular spectral line transition so that the full
units may be, for example, watts per cubic meter per steradian per unit frequency
(W m−2 sr−1 Hz−1). The intensity I must have comparable units; for example,
watts per square meter per steradian per unit frequency. In laser work, the hybrid
unit of watts per square centimeter (Wcm−2) is often employed for the laser power
per unit area. Other research fields, particularly astrophysics, use centimeter-gram-
second (CGS) units so that powers are measured in erg s−1 and intensities in erg
s−1 sr−1 Hz−1 (1 joule = 107 erg).

The total emission coefficient at a particular frequency can be evaluated by
adding together the emission coefficients due to different process involving free
and bound electrons. Some specific processes contributing to the total emission co-
efficient ε for a plasma are considered in this chapter. We consider emission coef-
ficients associated with spectral line emission arising from discrete bound quantum
states of atoms or ions in Section 7.3. Continuum emission arising from the tran-
sitions of free electrons is considered in Section 7.7. Processes contributing to the
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absorption coefficient K are considered in Sections 7.4 (spectral line absorption),
7.7 (inverse bremsstrahlung absorption), and 7.11 (light scattering). As for emis-
sion, absorption coefficients for different processes can be added to give the total
absorption coefficient K.1

The optical depth τ can be specified by considering the optical depth change
dτ =Kdzl over an incremental length (dzl) along a line of sight. We then have

dI

dτ
= ε

K
− I = Sf − I, (7.5)

where Sf = ε/K is known as the source function. Optical depth is Lorentz invariant
as it can be measured by counting photon numbers using, for example, Equation 7.4
where for a uniform medium τ =Kzl and the photon numbers are proportional to
the intensities. However, the source function Sf changes with the frame of reference
(this change is discussed later in this section).

The radiative transfer equation can be integrated to the form

I =
∫ τ

0
Sf (τz) exp(−τz)dτz + I(0) exp(−τ), (7.6)

where τ is the optical depth measured through the gas or plasma along a line of
sight and I(0) is the intensity incident onto the plasma. For many gases or plasmas,
there is no external source of radiation so that I(0)= 0. If the source function is
constant with optical depth then Sf (τz)= Sf everywhere and

I = Sf (1− exp(−τ)). (7.7)

For a large body of emitting and absorbing gas or plasma with large τ , we see that
I = Sf .

The density of emitters in a frame S′ observed from a stationary frame S increases
due to length contraction in the direction of the velocity v of the frame S′ such that

Np = γN ′
p (7.8)

where Np is the density in frame S and N ′
p is the density of emitters in the moving

S′ frame. Doppler shifts affect the frequency range of emission in the two frames.
Adapting Equation 2.47, the frequency ν detected in the stationary frame is related
to the frequency ν ′ emitted in the moving frame by

ν = ν ′
(
1+ v

c
cos θ ′

)
γ

1 Emission and absorption coefficients associated with different radiative processes can be added when each
emission or absorption process is sufficiently isolated that the light electric fields do not add (or subtract)
coherently. Coherent electric field addition can be important for bright light production (see Chapter 5) as
light intensity is proportional to the square of the light electric field.
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where θ ′ is the angle between the observer line of sight and the velocity v in the
moving frame (assuming that positive v implies the emitting body is moving to-
wards the observer). For a frequency range dν in the stationary frame

dν = dν ′
(
1+ v

c
cos θ ′

)
γ, (7.9)

where dν ′ is the corresponding frequency range in the moving frame. The emis-
sion coefficient ε in the stationary frame is consequently related to emission in the
moving frame by

ε =N
dPe
dν d�

= 1

1+ v cos θ ′/c
N ′
p
dPe

dν ′ d�
= γ 2

(
1+ v

c
cos θ ′

)2
N ′
p

dP′

dν ′ d�′
(7.10)

upon using Equation 3.55. We use Equation 3.55 which neglects the Doppler effect
on dP′/dν ′ as Doppler changes in the detected frequencies are taken into account
by Equation 7.9. Equation 7.10 leads to the relationship between an emission coef-
ficient ε′ in the moving frame and the emission coefficient ε in the stationary frame.
Due to the Doppler effect ν/ν ′ = γ (1+ v cos θ ′/c), we have

ε =
( ν
ν ′
)2
ε′. (7.11)

Equation 7.11 means that the value of ε/ν2 is invariant under a Lorentz transfor-
mation.

Other radiative transfer quantities that are invariant under a Lorentz transforma-
tion can be deduced. Consider a gas or plasma uniformly streaming with a velocity
v between two planes parallel to the x-axis (see Figure 7.1). If the planes are sepa-
rated by a distance l and light is directed at an angle θ to the planes in the stationary
frame S and at an angle θ ′ in the frame S′ moving with the gas or plasma, then the
optical depths of the light through the gas or plasma as measured in the two frames
of reference are given by

τ = Kl

sin θ

τ ′ = K′l′

sin θ ′ .

Optical depth is measured by counting the photons passing along a ray path. The
photon number reduces proportionally to exp(−τ) and is the same in both frames of
reference, so the optical depth τ is Lorentz invariant. Similarly, the Lorentz trans-
formation for distances perpendicular to the velocity v does not alter the distances,
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S frame

¢

S ′ frame

l=l¢

k k�

Figure 7.1 A moving gas or plasma between two parallel planes is illustrated.
In the stationary frame of reference S, a ray of light propagates at an angle θ to
the planes, while in the moving frame of reference S′, the ray propagates at an
angle θ ′. The scenario depicted is used to deduce the Lorentz invariance Kν of the
absorption coefficient K of the gas, where ν is the frequency of the light.

so l= l′. The angles θ and θ ′ of the light in the two frames change according to
Equation 2.42 such that

sin θ = sin θ ′

γ (1+ v cos θ ′/c)
.

The absorption coefficients in the two frames are consequently related by

K = K′

γ (1+ v cos θ ′/c)
. (7.12)

Due to the Doppler effect ν/ν ′ = γ (1+ v cos θ ′/c), so that

K = ν ′

ν
K′. (7.13)

Equation 7.13 indicates that the value Kν is invariant under a Lorentz
transformation.

Due to the ε/ν2 invariance of the emission coefficient and the Kν invariance
of the absorption coefficient under a Lorentz transformation, the source function
Sf = ε/K is such that the value of Sf /ν3 is Lorentz invariant. As the source function
occurs in the equation of radiative transfer (Equation 7.5) as Sf − I, intensity I/ν3

is also Lorentz invariant.
It is often convenient to determine the radiative transfer quantities ε, K and Sf

in the proper frame of the material. Using the results of this section, it is possi-
ble to then find the radiative transfer quantities in any other frame. As the trans-
formation of the frequencies ν in the frames varies with the angle to the relative
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velocity v, quantities that are isotropic in one frame, are not necessarily isotropic
in another frame.

7.2 The Einstein A and B Coefficients

The emission and absorption of light arises due to the acceleration of charged par-
ticles. In Section 1.3 we evaluated the power emitted by an accelerated charged
particle in the frame of reference of the particle. Energy is conserved in radiation
emission by a loss of energy from the accelerating particle. With free particles, the
loss of energy due to radiation emission is associated with a momentum change
of the particle and hence the existence of a “radiation reaction force” (see Sec-
tion 7.12). Absorption of light can be regarded as the inverse process to emission
with an incoming electromagnetic wave accelerating a charged particle so that the
particle gains energy.

The radiative emission by free particles, such as a free electron in a gas or plasma
proceeds as treated in Section 1.3. Electrons in atoms in the potential field of a
nuclear charge are, however, in quantized states and can only change energy in
quantum leaps between discrete energy gaps. However, the emission and absorp-
tion of radiation for free particles and those such as atomic electrons in discrete
quantum states with large energy gaps between states both result from charged par-
ticle acceleration. With electronic states in atoms, the acceleration processes needs
a quantum mechanical treatment (see e.g. Chapter 10 of Tallents [110]).

Free electron and other free particles not in a confining potential field are also
in quantum states; the quantum states are just spaced closely together. In this sec-
tion, we assume two energy states are involved in emission or absorption of radi-
ation of a particular frequency. We consider the possible radiative processes that
can occur between the two states following an argument originally proposed by
Einstein.

In his treatment of the radiative processes between two energy levels, Einstein
introduced the concept of stimulated emission, where a photon interacting with an
excited energy state causes de-excitation to a lower energy state and the emission of
an identical photon to the stimulating photon [36]. We show in this section that it is
not possible to get agreement between the black-body radiation energy density and
the form of the equilibrium radiation density arising from a rate equation balance
of photo-absorption and spontaneous emission alone. This is the original argument
for the existence of stimulated emission.

After Einstein proposed the idea of stimulated emission, for many years stimu-
lated emission was a curiosity necessarily used in models of radiative processes.
This changed with the invention of the laser in 1960 and the later development of
applications using the extremely bright, collimated and coherent radiation possible
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h h h

h

h

Spontaneous emission Absorption Stimulated emission

dN2/dt = A21 N2 + B12W()N1 − − B21W()N2

1

2

Figure 7.2 A schematic of the three radiative processes between two generic
energy levels. The rate of change of the population of the upper quantum state is
shown expressed in terms of the Einstein A and B coefficients.

with lasers. The word laser is an acronym for light amplification by the stimulated
emission of radiation.

We undertake an evaluation of the relationships between the rates of the three
radiative processes in the frame of reference S of the atoms or particles involved
in the emission or absorption processes. The rates of the three radiative optical
process-spontaneous emission, absorption and stimulated emission are given by
rate equations involving the population densities of the upper (N2) and lower (N1)
quantum states and the radiation energy density W(ν). Energy conservation re-
quires that the relevant radiation energy density is at photon energy hν = E2 − E1,
where E2 and E1 are the upper and lower quantum state energies, respectively. We
do not need to consider the detail of, for example, atomic or free electron energy
levels and just need to consider the upper (labeled 2) and lower (labeled 1) states
involved in a set of related radiative processes (see Figure 7.2).

The rate of change of the population densities is linearly dependent on the popu-
lation density and for absorption and stimulated emission is also linearly dependent
on the radiation energy density. The rate equations for spontaneous emission, ab-
sorption and stimulated emission can be added to give the total rate of change of,
say, the upper quantum state due to radiative processes:

dN2

dt
= −A21N2 + B12W(ν)N1 − B21W(ν)N2 (7.14)

The proportionality constant for the rate of spontaneous emission (A21) is known as
the transition probability or Einstein A coefficient, while similar constants (B12 and
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B21) for absorption and stimulated emission are simply referred to as the Einstein
B coefficients.

In the absence of a radiation fieldW(ν), Equation 7.14 simplifies to

dN2

dt
= −A21N2

which has a solution

N2(t)=N2(0) exp(−A21t). (7.15)

In the absence of a radiation field, a population initially in the upper quantum state
at time t= 0 decays exponentially in time with a time constant of 1/A21.

It is useful to follow Einstein’s original treatment and consider what happens for
ensembles of atoms which are in an equilibrium state. Equilibrium now means
that the populations N2 and N1 are in equilibrium with population ratio given
by the Boltzmann ratio and that the radiation field is the equilibrium black-body
distribution. Equilibrium also means that the populations are in steady state with
dN2/dt= 0.

The equilibrium condition that dN2/dt= 0 when the rates of specific related tran-
sitions are added together is often referred to as a condition of “detailed balance” for
the transitions. Detailed balance arises as an extension of the “microreversibility”
of transitions between quantum states [83]. A transition and the inverse transi-
tion between states occur at the same rate because the transition processes occur
at the same rate in the forward and backward time directions. Later in this book,
we also use detailed balance for the reverse processes of bremsstrahlung/inverse
bremsstrahlung (Section 7.7) and collisional excitation/de-excitation plus
collisional ionization/three-body recombination (Section 8.3). Here we use detailed
balance for the three radiative processes: photon absorption, spontaneous emission,
and stimulated emission.

Rearranging Equation 7.14 with dN2/dt= 0 for an equilibrium steady-state for
the three radiative processes between two quantum states of an ensemble of atoms,
we can write an expression for the radiation energy density

W(ν)= A21

(N1/N2) B12 − B21
.

The Boltzmann population ratio depends on the temperature T of the system such
that

N2

N1
= g2 exp(−E2/kBT)

g1 exp(−E1/kBT)
= g2
g1

exp

(
− hν

kBT

)
,
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where g1 and g2 are the degeneracies of the energy levels 1 and 2, respectively. It
is convenient to group quantum states with similar (or identical energies), so the
degeneracies represent the number of quantum states at energy E1 and E2, respec-
tively. The above equation for W(ν) can be rewritten as

W(ν)= A21

(g1/g2) exp(hν/kBT)B12 − B21
. (7.16)

Assuming equilibrium means that the radiation energy density is given by the
black-body energy density (see Equation 6.44) with radiation energy density be-
tween frequency ν and ν + dν given by

Wp(ν)dν = 8πhν3

c3
1

exp(hν/kBT)− 1
.

Equating Wp(ν) to W(ν) (from Equation 7.16) can give us information regarding
the relationships between the Einstein coefficients A21, B12, and B21. The radiation
energy density and Equation 7.16 can only both be correct if

B12
g1
g2

= B21 (7.17)

and

A21 = 8πhν3

c3
B21. (7.18)

If stimulated emission did not exist, Equation 7.16 would have B21 = 0 in the de-
nominator and it would be impossible to equate Equation 7.16 with the black-body
radiation energy density. It was this potential inconsistency that led Einstein to
propose the existence of the stimulated emission process.

The relationships between the Einstein coefficients (Equations 7.17 and 7.18)
have been obtained by considering a system of radiation and matter in thermal
equilibrium. However, the exact rates of A21, B12, and B21 are determined by quan-
tummechanics with parameters determined by the central potential arising from the
nucleus of an atom and the electric field of the radiation. Consequently, the rela-
tionships (Equations 7.17 and 7.18) are independent of the state in which atoms are
embedded. It does not matter if the population distributions of photons and quan-
tum state populations are in equilibrium or not in equilibrium. The relationships
between the Einstein coefficients apply for materials not in equilibrium, including
the highly nonequilibrium systems used for laser production.

In Section 7.1 we found that light intensity and the value of a source function
in radiative transfer vary with a proportionality to frequency of ν3 and are Lorentz
invariant. Other atomic physics parameters varying with a proportionality to fre-
quency of ν3 are also Lorentz invariant. Equation 7.18 shows that the ratios A21/B21
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and A21/B12 are Lorentz invariant as the ratios scale with frequency ν such that, for
example, A21/B12 ∝ ν3. The ratio of the spontaneous emission transition probabil-
ity to the Einstein B coefficients for absorption and stimulated emission are the
same in all frames of reference.

7.3 Spectral Line Emission Coefficients

The emission coefficients discussed in Section 7.1 can be more explicitly formu-
lated for spectral line transitions between discrete quantum states. In the frame
of reference of the emitting atom, ion or molecule, the emission coefficient ε for
a transition due to spontaneous emission between discrete quantum states can be
written as

ε = 1

4π
N2A21hνf (ν), (7.19)

where f (ν) is known as the lineshape function. Here the emission coefficient ε is in
units of power per unit volume per unit frequency per steradian. The factor of 1/4π
in Equation 7.19 on the right-hand side converts the total isotropic emission into
the emission per unit of steradian. The lineshape function f (ν) represents the prob-
ability of emission per unit frequency assuming that the transition takes place at
some frequency. The assumption that radiative emission occurs at some frequency
requires the condition that ∫ ∞

0
f (ν)dν = 1. (7.20)

Due to this normalization of the lineshape function, the lineshape function has units
of inverse frequency. We consider an example of a lineshape function in Section
7.5 where Doppler broadening is treated.

It is interesting to examine the changes in the terms contributing to a spectral
line emission coefficient (Equation 7.19) between the moving frame of reference
where emission occurs and a rest frame of reference where spectral line radiation
is detected. A scenario here could be an emitting volume of gas or plasma moving
in a frame of reference at relative velocity v. The number density N2 of the upper
quantum state in the two frames are related by N2 = γN ′

2 (see Equation 7.8). As
the transition probability A21 has units of inverse time, the transition probabilities
in the two frames are related by A21 = A′

21/γ . The total number of photons N2A21

emitted into all angles is thus Lorentz invariant.
The frequency ν in Equation 7.19 transforms between frames as given by

Equation 7.28. The lineshape function f (ν) has units of inverse frequency with
a value proportional to the inverse of the lineshape function spectral width. As
frequency differentials transform between frames in the same way as frequency
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(see Equation 7.9), we have that νf (ν) is Lorentz invariant. The Lorentz transfor-
mation of the spectral line emission coefficient ε is consequently dependent on
the Lorentz transformation of the solid angle of the emission. We found (Equation
3.45) that solid angle d� transforms as

d�= d�′

γ 2(1+ v cos θ ′/c)2
. (7.21)

The emission coefficient ε is defined here in units of inverse steradians, so that the
Lorentz transformation of the emission coefficient is given by

ε = ε′ γ 2(1+ v cos θ ′/c)2 = ε′
( ν
ν ′
)2

(7.22)

in agreement with the earlier result in Section 7.1 (Equation 7.11).
With a large number of radiative transitions from many randomly oriented atoms

or ions, spectral line emission from a gas or plasma is isotropic in the frame of the
emitting gas or plasma. However, a body of gas or plasma moving at relativistic
velocities v radiates in the rest frame with enhanced emission in the direction of v.
Using Equation 3.52, we have that the emission coefficient ε in the rest frame is
related to an isotropic emission coefficient ε′ in the moving frame by

ε = 1

γ 4(1− v cos θ/c)4
ε′, (7.23)

where θ is the angle of emission in the rest frame to the velocity v. As discussed
in Section 3.4, there is a beaming effect, whereby the emission in the rest frame
is concentrated in the direction of the velocity v. The concentration of emission in
the forward velocity direction is within a half-angle of 1/γ when v approaches the
speed of light c.

7.4 Spectral Line Absorption Coefficients

Absorption and stimulated emission are treated together in radiative transfer cal-
culations. Stimulated emission is equivalent in many ways to negative absorption:
photons are added to the radiation field in stimulated emission, rather than being
subtracted as occurs in absorption. The population density of an excited quantum
states decreases due to stimulated emission, rather than being added to as occurs in
absorption. The contribution of stimulated emission to population densities and the
radiation field are added to the contribution due to the pure absorption process to
give a value for a total or net absorption coefficient K.
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The rate of change of the population of energy levels due to absorption and
stimulated emission is given by

dN2

dt
= (B12N1 − B21N2)

∫ ∞

0
W(ν)f (ν)dν, (7.24)

where W(ν) is the radiation energy density per unit volume per unit frequency
and f (ν) is the lineshape function. The radiation energy density W(ν) can be spec-
trally broad or narrow. If spectrally broad like the black-body radiation distribution,
the radiation energy density W(ν) varies slowly compared to the lineshape func-
tion f (ν) and can be removed from within the integral. The Equation for dN2/dt
then becomes equal to the absorption and stimulated emission terms in Equation
7.14 where we assumed the incident radiation was the spectrally broad black-body
radiation.

Consider light absorbed by the radiative processes between two discrete quantum
states in a medium with a population N2 of the upper quantum state. Each absorbed
photon in a volume of unit area and thickness �zl increases the upper quantum
state density N2 by one and decreases the light intensity by the photon energy hν.
The change in the number of photons is equal to dN2/dt multiplied by the volume
�zl for a unit area of thickness �zl. The light intensity integrated in frequency and
angle changes by

�

(∫ ∞

ν=0

∫
�

I dνd�

)
= −hν dN2

dt
�zl.

Taking the limits of differential increments, the frequency and angle integrated
intensity rate of change along an increment of beam path is given by

d
(∫∫

I dνd�
)

dzl
= −hν dN2

dt
. (7.25)

Using Equations 7.17 and 7.18, we can equate the Einstein B coefficient val-
ues to the transition probability A21. The radiation energy density W(ν) is related
to the angle integrated intensity by W(ν)= (1/c)

∫
Id�, so that the rate of light

absorption is given by

d
(∫∫

I dνd�
)

dzl
= − c3

8πν2
A21

(
g2
g1
N1 −N2

) ∫ ∞

0

[∫
�

(
I

c

)
d�

]
f (ν)dν. (7.26)

If we consider a small increment of frequency ν so that the intensity I variation
with frequency over the small frequency range is constant compared to the line-
shape f (ν) variation with frequency, the lineshape f (ν) can be removed from within
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the integration over frequency. Simplifying terms, we have for all frequencies and
angles that

dI

dzl
= −KI,

where the absorption coefficient K at all frequencies across the line profile and for
all angles is given by

K = c2

8πν2
A21

(
g2
g1
N1 −N2

)
f (ν). (7.27)

The lineshape function f (ν) varies rapidly with frequency ν with a typical fre-
quency width �ν such that ν/�ν >> 100 . The 1/ν2 term in Equation 7.27 only
varies slowly with frequency and so can be accurately set at the line center fre-
quency ν0. Due to the spectral narrowness of f (ν), the 1/ν2 term can also be accu-
rately assumed to be constant in determining Equation 7.27 from Equation 7.26.

We examined the Lorentz transformation of the absorption coefficient K from
the moving frame of reference to the rest frame of reference in Section 7.1. The
geometry of the absorption of a moving gas or plasma as observed in the moving
and rest frame is illustrated in Figure 7.1. We found that Kν is invariant under a
Lorentz transformation.

7.5 Doppler Broadening

A lineshape function represents the probability per unit of frequency of emission
in a narrow spectral range assuming emission occurs at some frequency. A useful
example of a lineshape function f (ν) occurs when emitting particles have different
Doppler-shifted frequencies depending on their relative velocity to the observer.
The observed frequency ν in a rest frame of reference is related to the frequency ν ′
emitted in a moving frame of reference by Equation 2.47. We have

ν = ν ′
(
1+ v

c
cos θ ′

)
γ, (7.28)

where θ ′ is the angle in the moving frame between the direction of propagation of
the light and the velocity v of the moving frame. The component of the velocity v||
of emitting particles along a line of sight is given by v|| = v cos θ ′. Rearranging the
Doppler shift expression, each value of v|| produces a shift in frequency between
the frames such that

ν

γ ν ′ − 1= v||
c
. (7.29)
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Any distribution in the number density N(v||) of emitting particles with velocity
along the line of sight produces an equivalent distribution in the number of particles
with the Doppler frequency shift given by Equation 7.29.

A lineshape function fD(ν) broadened by the Doppler effect from a velocity dis-
tribution N(v||) has the form

fD(ν)dν ∝N(v||)dv|| =N
(
c[ν/(ν ′γ )− 1]) dv||

so that

fD(ν)∝N(v||)
dv||
dν
. (7.30)

In a gas or plasma at moderate temperatures, the velocities are much less than
the speed of light c, so that γ is close to one and dv||/dν is constant with varying
ν and v|| for emission in the moving frame at a particular frequency ν0 = ν ′. At
moderate temperatures, a thermal distribution of atoms or ions along a line of sight
has a Maxwellian distribution of speeds along the line of sight with

N(v||)∝ exp

(
− Mv2||
2kBT

)
, (7.31)

where T is the atomic or ionic temperature and M is the mass of the atom or ion.
The form of the distribution function of particles has been discussed in Section
6.5. Equation 7.31 represents the form of particle distribution applicable when the
velocities v|| << c and we need the velocity component in one-direction (the line
of sight). Using Equations 7.31 and 7.29, the lineshape function is determined by
the relative number of atoms or ions with velocities giving the appropriate Doppler
shift of frequency. We have

fD(ν)∝ exp

(
−Mc2(ν − ν0)

2

2kBTν20

)
,

where the frequency ν0 corresponds to a velocity v|| = 0 (and hence ν0 = ν ′). The
normalization requirement (Equation 7.20) enables the elimination of the propor-
tionality for the lineshape function. Using the definite integral∫ ∞

−∞
exp(−x2)dx= π1/2,

we have for the normalized line shape

fD(ν)= 1

π1/2ν0

(
Mc2

2kBT

)1/2

exp

(
−
(
ν − ν0

ν0

)2 ( Mc2

2kBT

))
. (7.32)

This expression is often written in terms of a measure of the spectral width of the
line profile:
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fD(ν)= (4 ln 2)1/2

π1/2�ν
exp

(
−4 ln 2

(
ν − ν0

�ν

)2
)
, (7.33)

where �ν is a measure of the full width at half maximum of the Gaussian shaped
lineshape function fD(ν). Comparing Equation 7.33 to Equation 7.34 gives the re-
lationship of the linewidth �ν to the temperature T of the atoms or ions. We have

�ν = (4 ln 2)1/2
ν0

c

√
2kBT

M
. (7.34)

Measurements of the linewidth �ν of spectral lines emitted from a plasma can be
used as diagnostics of ion temperatures in the plasma. However, other line broad-
ening process can also be important (see Chapter 10 of Tallents [110]). When us-
ing spectral linewidths to determine temperatures, it is important to ensure that the
spectral line broadening is dominated by the Doppler shift of frequencies associated
with a thermal spread of velocities.

As well as using the Doppler effect to measure the temperature of emitting ions
in a plasma, Doppler broadening of the spectrum of light produced by Thomson
scatter off free electrons in a plasma is used to measure electron temperatures.
Thomson scatter from effectively isolated electrons is discussed in Section 4.6.
Scatter from an ensemble of electrons with different velocities produces a shift
in scattered frequency proportional to the velocity along a direction ĵ− î, where î
and ĵ are unit vectors in the direction of, respectively, the incident and scattered
light propagation directions (see Equation 4.70). If the electrons are thermalized
with a Maxwellian distribution, the Thomson scattered light spectral profile follows
the form of Equation 7.33 with the spectral width given by Equation 7.34. With
Thomson scatter off electrons, the mass M given in Equation 7.34 becomes the
electron massm0. Asm0 <<M, the scattered spectrum is spectrally broad enabling
accurate electron temperature measurements using Thomson scatter.

7.6 Doppler Broadening in Highly Relativistic Plasmas

Doppler broadening of spectral line emission when atoms or ions have thermalized
velocities approaching a significant fraction of the speed of light is more compli-
cated than the Doppler broadening considered when all velocities are well below
the speed of light (Section 7.3). With relativistic motion, the direction of emis-
sion or absorption which is usually isotropic in the atom or ion frame of reference
is strongly altered in the laboratory frame of reference. In the laboratory frame,
emission from a relativistic particle is beamed in the direction of the velocity (see
Section 3.5).
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For emitting atoms or ions moving relativistically towards the observer, we are
going to assume that the approximation of a one-dimensional distribution of veloc-
ities is accurate as only those atoms or ions moving parallel to the observer line of
sight produce light that is detected. We find that this approximation leads to an ex-
pression for the Doppler broadening from a highly relativistic plasma that is good
agreement with more involved evaluations [46], [52], [53], [106].

Doppler broadening when particles have velocities approaching the speed of
light needs to be evaluated using the Maxwell-Juttner expression (Equation 6.58)
for the distribution of particle energies rather than the Maxwellian distribution of
particle velocities (Equation 7.31). For atoms or ions moving towards the observer,
the one-dimensional Maxwell-Juttner distribution is appropriate due to the beaming
effect of emission from relativistic atoms and ions. The one-dimensional relativis-
tic Maxwell-Juttner particle distribution function is also accurate for atoms or ions
with a small velocity along the line of sight.

Equation 6.58 gives the one-dimensional distribution of particle numbers as a
function of the Lorentz factor γ . For a distribution of atoms or ions moving at
relativistic thermal velocities:

NMJ(γ )= 1

Z1D(T)
γ
(
γ 2 − 1

)−1/2
exp

(
−γMc

2

kBT

)
, (7.35)

where we useM for the rest mass of the atoms or ions. We now use Equation 7.29 to
find an expression for the frequency ν of Doppler-shifted light as a function of the
Lorentz parameter γ . We assume a one-dimensional Maxwell-Juttner distribution
with the atoms or ions having relativistic velocities in only one direction so that
the γ parameter is solely determined by the velocity along the line of sight. Using
Equation 7.29 we can write that

γ = 1(
1− v2/c2

)1/2 = γ(
γ 2 − (ν/ν0 − γ )2

)1/2
on setting the frequency ν ′ in the moving frame of reference to be equal to the
unshifted line center frequency ν0 in the laboratory frame of reference. We then
have a relationship for the Lorentz parameter to the Doppler-shifted frequencies:

γ 2 − 1=
(
ν

ν0
− γ

)2

.

Solving this equation for γ , we have

γ = 1

2

(
ν

ν0
+ ν0

ν

)
. (7.36)
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We can rearrange Equation 7.36 to give the Doppler-shifted frequency ν:

ν = ν0(γ ± (γ 2 − 1)1/2). (7.37)

Differentiation of this expression shows that

dν

dγ
= ν0

(
1± γ

(γ 2 − 1)1/2

)
. (7.38)

The lineshape parameter is related to the particle distribution function by equations
similar to Equation 7.30. Using the Maxwell-Juttner expression (Equation 7.35) we
have for the Doppler-broadened lineshape function

fMJ(ν)∝NMJ(γ )
dγ

dν
∝ γ

(
γ 2 − 1

)−1/2

ν0
(
1± γ (γ 2 − 1)−1/2

) exp
(

−γMc
2

kBT

)

with the relationship of γ to the Doppler-shifted frequency ν given by Equation
7.36.

We want to normalize the expression for the Doppler-broadened lineshape func-
tion fMJ(ν) so that

∫ ∞

ν=0

γ
(
γ 2 − 1

)−1/2

ν0
(
1± γ (γ 2 − 1)−1/2

) exp
(

−γMc
2

kBT

)
dν = 1.

Using Equation 7.38, we can convert the normalization integral from an integral in
frequency ν to an integral in the Lorentz parameter γ :

∫ ∞

ν=0

γ
(
γ 2 − 1

)−1/2

ν0
(
1± γ (γ 2 − 1)−1/2

) exp
(

−γMc
2

kBT

)
dν

= 2
∫ ∞

γ=1

γ
(
γ 2 − 1

)−1/2

ν0
(
1± γ (γ 2 − 1)−1/2

) exp
(

−γMc
2

kBT

)
dν

dγ
dγ

= 2
∫ ∞

γ=1
γ
(
γ 2 − 1

)−1/2
exp

(
−γMc

2

kBT

)
dγ

The factor two multiplying the integrations is introduced when changing integra-
tion from frequency ν to Lorentz parameter γ because there are two frequencies
associated with each γ (an up-shifted frequency and a down-shifted frequency).
The integral with respect to the Lorentz parameter γ was obtained before in Sec-
tion 6.6 (Equation 6.57):∫ ∞

γ=1
γ
(
γ 2 − 1

)−1/2
exp

(
−γMc

2

kBT

)
dγ =K1(Mc

2/kBT), (7.39)

where K1(Mc2/kBT) is a modified Bessel function of the second kind and order one
evaluated at an inverse temperature value of Mc2/kBT . The normalized lineshape
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Figure 7.3 Doppler-broadened line profiles for an extreme temperature
kBT/Mc2 = 0.1. The “standard” Doppler broadening expression is plotted using
Equation 7.34, while the two almost superimposed curves are plotted with a more
rigorous Doppler evaluation using Equations 7.40 and 7.43. All the profiles are
normalized so that their integrals over frequency are equal to one.

function for Doppler broadening with particles at significant relativistic energies
directed in a single direction becomes

fMJ(ν)=
(

1

2K1(Mc2/kBT)

)(
γ

ν0
(
(γ 2 − 1)1/2 ± γ

)
)
exp

(
−γMc

2

kBT

)

=
(

1

2K1(Mc2/kBT)

) (γ
ν

)
exp

(
−γMc

2

kBT

)
(7.40)

with the Lorentz parameter γ given by Equation 7.36. A sample profile plotted
using Equation 7.40 is given in Figure 7.3. Figure 7.3 exemplifies that at extreme
temperatures, the observed Doppler-broadened profile has a maximum at a lower
frequency to the unshifted frequency ν0 (the frequency of interaction in the atomic
or ionic frame of reference). The shift in the peak of Doppler-broadened profiles is
examined in Exercise 7.3.

As well as being applicable to relativistic Doppler broadening of the emission
from thermalized distributions of atoms or ions in a plasma, Equation 7.40 can
be applied as a spectral line profile for the absorption of radiation. Absorption
is enhanced at a higher shifted frequency for atom or ions moving towards the
light source with the angular variation in the atom or ion frame moving to higher
angles in an analogous fashion to the beaming of emission along the velocity
direction.

Equation 7.40 is strictly applicable for observations of line profiles in the line
center and high frequency line wing associated with thermalized atom or ions with a
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relativistic velocity distribution. Doppler treatments assuming a plasma with atoms
or ions moving with relativistic velocities in three-dimensions allowing for beam-
ing effects in emission or absorption produce a similar proportionality fMJ(ν)∝
exp

(−γMc2/kBT) as shown in Equation 7.40. However, different published treat-
ments present expressions with differing small amounts from the γ /ν term multi-
plying exp

(−γMc2/kBT) [46], [52], [53], [106].
Considering our result for the highly relativistic modification of Doppler-

broadened line profiles (e.g. Figure 7.3), it seems that the treatment of highly rel-
ativistic atomic or ionic emission in this section (and in the literature) is largely
for intellectual thoroughness as the temperatures required for significant departures
from the treatment of Section 7.3 are so extreme that no bound electrons exist. Hy-
drogen has the smallest rest mass energy of any element at 938.27 MeV, so tem-
peratures kBT/Mc2 = 0.1 (see Figure 7.3) imply temperatures for hydrogen ions of
93.827 MeV equivalent to 1.09× 1012 degrees Kelvin. As the ionization energy of
hydrogen is 13.6 eV, spectral line emission at such extreme electron temperatures
does not occur as there are no bound electrons, only hydrogen nuclei (protons) and
free electrons.

Equation 7.40 reduces to the low velocity Doppler expression (Equation 7.34)
when kBT <<Mc2. The normalizing modified Bessel function of the second kind
for large Mc2/kBT becomes

K1(Mc
2/kBT)≈

√
π

2

(
2kBT

Mc2

)1/2

exp

(
−Mc2

kBT

)
. (7.41)

This approximation is accurate for all temperatures kBT <Mc2 (see Figure 7.4).
The expression for the Doppler-broadened profile when kBT <<Mc2 then simpli-
fies to

fMJ(ν)≈ 1√
π

(
Mc2

2kBT

)1/2 (
1

ν

)
exp

(
−(γ − 1)Mc2

kBT

)
. (7.42)

The γ − 1 term in the exponential can be expanded in terms of frequency using
Equation 7.36. We have

γ − 1= 1

2

(
ν

ν0
+ ν0

ν

)
− 1

= ν2 + ν20 − 2νν0
2νν0

= (ν − ν0)
2

2νν0
.
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Figure 7.4 The normalization parameter K1(Mc2/kBT) for highly relativistic
Doppler line profiles as a function of the atom or ion temperature in units of the
atom or ion rest mass energy. The exact expression is shown alongside an approx-
imation given by Equation 7.41 (as labeled).

Substituting into Equation 7.42 gives an expression for Doppler broadening when
the atoms or ions have velocities much less than the speed of light:

fMJ(ν)≈ 1√
πν

(
Mc2

2kBT

)1/2

exp

(
−(ν − ν0)

2Mc2

2νν0kBT

)
(7.43)

Due to the near-identical profiles of Equations 7.40 and 7.43 for kBT < 0.1Mc2,
Equation 7.43 can be used to accurately represent high temperature Doppler pro-
files when kBT < 0.1Mc2 (see Figure 7.3). At lower temperatures, the frequencies
ν are approximately equal to the line center frequency ν0 as the Doppler broaden-
ing effect is small. For an accurate representation of the line profile at temperatures
kBT << 0.1Mc2, we only need to consider the frequency difference ν − ν0 from
the line center frequency ν0 within the exponential and can set ν = ν0 elsewhere.
Equation 7.43 for low velocity/low temperature Doppler broadening then becomes
equivalent to Equation 7.34.

7.7 Continuum Radiation

Free electrons in a plasma can undergo acceleration in the potential field of the
ions and emit radiation. The observed spectrum of emission arising from an ini-
tially free electron only varies slowly with frequency and so is known as “contin-
uum radiation.” The free electrons are also referred to as “continuum” electrons as
the free electron quantum states are close together in energy. The deacceleration
or “braking” of free electrons as they approach the positive potential near an ion
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leads to continuum radiation emission. From the German for “braking radiation,”
this continuum emission process is also known as “bremsstrahlung” for free-free
transitions when the electron remains free after interaction with an ion. Continuum
emission is referred to as recombination radiation when the electron finishes in a
bound quantum state of the ionic potential.

We found in Section 1.3 that any charged accelerating body emits electromag-
netic radiation. The emission arising when a free electron interacts with the po-
tential field of an ion can be obtained using the expression for the electromagnetic
radiation produced by a charge that is accelerated (see Equation 1.15). Integrating
the emission of many electron-accelerating collisions over a Maxwellian distri-
bution of electron velocities leads to an expression for the radiation at different
frequencies for a plasma with a particular electron temperature T . The expression
for the emission when the free electron ends in another free electron state can be
extended to the situation where free electrons recombine into bound quantum states
of the ions. Considering the power radiated by an accelerating charge to calculate
the emission coefficient due to free electron collisions with the potential field of an
ion is explained in Section 5.2 of Tallents [110].

Rather than follow the treatment of my earlier book [110] in the evaluation of
bremsstrahlung emission, it is interesting to investigate another technique to cal-
culate the rate of bremsstrahlung. We consider a method for evaluating electron
collisional cross-sections and continuum radiation emission known as the “method
of virtual photons” or the Weizsaker-Williams method [11]. This approach uses
ideas regarding the equivalence of frames of reference so that light emission in an
electron-ion collision occurs due to the creation of a pulse of electromagnetic radi-
ation in the electron frame as the electric field of the ion passes the electron. This
radiation scatters via Compton or Thomson scatter (depending on the frequency of
the radiation) off the electron leading to bremsstrahlung radiation emission.

The collision of an electron with an ion can be considered in the frame of refer-
ence of the electron. Consider a collision between an electron and an ion of charge
Zi + 1 in the frame of reference of the electron with the electron at rest. We can
assume that the ion moves with velocity v parallel to the x-axis on a trajectory
with a constant y-coordinate such that y= b with the electron at the origin of the
coordinate system. The parameter b defined in this way is known as the “impact
parameter” in collision theory. It is the closest distance between the colliding ion
and electron if the particles did not deviate their paths during the collision. For high
velocity collisions, the impact parameter b represents approximately the distance of
closest approach of the two particles (see Figure 7.5).

Following the discussion regarding the Lorentz transformation of electric and
magnetic fields in Section 3.2, we can show that the electrostatic field of the mov-
ing ion is transformed into a transverse pulse of electromagnetic radiation in the
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b

2b

2b 2b

Electron

Ion
v

√ √

Figure 7.5 A schematic of the collision of an ion with an electron in the frame of
the electron. For an impact parameter b, the electric field from the ion seen by the
electron varies from half the peak value to the peak and then back to half the peak
as the ion is at distances

√
2b, b, and then

√
2b again. The schematic is for γ ≈ 1

as the Lorentz contraction to 2b/γ of the distance of closest approach for the ion
is not shown. As occurs for most electron-ion collisions, the path deviation of the
particles due to the collision is shown as negligible.

frame of the electron. Electric and magnetic fields perpendicular to the velocity v
transform between frames of reference according to Equation 3.27. Adapting Equa-
tion 3.27 to a transformation from the moving frame of the ion to the rest frame of
the electron, the electric and magnetic fields in the direction perpendicular to v seen
by the electron are given by

E⊥ = γE′
⊥ , B⊥ = γ (1/c2)(v×E′

⊥).

The magnetic field B⊥ is directed perpendicular to the electric field E⊥ and the
velocity v. Using β = v/c, the relative amplitudes of the electric and magnetic fields
in the rest frame of the electron are given by

E⊥
B⊥

= c

β
.

As the directions of the electric and magnetic fields are perpendicular and the rel-
ative magnitudes E⊥/B⊥ are close to c for a high velocity collision (E/B= c for
electromagnetic radiation in vacuum; see Equation 1.11), the pulse of electric and
magnetic field created in the electron frame due to the ion-electron collision ap-
pears as a pulse of light to the electron (see Figure 7.5). The β parameter modifies
the phase velocity of the light to c/β in a similar way to the refractive index modi-
fication for light propagation in a medium other than vacuum (see Exercise 4.5).

The maximum electric field experienced by the electron in a close-encounter or
“collision” with an ion of charge Zi + 1 is given by

E⊥ = γ
1

4πε0

(Zi + 1)e

b2
. (7.44)

In the electron frame, the time duration of an electron-ion collision can be estimated
as 2b/(γ v). As illustrated in Figure 7.5 for γ ≈ 1, this is approximately the time
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2/3

Figure 7.6 A schematic of the electric field seen by an electron due to the ion
in an electron-ion collision. The electric field oscillation occupies approximately a
2π/3 phase oscillation of a sinusoidal wave (superimposed).

duration 2b/v for the electric field of the ion seen by the electron to vary from half
the peak value up to the peak value and then back to half the peak. Allowing for
a Lorentz length contraction in 2b (to 2b/γ ) along the direction of the velocity
v changes the electron-ion collision time to 2b/(γ v). In terms of the “phase” of
the electric field variation, an electric field varying from half the peak value up to
the peak value and then back to half the peak represents a 2π/3 phase change in
a sinusoidal wave (see Figure 7.6). The maximum angular frequency of the pulse
of light is consequently approximately (2π/3)γ v/2b≈ γ v/b giving a maximum
frequency in units of hertz of γ v/(2πb). The spectrum of the light produced in the
frame of the electron is examined in Exercise 7.4.

We can estimate the energy contained in the pulse of light arising from the
electron-ion collision by multiplying the energy density of electromagnetic radi-
ation ((1/2)ε0E2⊥; see Equation 1.12) by a measure 2πb3/γ for the volume of the
collision interaction. We assume that the volume of interaction is a Lorentz con-
tracted length 2b/γ along the direction of the velocity v over an area of πb2 per-
pendicular to the velocity (see Figure 7.7). The intensity of this energy of light is
found by dividing by the frequency range of the light and multiplying by c (see the
discussion leading to Equation 1.12 regarding the relationship between radiation
energy density and intensity).

The spectrum of light seen by the electron varies from zero up to a maximum at
the frequency γ v/(2πb). Consequently, the average intensity Ie of the light pulse
at the electron in the electron frame of reference in units of power per unit area per
unit of frequency is

Ie = (1/2)ε0cE2⊥ 2πb3/γ

γ v/(2πb)
= 2π2ε0c

(
1

4πε0

)2
(Zi + 1)2e2

v
. (7.45)

This average intensity Ie is independent of the impact parameter b and the relativis-
tic γ factor.
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y
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z

v

b

2b/

+(Zi+1)e
–e

Figure 7.7 A schematic outline of an ion of charge Zi + 1 moving at velocity v in
the direction of the x-axis colliding with an electron. The illustration is in the frame
of reference of the electron for an impact parameter b. The volume of interaction
is a Lorentz contracted 2b/γ in the x-direction and an area of πb2 perpendicular
to the yz−plane.

To evaluate bremsstrahlung radiation, the method of virtual photons assumes
that the intensity Ie of light in the electron rest frame is scattered by the electron.
For photon energies much less than the electron rest mass energy m0c2 = 511 keV,
the scattering cross-section for an isolated electron is the Thomson scatter cross-
section. At higher photon energies, the correct Compton scattering cross-section is
needed (see Section 7.8).

The Thomson scattering cross-section σT is determined by evaluating the radia-
tion emitted by an electron oscillating (and hence accelerating) in the electric field
of an electromagnetic wave (see Section 4.6). We have

σT = 8π

3
r2e , (7.46)

where re is the classical electron radius. The value of re is determined by the dis-
tance where the electrostatic potential energy of a sphere e2/(4πε0re) around the
electron charge e is equal to the electron rest mass energy m0c2. We have

re = e2

4πε0

1

m0c2
. (7.47)

The intensity of the Thomson scattered light pulse from one electron is IeσT
which is evaluated by combining Equations 7.45, 7.46, and 7.47. We have

IeσT = 4π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

v
. (7.48)
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Equation 7.48 represents the power radiated into 4π steradian per unit frequency in
a single electron-ion collision for an electron of velocity v. If electrons with a single
velocity v and electron density ne collide with a plasma containing ions of density
nZi+1, the power radiated per unit volume per unit steradian per unit frequency in
the electron frame can be written in the form

dP′

dν ′dV ′d�′ = 4π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

v
ne(γ nZi+1)

2Gf√
3

[
3

8π
sin2 θ ′

A

]
,

(7.49)

where 2Gf /
√
3 is a quantum mechanics correction of magnitude ≈ 1 known as a

Gaunt factor and we have allowed for a density increase in the rest frame ion density
nZi+1 due to length contraction. The acceleration of the electrons due to the virtual
quanta of radiation is perpendicular to the velocity v, so the factor (3/8π) sin2 θ ′

A
within the square brackets of Equation 7.49 shows the variation with the angle θ ′

A
of emission to the electric field of the virtual quanta in the frame of reference of the
electron (according to Equation 1.15). The angle to the velocity v is π/2− θ ′

A so
sin2 θ ′

A = cos2 θ ′, where θ ′ is the angle of the radiation propagation relative to the
velocity v in the electron frame.

For electron velocities v a significant fraction of the speed of light, the power
radiated in the laboratory frame is found using the transformation given by
Equation 3.59. The power radiated in the laboratory frame for electrons with a
single velocity v varies with angle θ to the velocity as

dP

dνdVd�
= 8π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

v
nenZi+1

Gf√
3

[
3

8π

]

(
1

1− v cos θ/c

)4
(
1−

(
sin θ cos φ

γ (1− v cos θ/c)

)2 )
, (7.50)

where φ is an azimuthal angle (see Figure 3.1). As velocities v approach the speed
of light c, the emission becomes more localized within angles < 1/γ around the
direction of the velocity v (see the discussion in Section 3.4).

Equation 7.50 is applicable if the photon energy hν is below the electron rest
mass energym0c2. The Thomson scatter cross-section can then be assumed without
consideration of the Compton cross-section change with frequency (see Section
4.8). Scattering where the Compton scatter cross-section is required is treated in
Section 7.8.

A plasma usually comprises a distribution of electron velocities v with magni-
tude much less than the speed of light. The electron frame of reference signified by
primed symbols in Equation 7.49 then becomes equivalent to the laboratory frame
of reference and we can set γ ≈ 1. With a large number of electron bremsstrahlung
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events, we only need to consider the angle integrated radiated power. The integra-
tion over all angles

∫
(3/8π) sin2 θ ′

Ad�= 1 in Equation 7.49. An angle integrated
radiated power for a density of ne electrons and nZi+1 ions in the laboratory frame
for electron velocity v<< c becomes

dP

dνdV
= 8π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

v
nenZi+1

Gf√
3
. (7.51)

In order to determine the bremsstrahlung emission coefficient ε for a distribu-
tion of electron speeds we need to integrate Equation 7.51 over the electron speed
distribution function. In thermal equilibrium at nonrelativistic velocities, the elec-
tron velocity distribution is given by a Maxwellian distribution. The distribution
of electrons per unit volume with speed between v and v+ dv for a Maxwellian
distribution is given by

fv(v)dv=
(

m0

2πkBT

)3/2

4πv2 exp

(
−m0v2

2kBT

)
dv. (7.52)

To obtain the emission coefficient εff (ν), we need to undertake the integration

εff (ν)=
∫ ∞

(2hν/m0)1/2

dP

dνdV
fv(v)dv.

The lower limit on the electron speed (2hν/m0)
1/2 is set so that the free electrons

considered have sufficient kinetic energy (1/2)m0v2 to produce emission of a pho-
ton of energy hν. Substituting Equations 7.52 and 7.48, the emission coefficient
in units of radiated power per unit volume per unit frequency in hertz assuming
nonrelativistic electron velocities becomes

εff (ν)= 32π3

3
nenZi+1(Zi + 1)2

(
e2

4πε0

)3
1

m2
0c

3

(
m0

2πkBT

)3/2

∫ ∞
√

2hν
m0

Gf√
3
v exp

(
−m0v2

2kBT

)
dv

= 16π2

3
nenZi+1(Zi + 1)2

(
e2

4πε0

)3
1

m2
0c

3

(
m0

2πkBT

)1/2 G̃f√
3

∫ ∞
hν
kBT

exp (−x) dx

= 16π2

3
nenZi+1(Zi + 1)2

(
e2

4πε0

)3
1

m2
0c

3

(
m0

2πkBT

)1/2 G̃f√
3
exp

(
− hν

kBT

)
,

(7.53)

where G̃f signifies a Gaunt factor averaged over the electron velocity distribution.
Equation 7.53 is identical to equations where bremsstrahlung emission is evaluated
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from an expression (Equation 1.15) for the radiation produced by an accelerating
charge.

Expressions for free-free bremsstrahlung emission and free-bound recombina-
tion emission coefficients have been determined in Chapter 5 of Tallents [110].
The total continuum emission associated with an arbitrary ion of number density
nZi+1 and charge Zi + 1 associated with bremsstrahlung and recombination to ion
charge Zi is given by

ε(ν)= εff (ν)+ εfb(ν)

so that

ε(ν)= 16π2

3
nenZi+1(Zi + 1)2

(
e2

4πε0

)3
1

m2
0c

3

(
m0

2πkBT

)1/2

exp

(
− hν

kBT

)
C0,

(7.54)

where

C0 = 1√
3

⎡
⎣G̃ff +

∑
n

G̃fb
2En
n

(
uZi
gZi

)
e

En
kBT

kBT

⎤
⎦ .

The energy En represents the ionization energy for an energy level of principal
quantum number n in the CO expression. The degeneracy gZi of the lower bound
level and the number of holes uZi in this level before the recombination are included
in Equation (7.54). The rate of recombination for ions which are not hydrogen-
like is reduced by uZi/gZi as some of the quantum states are already occupied for
nonhydrogen-like ions. (For hydrogen-like ions uZi/gZi = 1.) The Gaunt factors G̃ff

and G̃fb represent the appropriate quantum mechanical corrections for free-free and
free-bound processes respectively averaged over a Maxwellian velocity distribu-
tion. For photon energies hν < En, the Gaunt factor G̃fb = 0 as it is not energeti-
cally possible to have a free-bound photon energy less than the ionization energy
En. Otherwise the Gaunt factors G̃ff and G̃fb are dependent on detailed quantum
mechanical calculations with values not too far from unity. The summation in the
evaluation of C0 is over all levels n with nonzero holes uZi per level.

Important features of continuum emission due to free-free bremsstrahlung and
free-bound recombination radiation include the variation of the emission coeffi-
cients ∝ exp(−hν/kBT) with photon energy hν and the proportionality of emission
with (Zi + 1)2nenZi+1 which means that highly ionized, high density plasmas ra-
diate strongly. The variation ∝ exp(−hν/kBT) enables continuum emission mea-
surements as a function of photon energy to be used as diagnostics of electron
temperature T in plasmas.
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The process of inverse bremsstrahlung occurs when an electron in the field of an
ion absorbs energy from an electromagnetic wave. When the radiation field is in
equilibrium, the rates of bremsstrahlung and inverse bremsstrahlung are in detailed
balance with bremsstrahlung emission balancing the grouping together of photon
absorption and stimulated emission. An equilibrium radiation field is the black-
body radiation field discussed in Section 6.4. We can obtain an expression for the
absorption coefficient Kib for inverse bremsstrahlung from the power emitted by
bremsstrahlung using

KibIbb(ν)= εff (ν),

where Ip(ν)dν is the black-body radiation intensity between frequency ν and ν +
dν (see Equation 6.45). We have that

Ibb(ν)= 8πhν3

c2
1

exp (hν/kBT)− 1
.

The absorption coefficient for inverse bremsstrahlung can now be readily calcu-
lated. We have

Kib = 8
√
π

(
e2

4πε0

)3
4

3c3
Z2i
m2
0

nenZi

(
m0

2kBT

)1/2 c2

8πhν3

(
1− exp

(
− hν

kBT

))
.

(7.55)

The absorption of radiation due to free-free inverse bremsstrahlung varies as
nenZiν

−3T−1/2. The exponential term in the bracket represents the negative effect
on absorption (i.e. the production of photons) associated with stimulated emission.

7.8 Continuum Emission with Relativistic Electrons

In this section we evaluate bremsstrahlung for relativistic electron-ion collisions
by considering the virtual photons created in the electron frame of reference when
the electric field of the ion moves rapidly past the electron. For relativistic veloc-
ities, we now extend the treatment of Section 7.7 to allow the virtual photons to
have sufficient photon energy that the Compton scatter cross-section becomes rel-
evant, rather than the frequency independent Thomson cross-section. A complete
evaluation of moderate to highly relativistic bremsstrahlung including the Comp-
ton scatter cross-section, Compton frequency shifts, the Maxwell-Juttner electron
energy dependence and Doppler effects necessarily involves numerical evaluations
[96], [120]. We present an analytic approach and find an approximate relativistic
correction to bremsstrahlung emission rates valid for electron temperatures kBT
less than the electron rest mass energy m0c2 = 511 keV.
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In the electron frame where the electron has a relativistic velocity relative to the
ions in a plasma, the scattered frequency ν ′

s is Compton shifted from the incident
frequency ν ′ (see Equation 4.92). We have for the frequency of light ν ′

s produced
by bremsstrahlung in the electron frame that

ν ′
s =

ν ′

1+ (1− cos θ ′)hν ′/(m0c2)
, (7.56)

where θ ′ is the angle between the incident virtual quanta propagation direction (par-
allel to the velocity v of the ions relative to the electron) and the scattered photon
propagation direction. We want an expression relating the incident frequency ν ′ in
terms of the scattered frequency ν ′

s, so rearrange Equation 7.56 to

ν ′ = ν ′
s

1− (1− cos θ ′)hν ′
s/(m0c2)

. (7.57)

The differential Compton cross-section variation is given by the Klein-Nishina
equation (Equation 4.95). We have

dσC
d�′ = r2e

2

(
ν ′

ν ′
s
+ ν ′

s

ν ′ − sin2 θ ′
)
, (7.58)

where re is the Thomson scatter radius. Combining Equations 7.57 and 7.58 gives
a differential Compton scatter cross-section given by

dσC
d�′ = r2e

2

(
1− (1− cos θ ′)hν ′

s/(m0c
2)+ 1

1− (1− cos θ ′)hν ′
s/(m0c2)

− sin2 θ ′
)
.

(7.59)

The power radiated per unit volume per unit steradian per unit frequency in the
electron frame considering the Compton scatter cross-section is found by modify-
ing Equation 7.49. Expressing the relativistic power as a ratio R′

rel of the power
radiated when relativistic effects are negligible, we can write that(

dP′

dν ′dV ′d�′

)
Rel

=
(

dP′

dν ′dV ′d�′

)
0
R′
Rel,

where the subscript Rel denotes the relativistic radiated power and the subscript 0

denotes the power radiated ignoring relativistic effects. The ratio of the relativistic
to nonrelativistic bremsstrahlung power is given by

R′
Rel = γ

3

16π

(
μ′2 − (1− u′)hν ′

s/(m0c
2)+ 1

1− (1−μ′)hν ′
s/(m0c2)

)
(7.60)

after substituting μ′ = cos θ ′, including the Lorentz factor γ due to the relativistic
increase of ion density seen by the electrons associated with a 1/γ reduction of
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distance in the ion velocity direction (see Equation 7.49) and dividing by the angle
integrated Thomson scatter cross-section σS = (8π/3)r2e (see Equation 4.68).

The angle average<R′
Rel> of the ratio of the relativistic to nonrelativistic brems-

strahlung power in the electron frame is found by integrating over all values of μ′.
The ratio R′

Rel is azimuthally symmetric (dependent only on the angle θ ′ to the
velocity v), so we have for the angle average

<R′
Rel>= 2π

∫ π

θ ′=0
RRel sin θ

′dθ ′ = 2π
∫ 1

μ′=−1
R′
Rel dμ

′

= γ

(
1

4
− 3hν ′

s

4m0c2
− 3

8

m0c2

hν ′
s
ln

(
1− 2

hν ′
s

m0c2

))
. (7.61)

The angle integrated radiated power for a density ne of electrons of velocity v and
density nZi+1 of ions in the laboratory frame is found by modifying Equation 7.51.
In the electron frame of reference, the relativistic angle averaged bremsstrahlung
becomes

dP′

dν ′
sdV

′ = 8π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

cγ ((γ 2 − 1)1/2
nenZi+1

Gf√
3
<R′

Rel> (7.62)

upon substituting v= cγ (γ 2 − 1)1/2 for the electron velocity.
Due to the relativistic Doppler effect, the radiated power in the laboratory frame

is increased by the Lorentz factor γ in moving from the electron frame (see the
discussion in Section 4.6). In addition, the electron density ne is increased by a
relativistic factor of γ in the laboratory frame associated with relativistic length
shortening in the electron velocity direction. Allowing for these two effects, we
have that the power radiated in the laboratory frame (unprimed variables) is related
to the power radiated in the electron frame (primed variables) by

dP

dνsdV
= γ 2 dP′

dν ′
sdV

′ . (7.63)

We need to integrate the radiated bremsstrahlung power over theMaxwell-Juttner
expression for the different electron energies (Equation 6.55). We can undertake the
integration in energy by integrating as a function of the Lorentz γ parameter. The
Maxwell-Juttner particle distribution function for free relativistic particles with an
isotropic (three-dimensional) statistical distribution is given by

fMJ(γ )= 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
, (7.64)

where the Maxwell-Juttner normalization constant Z(T) is defined by Equation
6.54. The minimum Lorentz parameter γmin in the integration over all γ needed
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to have sufficient energy in the Bremsstrahlung collision to produce photons of
energy hν ′

s is given by

γmin = 1+ hν ′
s

m0c2
≈ 1+ hνs

m0c2
(7.65)

for hν ′ <<m0c2. We can approximate the frequency ν ′
s of bremsstrahlung in the

electron frame to the frequency νs in the laboratory frame when hν ′
s <<m0c2. The

Doppler shift in frequency from the electron to laboratory frame is given by Equa-
tion 4.99:

ν ′
s = νsγmin

(
1− v

c
cos θ

)
≈ νs

(
1− v

c
cos θ

)
(7.66)

Taking the limits of the angle θ of the bremsstrahlung emission (scatter off the
electron) to the electron velocity v from θ = 0 to θ = π , fractional Doppler shifts in
the frequency transform from the electron to laboratory frame range over 1± v/c
for v/c<< 1, so approximately average to an unshifted frequency.

Using Equations 7.62 and 7.63, the integration of the bremsstrahlung for differ-
ent Lorentz γ parameters in the electron frame gives a relativistic expression for
the free-free emission coefficient in the laboratory frame:

εRel(νs)=
∫ ∞

γmin

γ 2 dP′

dν ′
sdV

′ fMJ(γ )dγ

= 8π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

c
nenZi+1

G̃f√
3

1

Z(T)

(
1

4
− 3hν ′

s

4m0c2
− 3

8

m0c2

hνs
ln

(
1− 2

hνs
m0c2

)) ∫ ∞

γmin

γ 3 exp

(
−γm0c2

kBT

)
dγ

Setting x= γm0c2/kBT , the integral over the Lorentz factor γ becomes
∫ ∞

γmin

γ 3 exp

(
−γm0c2

kBT

)
dγ =

(
kBT

m0c2

)4 ∫ ∞

xmin

x3 exp(−x)dx,

where xmin = γminm0c2/kBT =m0c2/kBT + hνs/kBT . The definite integral has the
following form:∫ ∞

xmin

x2 exp(−x)dx= (x3min + 3x2min + 6xmin + 6) exp(−xmin)

We approximate a solution for the integral over the Lorentz factor γ :
∫ ∞

γmin

γ 3 exp

(
−γm0c2

kBT

)
dγ ≈

(
kBT

m0c2

)(
1+ 3

kBT

m0c2
+ 3

hνs
m0c2

)
exp

(
−m0c2 + hνs

kBT

)

https://doi.org/10.1017/9781009236072.008 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.008


236 Radiation Emission, Absorption, and Scatter in Plasmas

valid when kBT <m0c2 and hνs <m0c2. The relativistic bremsstrahlung in the lab-
oratory frame then becomes

εRel(νs)≈ 8π2

3

(
e2

4πε0

)3
1

m2
0c

3

(Zi + 1)2

c
nenZi+1

G̃f√
3
exp

(
−m0c2

kBT

)
1

Z(T)
(
kBT

m0c2

)
exp

(
− hνs
kBT

) [
1+ 3

kBT

m0c2
+ 3

hνs
m0c2

]

[
1

4
− 3hνs

4m0c2
− 3

8

m0c2

hνs
ln

(
1− 2

hνs
m0c2

)]
. (7.67)

The change in the emission coefficient due to relativistic effects can be judged
by comparing Equations 7.53 and 7.67. We have for the ratio of the relativistic
bremsstrahlung and nonrelativistic bremsstrahlung emission coefficients

εRel(νs)

εff (νs)
=
(π
2

)1/2
exp

(
−m0c2

kBT

)
1

2Z(T)

(
kBT

m0c2

)3/2

[
1+ 3

kBT

m0c2
+ 3

hνs
m0c2

] [
1

4
− 3hνs

4m0c2
− 3

8

m0c2

hνs
ln

(
1− 2

hνs
m0c2

)]
.

(7.68)

The Maxwell-Juttner normalization constant Z(T) is defined by Equation 6.54:

Z(T)=
∫ ∞

γ=1
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ = kBT

m0c2
K2(m0c

2/kBT), (7.69)

where K2(m0c2/kBT) is a modified Bessel function of the second kind and order
two evaluated at an inverse temperature value of m0c2/kBT . The large argument
approximation for the Bessel function K2(m0c2/kBT) has a form (see Appendix B)

K2(m0c
2/kBT)≈

(π
2

)1/2 ( kBT

m0c2

)1/2

exp

(
−m0c2

kBT

) [
1+ 15

8

kBT

m0c2

]
.

Using this approximation for the modified Bessel function, the ratio of the relativis-
tic bremsstrahlung and nonrelativistic bremsstrahlung emission given by Equation
7.68 is given by

εRel(νs)

εff (νs)
≈
[
1+ 3kBT/m0c2 + 3hνs/m0c2

1+ (15/8)kBT/m0c2

][
1

4
− 3hνs

4m0c2
− 3

8

m0c2

hνs
ln

(
1−2

hνs
m0c2

)]
.

(7.70)

Assuming that kBT <<m0c2, we approximate

−3

8

m0c2

hνs
ln

(
1− 2

hν

m0c2

)
≈ 3

4
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kBT/m0c2

Ra
�o

hs = 0.01m0c2

hs = 0.05m0c2

Figure 7.8 The relativistic correction εRel(νs)/εff (νs) for bremsstrahlung and in-
verse bremsstrahlung as a function of electron temperature in units of the electron
rest mass energy m0c2 = 511 keV. Plots at photon energies of hνs = 0.05m0c2 and
0.01m0c2 (as labeled) are shown. The straight line variations are the estimated
small relativity corrections using Equation 7.71, while the curved variations are
plotted using Equation 7.70.

and drop all terms involving the squares of hν/m0c2 and kBT/m0c2 or products
(hν/m0c2)(kBT/m0c2). The ratio of the relativistic bremsstrahlung and nonrela-
tivistic bremsstrahlung emission then simplifies to

εRel(νs)

εff (νs)
≈ 1+ 9

8

kBT

m0c2
+ 9

4

hνs
m0c2

. (7.71)

We find that there is a multiplying 1+ (9/8)kBT/m0c2 + (9/4)hν/m0c2 correction
to the bremsstrahlung rate of emission when the electron temperature is sufficiently
large for relativistic effects to start to become important. Example of the relative
change of bremsstrahlung due to relativity effects are shown in Figure 7.8.

Detailed treatments of relativistic electron-ion bremsstrahlung show an increase
in relativistic bremsstrahlung compared to nonrelativistic bremsstrahlung approxi-
mately proportional to the electron temperature. A numerical treatment found that
relativistic bremsstrahlung relative to a nonrelativistic treatment increases approx-
imately linearly with electron temperature and photon energy εRel(ν)/εff (ν)∝ 1+
kBT/m0c2 + 0.7hν/m0c2 [96]. Based on a fit to relativistic bremsstrahlung emis-
sion coefficients, Rybicki and Lightman [101] give a photon energy independent
temperature dependent correction for the emission coefficient εRel(ν) for
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bremsstrahlung where relativity effects are important such that εRel(ν)/εff (ν)∝
1+ 2.6kBT/m0c2.

When electrons have extreme temperatures such that most of the electrons have
relativistic velocities, electron-electron bremsstrahlung can become significant. A
multiplicative correction for bremsstrahlung emission at moderate electron tem-
peratures (kBT <m0c2) including the effect of electron-electron collisions has been
obtained [57], [75]. For a hydrogen plasma, the bremsstrahlung emission coeffi-
cient including emission from electron-electron collisions is given by the following
fit to a detailed evaluation of the bremsstrahlung emission:

εee/ei(ν)

εRel(ν)
= 1+

(
0.85+ 1.35

(
hν

kBT

)1/2

+ 0.38

(
hν

kBT

))
kBT

m0c2
, (7.72)

where εRel(ν) is the electron-ion emission coefficient calculated including relativis-
tic effects. Equation 7.72 is valid for electron temperatures kBT <m0c2. For elec-
trons with temperature kBT much greater than the electron rest mass energy m0c2,
electron-electron collisions radiate twice as much energy as electron-proton col-
lisions [2]. In electron-electron collisions at extreme temperatures both electrons
radiate, whereas with an electron-proton collision, only the less massive electron
radiates.

Inverse bremsstrahlung absorption can be deduced assuming detailed balance of
photon absorption and stimulated emission with spontaneous emission as consid-
ered in Section 7.7. We obtain an expression for the absorption coefficient KRib for
relativistic inverse bremsstrahlung from the power εRel(ν) emitted by relativistic
bremsstrahlung using

KRib Ibb(ν)= εRel(ν),

where Ip(ν)dν is the black-body radiation intensity between frequency ν and ν +
dν (see Equation 6.45). The intensity of black-body radiation is invariant under a
Lorentz transformation as Ibb(ν)∝ ν3 (see Section 7.1). The variation of the rel-
ativistic inverse bremsstrahlung absorption coefficient from the nonrelativistic ex-
pression consequently follows the variation of the relativistic bremsstrahlung emis-
sion compared to the nonrelativistic emission (Equations 7.70 and 7.71 and Figure
7.8). A relativistic treatment of inverse bremsstrahlung has been discussed by Igle-
sias and Rose [56], [57].

Black-body radiation peaks at photon energies hν = 2.8kBT . Using Equation
7.71, the bremsstrahlung emission and inverse bremsstrahlung absorption for a rel-
ativistic plasma at the peak of the black-body spectrum can be expected to increase
approximately ∝ 1+ 7kBT/m0c2.
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7.9 Inverse Compton Scattering

When the photon energy increases during light scattering (rather than decreases),
the process is called “inverse Compton scattering.” If photons are scattered by elec-
trons with a high velocity, the photon energies can increase on average, with energy
transferred from the electrons to the photons. Compton scattering by free electrons
of light propagating isotropically at all angles is a feature of many astrophysical
plasmas and is considered in this section. An example where this is important is
the effect on the spectrum of black-body cosmic microwave background scatter-
ing in “clouds” of low density plasma [14]. As a starting point, we consider single
electron scattering in this section where a photon only interacts once with an elec-
tron. We follow the treatment of Blumenthal and Gould [11] (see also Chapter 7 of
Rybicki and Lightman [101]).

Single electron Thomson and Compton scatter was considered in Sections 4.6
and 4.8. For the treatment in this section, we use the total scattering cross-section σS
as obtained in Equation 4.68 which is independent of the photon energy for incident
photon energies much less than the electron rest mass energy (see Figure 4.7).
Even allowing for Doppler shifts of frequency into the electron rest frame, such
a condition is well satisfied, for example, when ultra-violet light to microwaves
scatter off relativistic electrons.

In unit time, photons from a distance c (the distance light travels in unit time) can
scatter off a single electron, so c N(Ep)dEP photons of energy Ep to Ep + dEp are
incident, where N(Ep) is the number density of photons with photon energy Ep to
Ep + dEp. Multiplying by the energy Ep of the photons and integrating over all pho-
ton energies gives the total incident power of all the photons. Considering all quan-
tities in the frame of the electron and signifying this using a prime on the variables,
the total power P′ scattered in the electron frame of reference by a single electron is

P′ = σS c
∫
E′
p N(E

′
p) dE

′
p. (7.73)

The number density N(Ep) of photons per unit of energy per unit of volume is
Lorentz invariant. In transforming from the moving to rest frame, length contrac-
tion ensures that volumes scale as 1/γ , while energy scales as γ so that a measure
per unit volume per unit energy is independent of γ . Similarly, power P (energy
per unit time) is Lorentz invariant as energy and time both scale as γ when trans-
forming from the moving to rest frame. A similar argument shows that the quan-
tity dEp/Ep is Lorentz invariant. Utilizing the Lorentz invariance of P, N(Ep) and
dEp/Ep, we write that

P= P′ = σS c
∫
E′2
p

N(E′
p) dE

′
p

E′
p

= σS c
∫
E′2
p
N(Ep) dEp

Ep
. (7.74)
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We assume that photons have the same photon energy before and after scattering
in the electron frame of reference. This means that in the electron frame, the pho-
tons are assumed to be in the Thomson scatter regime where the total cross-section
σS is constant with photon energy (see Figure 4.7). We need to take account of the
Doppler shifts in photon energy between the laboratory and electron frames of ref-
erence. Using Equation 2.46, scattered photon energies E′

p in the moving electron
frame are related to scattered photon energies Ep in the rest frame by

E′
p = Ep γ

(
1− v

c
cos θ

)
, (7.75)

where θ is the angle between the rest frame observer line of sight and the velocity
v of the electron. Using Equation 7.74, the scattered power P per electron in the
laboratory or rest frame can be written as

P= σS c γ
2
∫ (

1− v

c
cos θ

)2
N(Ep)Ep dEp. (7.76)

All the quantities expressed in Equation 7.76 are now evaluated in the laboratory
or rest frame of reference.

To consider an isotropic distribution of photons interacting with an isotropic
distribution of electron velocities, we need to average the angular variation of the
photon propagation directions in Equation 7.76. Quantities that vary only with the
angle θ to an axis have a cylindrical symmetry. With cylindrical symmetry, incre-
ments of solid angle d� are found by integrating solid angles d�= 2π sin θdθ . We
have

<cos2 θ>=
∫
cos2 θd�∫

d�
= 2π

∫ π
θ=0 cos

2θ sin θdθ

2π
∫ π
θ=0 sin θdθ

= 1

2

∫ 1

u=−1
u2du= 1

3
,

<cos θ>=
∫
cos θd�∫
d�

= 2π
∫ π
θ=0 cosθ sin θdθ

2π
∫ π
θ=0 sin θdθ

= 1

2

∫ 1

u=−1
udu= 0

upon substituting u= cos θ . The average over all solid angles of the angular varia-
tion of photon propagation directions in Equation 7.76 is given by

<(1− (v/c) cos θ)2>= 1+
(v
c

)2
<cos2 θ>−2

(v
c

)
<cos θ>= 1+ 1

3

(v
c

)2
.

(7.77)

Substituting Equation 7.77 into Equation 7.76, the scattered power P per electron
becomes

P= σS c γ
2
(
1+ 1

3

(v
c

)2)
Up, (7.78)
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where Up is the photon energy density as given by

Up =
∫
N(Ep)Ep dEp. (7.79)

The inverse Compton scattered power P per electron given by Equation 7.78 is
independent of the spectrum of photon energies and varies only with the spectrally
integrated photon energy density Up and the electron velocity v. Equation 7.78 is
also valid for arbitrary values of the electron velocity v and holds for nonrelativistic
and relativistic electron velocities. However, it does assume that the Thomson scat-
tering cross-section σS is valid in the frame of reference of the scattering electron.
For Equation 7.78 to be valid, the relativistic boost to photon energy γEp in the
electron frame for photons of energy Ep in the laboratory frame needs to be much
less than the electron rest mass energy m0c2 for σS to remain constant with pho-
ton energy and for the photon energies in the electron frame to remain unchanged
before and after scattering.

The inverse Compton scattering process can be regarded as consisting of elec-
trons initially absorbing photon energy and then reradiating energy as scattered
photons. In the laboratory or rest frame, an electron initially gains energy due to
the photons at a rate

Pabs = σS c
∫
N(Ep)Ep dEp = σS c Up. (7.80)

The net power Ploss lost by an electron to the photons is given by the difference
between the radiated power P per electron and the rate of electron energy “absorp-
tion”:

Ploss = P− Pabs = σS c Up

[
γ 2
(
1+ 1

3

(v
c

)2)− 1

]

The square of the Lorentz parameter γ 2 can be expanded:

γ 2 − 1= 1

1− (v/c)2
− 1= (v/c)2

1− (v/c)2
= γ 2

(v
c

)2

The net power lost by an electron to photons in inverse Compton scatter is then
given by

Ploss = 4

3
σS c γ

2 Up

(v
c

)2
. (7.81)

The total scattering cross-section σS is 6.524× 10−29 m2, so the rate of electron
power loss Ploss due to inverse Compton scatter is small even for highly relativistic
electrons with large γ . Interestingly, it is shown in Section 5.3 that the power of
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cyclotron emission associated with electrons orbiting a magnetic field (see Equation
5.31) has the same dependency as Equation 7.81 if the radiation energy density Up

is replaced by the energy density Um of the magnetic field causing the electron
orbit.

The total rate of loss of electron energy Ptot per unit volume due to inverse
Compton scatter is found by considering the electron energy distribution f (γ ). Here
f (γ )dγ is the number of electrons per unit volume with Lorentz factors between
γ and γ + dγ . Treatments of equilibrium nonrelativistic and relativistic particle
distribution functions are given in Sections 6.5 and 6.6, respectively. We are using
the Lorentz factor to represent the electron energy as the kinetic energy in units of
the electron rest mass energy m0c2 is given by γ − 1. The power of electron energy
loss per unit volume due to inverse Compton scatter is given by

Ptot =
∫ ∞

γ=1
Plossf (γ )dγ, (7.82)

where Ploss is given by Equation 7.81.
For nonrelativistic electrons where γ ≈ 1, the total rate of loss of electron energy

Ptot is better evaluated in terms of velocity v:

Ptot =
∫ ∞

v=0
Plossfv(v)dv= 4

3
σS c Up

∫ ∞

v=0

(v
c

)2
fv(v)dv (7.83)

The equilibrium distribution of electron speeds fv(v) is a Maxwellian as expressed
in Equation 6.51. Substituting Equation 6.51 for the Maxwellian distribution of
electrons of temperature T in Equation 7.83:

Ptot = 4

3
σS c Up

(
m0

2πkBT

)3/2 4π

c2

∫ ∞

v=0
v4 exp

(
−m0v2

2kBT

)
dv (7.84)

Letting x=m0v2/(2kBT), we have

Ptot = 4

3
σS c Up

4kBT

π1/2m0c2

∫ ∞

x=0
x3/2 exp(−x)dx.

The definite integral has a value of 3π1/2/4. The total power per electron exchanged
between the electrons and photons during inverse Compton scatter for nonrelativis-
tic electrons with an equilibrium Maxwellian distribution becomes

Ptot =
(
4kBT

m0c2

)
σS c Up. (7.85)

Assuming single photon-electron scattering, the power per unit volume exchanged
between electrons and photons for an ensemble of electrons with number density
ne is the power given in Equation 7.85 multiplied by ne.
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Equation 7.85 is valid for any photon distribution and only requires knowledge
of the total photon energy densityUp (see Equation 7.79). As expressed in Equation
7.85, the power Ptot added to the photons by a single scattering event can be evalu-
ated using the electron temperature kBT expressed in units of the electron rest mass
energy m0c2 = 511 keV. The total scattering cross-section σS is 6.524× 10−29 m2,
so assuming the electron temperature kBT <<m0c2, we see that single photon-
electron scattering usually adds only a small amount of energy to the photons even
for large electron densities ne.

7.10 Inverse Compton Scattering in a Plasma

Isotropic radiation impinging into a plasma with free electrons can undergo multi-
ple scattering events before the radiation emerges from the plasma. In this section,
we extend the treatment of inverse Compton scatter of an isotropic radiation field
as given in Section 7.9 to consider the effect on photon energy densities where a
photon scatters more than once in a plasma of free electrons and ions. The ions
in a plasma maintain charge neutrality, but due to their much greater mass, have
much smaller cross-sections for direct interaction with electromagnetic radiation
compared to the electrons, so we only need to consider scatter off electrons.2

The change in the energy of the photons in a photon-electron scatter event is
found by dividing the power Ptot per electron exchanged in inverse Compton scat-
ter between electrons and photons (Equation 7.85) by the rate at which photon-
electron scatter occurs. The photon density of all photon energies per unit volume
is given by

∫
N(Ep)dEp, so the rate of photon collisions with a single electron is

σS c
∫
N(Ep)dEp. The change in photon energy density�Up when a photon scatters

off a density of ne electrons is then

�Up = Ptot
σS c

∫
N(Ep)dEp

ne. (7.86)

The total photon energy density Up is given by Equation 7.79 which we can rear-
range in terms of an average photon energy <Ep>:

Up =
∫
N(Ep)Ep dEp =<Ep>

∫
N(Ep)dEp (7.87)

2 Bound electrons in atoms and ions can interact with electromagnetic radiation with large cross-sections over
narrow spectral ranges due to “resonances” associated with transitions between discrete quantum states (see
Section 7.4). Such spectral line absorption can remove energy density from a photon field, but can often be
neglected if ions are fully stripped of electrons as happens in low density hydrogen gas plasmas of
astrophysical interest or the photon energies are too high or too low to be significantly absorbed by atomic or
ionic bound states. Our treatment of inverse Compton scatter assumes that other energy transfer processes,
such as the transfer of energy due to collisions between electrons and ions is negligible.
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Combining Equation 7.85 for the rate Ptot of electron-photon energy exchange per
electron and Equation 7.87 for the radiation energy density Up into Equation 7.86,
we can write that the increase in photon energy density�Up relative to the average
photon energy <Ep> is given by

�Up

<Ep>
= 4kBT

m0c2
ne, (7.88)

where kBT is the electron temperature, m0c2 is the electron rest mass energy and
ne is the electron density. Using Equation 7.87, we can equate a change in photon
energy density �Up to the change in average photon energy �<Ep>:

�Up =�<Ep>
∫
N(Ep)dEp

Equation 7.88 can then be expressed as

�<Ep>

<Ep>
= 4kBT

m0c2
ne

[∫
N(Ep)dEp

]−1

. (7.89)

As the number density ne of electrons and the number of photons remains constant
during scattering, Equation 7.89 indicates that after one scattering collision between
photons and electrons, the average photon energy <Ep> increases by a factor (1+
4kBT/(m0c2)). If there are N scattering collisions between photons and electrons
in a plasma before the photons emerge from the plasma, then the average photon
energy increases as

<Ep(N)>=<Ep(0)>
(
1+ 4kBT

m0c2

)N
, (7.90)

where <Ep(0)> represents the initial average photon energy before the radiation
enters the plasma and <Ep(N)> is the photon energy density after a mean number
N of scatterings. For a large number N of scatterings, the growth of the average
photon energy becomes exponential with N. We approximate

(
1+ 4kBT

m0c2

)N
≈ exp

(
4kBT N

m0c2

)
.

The Compton y parameter is a measure of the average fractional photon energy
change per scattering multiplied by the number N of scatterings. We write for the
Compton y parameter:

y= kBT N

m0c2
(7.91)
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The average photon energy variation using the Compton y parameter becomes

<Ep(y)>=<Ep(0)> e4y. (7.92)

The average photon energy <Ep(y)> grows exponentially with the Compton y pa-
rameter from the initial average photon density <Ep(0)> present before the pho-
tons entered the scattering medium.

The increase of photon energy given by Equation 7.92 is independent of the
spectrum of radiation, but is particularly relevant when the spectrum is that of a
black-body. Detailed theoretical examinations of the black-body spectrum of pho-
ton energies produced by inverse Compton scatter confirm that the increase in pho-
ton energy density occurs due to the number of lower energy photons decreasing
and the number of higher photon energies increasing so that the average photon
energy <Ep(y)> increases as shown in Equation 7.92 [97].

In the astrophysical literature, the spectral distortion of the black-body cosmo-
logical background radiation caused by inverse Compton scatter off plasma clouds
containing free electrons is known as the Sunyaev-Zel’dovich effect. The Sunyaev-
Zel’dovich effect on the cosmological background radiation is used to map large
plasma clouds existing in the early universe immediately after the decoupling of the
cosmological background radiation black-body temperature from the temperature
of matter [14], [99], [108].

We want to make an estimate of the number N of scattering events associated
with the optical depth τ for photons scattering in a plasma. If the Compton scatter
is optically thin (small τ and a small number N of scatterings), then τ =N. If the
Compton scatter is optically thick (large τ and a large number N of scatterings),
then photons escape from the plasma via a random walk with N = τ 2. To approxi-
mate both optically thin and thick scenarios, we can write

N ≈ τ(1+ τ). (7.93)

The Compton y parameter then becomes

y≈ kBT

m0c2
τ(1+ τ). (7.94)

7.11 Compton Scatter of a Light Beam

In Section 7.9 the single electron scattering of isotropic radiation such as a black-
body radiation field with light propagating in all directions was considered. The
effect of multiple scattering events in a plasma was examined in Section 7.10. In
this section, we consider light scatter from a beam of light as occurs with a laser
beam incident into a plasma.
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For nonrelativistic electron velocities, the scattered light spectrum of incoherent
Thomson scatter has a spectral variation proportional to the electron velocity distri-
bution. With the scatter of light, there is a Doppler shift in both the absorption and
re-emission processes such that the frequency νs observed after scattering is related
to the incoming frequency ν by an expression found in Section 2.6 (Equation 2.49):

νs = ν γ 2
(
1+ (ĵ− î) · v/c

)
, (7.95)

where î and ĵ are unit vectors in the direction of the incident light beam and the
scattered light direction, respectively. If v<< c, there is a simple proportionality
of the shift in frequency �νs = νs − ν on scattering such that

�νs

ν
≈ (ĵ− î).v

c
. (7.96)

When v<< c, the scattered light spectrum �νs/ν directly reflects the number of
of electrons with velocity v along a direction determined by the difference ĵ− î in
the unit vectors. The scatter frequencies are up- and down-shifted depending on the
velocity of the scattering electrons. A Maxwellian distribution of velocities results
in a Gaussian spectral variation of the scattered spectrum with the spectral width
proportional to the square root of the electron temperature (see the discussion in
Section 7.5). Thomson scatter of incident laser light in nonrelativistic plasmas is a
useful technique for measuring electron temperatures.

The scattered power P(γ ) per electron in the laboratory or rest frame due to
Thompson scatter was obtained as a function of the electron Lorentz parameter γ
in Section 7.9. Adapting Equation 7.76, we can write that

P(γ )= σS γ
2
(
1− v

c
cos θ

)2
P0, (7.97)

where σS is the Thomson scatter cross-section, P0 is the incident light power and
θ is the angle of the electron velocity v to the light beam direction. The scattered
power per electron when an electron of velocity v scatters light was investigated
further in Section 7.9 with an angle θ averaging procedure to allow for the random
orientation of electron velocities v to the light beam directions. Adapting Equation
7.78 using the relationship between velocity and the Lorentz parameter given by
(v/c)2 = 1− 1/γ 2, the scattered power P(γ ) in the laboratory frame per electron
of speed v and Lorentz parameter γ can be written as

P(γ )= σS γ
2
(
1+ 1

3

(v
c

)2)
P0 = σS

1

3

(
4γ 2 − 1

)
P0. (7.98)

The scattered spectrum of light from a beam passing through relativistic plasma
depends on the number of electrons as a function of the Lorentz parameter γ which
for an equilibrium relativistic plasma is given by the Maxwell-Juttner distribution
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(Equation 6.55). The Maxwell-Juttner particle distribution function for free rela-
tivistic particles with a statistical distribution at a high temperature is given by

fMJ(γ )= 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
, (7.99)

where Z(T)= kBT/(m0c2)K2(m0c2/kBT) is a normalization term used so that∫∞
γ=1 fMJ(γ )= 1 (see Equation 6.54). Here K2(m0c2/kBT) is a modified Bessel
function of the second kind and order two (see Appendix B). The scattered power
per unit length dPS(γ )/dz as a function of the Lorentz parameter γ for the electrons
with Lorentz parameter γ is then given by

dPS(γ )

dz
= −1

3
neσS

(
4γ 2 − 1

)
fMJ(γ )P0

= −1

3
neσS

(
4γ 2 − 1

) 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
P0, (7.100)

where ne is the electron density. The rate of incident laser power change dPl/dz
with distance z due to scatter off all the electrons is given by an integration over all
Lorentz parameters γ :

dPl
dz

= −1

3
neσS Pl

∫ ∞

γ=1

(
4γ 2 − 1

)
fMJ(γ )dγ

= −1

3
neσS Pl

∫ ∞

γ=1

(
4γ 2 − 1

) 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ

(7.101)

With a light beam passing through a plasma, we can neglect multiple scattering
events if the solid angle of detection of the light is sufficiently small and the opacity
of the plasma is not too great. Photons are unlikely to scatter off two or more
electrons back into the direction of the original beam.

If we express Equation 7.101 in terms of an absorption coefficient Kl and write

Pl
dz

= −KlPl,
we have an expression for the “absorption coefficient” due to scattering:

Kl = 1

3
neσS

∫ ∞

γ=1

(
4γ 2 − 1

) 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ

= neσS
3K2(m0c2/kBT)

m0c2

kBT

∫ ∞

γ=1

(
3γ (γ 2−1)1/2+4γ (γ 2−1)3/2

)
exp

(
−γm0c2

kBT

)
dγ

= neσS

(
1+ 4

(
kBT

m0c2

)
K3(m0c2/kBT)

K2(m0c2/kBT)

)
, (7.102)
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where K3(m0c2/kbT) is the Bessel function of the second kind of order 3. Using
standard expansions for small kBT/m0c2 (see Appendix B), the two Bessel func-
tions are approximately equal (to first order in kBT/m0c2) giving a simplified ex-
pression for the absorption coefficient due to scattering:

Kl ≈ neσS

(
1+ 4

(
kBT

m0c2

))
(7.103)

Equation 7.103 shows that there is a relativistic increase in scatter by a factor
of 1+ 4kBT/m0c2 for a directed light beam incident into electrons of temperature
T . This relative increase is consistent with the calculation of the relative increase
in energy of isotropic radiation due to a single Compton scatter event in a plasma
of relativistic electrons (considered in Section 7.10, see Equation 7.90). Photons
scattered out of a directed beam decrease the intensity of the beam and become part
of the isotropic distribution of photons in the scattering medium. The similarity of
Equations 7.90 and 7.103 demonstrates that the photons scattered when a beam of
light is incident into a relativistic plasma add their energy to the isotropic radiation
field in the plasma at the same rate as the radiation field increase in energy with an
incident isotropic radiation field.

The treatment of scatter in this section and in Sections 7.9 and 7.10 assumes
that photon energies in the scattering electron frame are below the rest mass en-
ergy m0c2 = 511 keV of the electron so that the Thomson scatter cross-section σS
is valid. This is not too hard a constraint. The photon energies are upshifted by γ in
moving from the laboratory to electron frame, but the photon energies are upshifted
again by γ after scatter in moving back from the electron to laboratory frame. Scat-
tered photon energies up to ≈ 0.2γm0c2 have Thomson scatter cross-sections σS.

7.12 The Radiation Reaction Force

The energy radiated by a free charged particle must come from the kinetic energy
of the particle or from a force maintaining the kinetic energy of the particle. A
reduction in kinetic energy of a particle after radiation emission requires that there
is a force associated with radiation emission. This force is known as the radiation
reaction force or alternatively the Abraham-Lorentz force.

We can develop a formula for the radiation reaction force using energy balance
during the radiation emission of charged particles. A particle with a velocity u and
charge q radiates with a power P after integration over all angles (see Equation
1.16):

P= q2

4πε0

2

3c

( |u̇|
c

)2

, (7.104)
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where u̇ is the acceleration of the particle. The rate of change of the kinetic energy
of the particle is determined by Equation 7.104. We set this rate of energy change
to be equivalent to −Frad · u which is the rate of change of the work performed by
a radiation reaction force Frad.

The equivalence between Equation 7.104 and −Frad · u may not generally hold
at any instant of time as, for example, there may be energy distributed to virtual ra-
diation (as discussed in Section 7.7) or in nonradiative electric or magnetic fields.
However, averaging in time where the particle returns to the same energy state is
valid as the energy of virtual radiation or in nonradiative fields remains constant.
Integrating between time t1 and t2, we have a balance between the rate of work
done by the radiation force and the power radiated due to the charged particle ac-
celeration:

−
∫ t2

t1

Frad · u dt= q2

4πε0

2

3c3

∫ t2

t1

u̇ · u̇ dt (7.105)

as |u̇|2 = u̇ · u̇. The right-hand side of this equation can be rearranged using inte-
gration by parts such that

−
∫ t2

t1

Frad · u dt= q2

4πε0

2

3c3

(
[u̇ · u]t2t1 −

∫ t2

t1

ü · u dt
)
,

where ü is the second derivative of the velocity u with respect to time (which is
equal to the derivative of the acceleration). Assuming that the particle initial state
at time t1 and final state at time t2 are the same simplifies the analysis. In periodic
motion where the particle returns to the same state at regular intervals, we can set
t2 − t1 to be equal to the time period. An electron accelerated in the electric field
of incident light undergoes periodic motion (see Chapter 4). With periodic motion
u̇ · u can be set to be the same at times t2 and t1 so that

[u̇ · u]t2t1 = 0.

This analysis implies that the radiation reaction force is such that∫ t2

t1

(
Frad − q2

4πε0

2

3c3
ü
)

· u dt= 0

so that the appropriate expression for the temporally averaged radiation reaction
force is given by

Frad = q2

4πε0

2

3c3
ü. (7.106)

This formula for the radiation reaction force is proportional to üwhich is the deriva-
tive of acceleration.3 Such a dependence increases the degree of the equation of

3 The derivative of acceleration is known as “jerk,” so ü is the “rate of jerk.”
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motion of a particle to the third derivative of position if radiation emission is a
significant energy loss process.

We considered the transformation of acceleration between frames of reference
in Section 3.3. An acceleration u̇|| parallel to the relative velocity between frames
transforms from a frame S to a frame S′ with u̇′|| = γ 3u̇|| (see Equation 3.33), while
an acceleration u̇⊥ perpendicular to the relative velocity transforms from frame S
to frame S′ with u̇′⊥ = γ 2u̇⊥ (see Equation 3.34), where γ = 1/(1− u2/c2)1/2 is the
Lorentz parameter. In order to determine the radiation reaction force in the frame
S′, we need to evaluate the derivative ü′ of the acceleration in the S′ frame using
the relationships for the transformation of the acceleration. We write

ü′ = d

dt

(
γ 3u̇|| î|| + γ 2u̇⊥ î⊥

)
, (7.107)

where î|| and î⊥ are unit vectors in the directions parallel and perpendicular to the
velocity u, respectively. Evaluating Equation 7.107, we find

ü′ = 1

1− u2/c2

(
ü||

1

(1− u2/c2)1/2
î|| + ü⊥ î⊥ + u

c2

(
3u̇||

(1− u2/c2)3/2
î|| + 2u̇⊥ î⊥

))
.

(7.108)

The radiation reaction force F′
rad in a frame S′ for a charged particle moving at

velocity u is found using Equation 7.108 and the Equation 7.106 relationship

F′
rad = q2

4πε0

2

3c3
ü′.

A simpler relationship for the radiation reaction force in the frame S′ is found if
we define a vector K′ equal to the derivative of the expression for a transformed
acceleration assumed to be parallel to the particle velocity:

K′ = d

dt

(
u̇

(1− u2/c2)3/2

)
(7.109)

Following Clemmow and Dougherty [17] (p. 133), the derivative of the accelera-
tion ü′ observed in frame S′ after some manipulation can be shown to be given by

ü′ =K′ +
(

1

(1− u2/c2)1/2
− 1

)
K′ · u
u2

u.

The radiation reaction force in a frame S′ for a charged particle moving at velocity
u is then
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F′
rad = q2

4πε0

2

3c3

(
K′ +

(
1

(1− u2/c2)1/2
− 1

)
K′ · u
u2

u
)
. (7.110)

This is the relativistic form of the radiation reaction force in the laboratory frame
for an accelerating charge q when the speed u of the charged particle approaches
the speed of light c. When u<< c, the radiation reaction force F′

rad can be quickly
shown to be equal to the force given by the nonrelativistic expression (Equation
7.106).

Equation 7.110 illustrates that with our treatment allowing for relativistic effects
and assuming periodic charged particle acceleration, the radiation reaction force is
zero when K′ = 0. Many charged particle acceleration processes are periodic. For
example, cyclotron emission (Section 5.3) and electron motion in light scattering
(Section 4.6) are periodic.

It is feasible that an acceleration occurs at a constant rate and is not periodic.
The radiation reaction force on a charge is then predicted by Equations 7.106 and
7.110 to be zero, even though energy is radiated by the accelerating charge. The
inconsistency of the absence of a radiation reaction force in our treatment for con-
stant charged particle acceleration is partly explained by the following argument.
A constant acceleration does need to start at some time. Assuming a “jerk” on a
charge from zero acceleration to a constant acceleration in a short time leads to
identical relationships for the radiation reaction force during the jerk as given by
Equations 7.106 and 7.110 (see Exercise 7.10). A charged particle undergoing con-
stant acceleration after an initial jerk then feels a radiation reaction force which
decreases rapidly in time (see Exercise 7.10). Equations 7.106 and 7.110 are quan-
titatively accurate representations of the radiation reaction force during periodic
acceleration and short periods of jerk, though some more conceptual issues asso-
ciated with radiation reaction are unresolved (see Chapter 7 of Jackson [58] for an
earlier discussion of issues related to radiation reaction).

At the high electromagnetic wave intensities possible with high power focused
lasers, the laser electric field is sufficiently strong that the quantum nature of ra-
diation from plasma material in the laser focus needs to be considered. The radi-
ation emitted by an accelerated charged particle in a strong electric field becomes
stochastic rather than continuous with an intermittent reaction force associated with
the creation of each photon [10]. In addition, in a strong electric field, virtual pho-
tons are not all reabsorbed by a radiating electron, but are emitted as “real” photons.
The radiation reaction effect is then enhanced with a larger emission of scattered
photons [10], [20]. Modeling, simulation and some experiments on the radiation
reaction of electrons in focused lasers where the reduced vector potential ao of the
laser electric field significantly exceeds unity are being undertaken. The reduced
vector potential ao is defined in Section 4.1 (see Equation 4.13).
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Exercises

7.1 A tokamak has hydrogen ions with an ion temperature of 1 keV at a particular
position in the machine. The Balmer alpha transition of hydrogen at 656.28
nm is observed due to a charge exchange process with a neutral beam injected
into the tokamak. Determine the full width at half maximum in wavelength of
the Balmer alpha line profile. [1.58 nm]

7.2 For the same conditions as Exercise 7.1, determine the full width at half max-
imum for the Balmer alpha line profile for deuterium ions in the tokamak.
[1.12 nm]

7.3 Equation 7.43 is an expression for a Doppler broadened line profile valid for
low and high atomic and ionic temperatures:

fMJ(ν)≈ 1√
πν

(
Mc2

2kBT

)1/2

exp

(
−(ν − ν0)

2Mc2

2νν0kBT

)

Show that the maximum of this Doppler line profile is at a frequency νmax
different from the frequency ν0 of interaction in the frame of the atom or ions
by νmax − ν0, where

νmax − ν0 ≈ −ν0kBT
Mc2

provided kBT <<Mc2.
7.4 The method of virtual photons discussed in Section 7.7 shows that the electric

field variation from an ion of charge Zi + 1 as it passes an electron is equiva-
lent to a pulse of light in the frame of the electron. Extending Equation 7.44,
the electric field seen by the electron varies approximately in time as

E(t)= γ
1

4πε0

(Zi + 1)e

b2 + (γ v t)2
.

To obtain the frequency variation of the light produced, consider the Fourier
transform of this temporal variation given by

E(ω)=
∫ ∞

−∞
E(t) exp(iωt)dt.

Show that

E(ω)= 1

4ε0

(Zi + 1)e

b v
exp

(
−bω

γ v

)
.

[You may need the definite integral result:∫ ∞

0

cos x

1+ (x/B)2
dx= π

2
B exp(−B).]
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7.5 Using the result from Exercise 7.4, show that the spectral intensity of light
seen by an electron in its frame of reference during an electron-ion collision
is given by

I(ν)= π2c

2ε0

(Zi + 1)2e2

γ 2v4
ν20 exp

(
− ν

ν0

)
,

where ν0 = γ v/(4πb).
7.6 The solar opacity is largely determined by inverse bremsstrahlung absorp-

tion of a black-body radiation distribution. An important frequency averaged
opacity is the Rosseland mean opacity KRos which varies with temperature
T proportionally to 1/T3.5. Given the temperature at the center of the Sun is
1.3 keV, estimate the relativistic correction to the Rosseland mean opacity.
How much would the temperature at the center of the Sun need to change to
compensate for the relativistic effect if the opacity is kept constant? [Black-
body radiation peaks at hν/kBT ≈ 2.8. Using Equation 7.71 relativistic effects
produce a 1.8% increase of opacity at the black-body peak. The temperature
needs to reduce by ≈ 0.5%.]

7.7 If electron kinetic energies are significantly below the electron rest mass en-
ergy, show that the kinetic energy of the electrons varies due to inverse Comp-
ton scatter such that

Tk(t)= Tk(0) exp

(
− t

t0

)

with

t0 = 3

8

1

σS c Up
,

where the radiation energy density Up is measured in units of the electron rest
mass.

7.8 A large body of gas associated with a galaxy in the early universe has a free
electron density of 3× 106 m−3 and a thickness of 104 parsec (3× 1020 m).
Estimate the optical depth of the body due to Thomson scatter for the trans-
mitted cosmic microwave background. [0.06]

7.9 The electrons in the body of gas for Exercise 7.8 have a temperature of 1 keV.
Estimate the change in average photon energy and hence the change from
the average cosmic microwave background temperature of 2.725 K due to
inverse Compton scatter in the body of gas. [+1.2 mK. An apparent temper-
ature change in the cosmic microwave background due to inverse Compton
scatter is known as the Sunyaev-Zel’dovich effect.]
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7.10 Consider a charge q initially at rest which is jerked to an acceleration�u̇ over
a short time t= 0 to time t=�t with the acceleration then kept constant at
times t>�t. The radiation reaction force Frad can be assumed to be given by
a balance of the radiated power Pwith the work done by the radiation reaction
force Frad u, where u is the velocity of the charge. Show that during the short
acceleration jerk:

Frad = q2

4πε0

2

3c3
�u̇

�t

After the initial acceleration when t>�t, show that the radiation reaction
force decreases with time t such that

Frad = q2

4πε0

2

3c3
�u̇

t
.

[Taking the limits of �u̇→ du̇ and �t→ dt, the first equation for Frad has
Frad ∝ du̇/dt= ü and is identical to Equation 7.106.]
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8

Collisional Processes

Collisions between particles enable the transfer of energy between particles and
the establishment of equilibrium population distributions. Atoms, ions and elec-
trons undergo energy transferring ion-ion, electron-electron and electron-ion colli-
sions, while photons distribute or receive energy in interactions with atoms, ions
or electrons. Though photons and particularly high energy photons exhibit particle
behavior, in this chapter we concentrate on particle collisions, where particles are
usually the electrons and ions present in a plasma. The interaction of photons with
matter has been discussed in Chapters 4 and 7.

Some general comments regarding collisions, including their importance in par-
ticle physics are first considered. Nonrelativistic and relativistic collisional pro-
cesses causing excitation and ionization of electrons in the bound quantum states of
an atom or ion are then treated. Plasma collisional processes can determine the rate
of light emission. Collisional excitation and ionization can determine the amount of
radiation emitted and the degree of ionization when collisional de-excitation pro-
cesses are less than radiative decay processes and departures from statistical equi-
librium occur. In the “coronal” limit at low density where collisional de-excitation
and collisional three-body recombination are small, the population of excited quan-
tum states are determined by a balance of collisional excitation and radiative decay,
while the degree of ionization is determined by a balance between collisional ion-
ization and radiative recombination.

In high density plasmas, collisional de-excitation and collisional three-body
recombination can dominate over radiative de-excitation and radiative recombi-
nation. If the radiative decay processes are smaller than the collisional decay pro-
cesses, a rate equation balance occurs between the collisional excitation/collisional
ionization and collisional de-excitation/three-body recombination processes. De-
tailed balance (see Section 7.2) then ensures that with no other competing pop-
ulation changing processes, the ionization populations will be determined by the
Saha-Boltzmann equation and the excited quantum state populations in the ions

255
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256 Collisional Processes

by the Boltzmann ratio (see Section 6.2). The scenario where the populations of a
plasma are given by equilibrium relationships, though the radiation field may not
be in equilibrium (i.e. not a black-body distribution) is known as local thermody-
namic equilibrium. Local thermodynamic equilibrium is universally abbreviated to
LTE in the astrophysics and plasma literature [83].

8.1 Relativistic Collision Kinematics

High energy particle collisions can produce new particles with different rest masses.
Highly energetic particle collisions in the early universe, some existing astrophys-
ical objects and in particle accelerator laboratories can create elementary particles
of matter with rest mass energies much higher than the low rest mass, more stable,
particles such as protons and electrons found now in most of the universe. Studies
of high energy particle collisions have led to the standard model of particle physics
which explains the elementary particles observed along with their dynamics [81].

In the standard model of particle physics, protons and neutrons are made of three
quarks, while electrons are an example of particles collectively known as leptons.
All particles comprising an odd number of quarks are classed as baryons and have
a half-integer (or multiple of one-half) spin. With a half-integer spin, baryons such
as the neutron and proton are fermions. As discussed in Section 6.1, fermions have
an occupancy of either one or zero in a quantum state, a criterion known as the
Pauli exclusion principle. Leptons such as the electron also have a spin of one half
and are fermions. The rest mass energy of protons, neutrons and electrons are the
lowest (or next lowest) of the two classes (baryons and leptons) and hence they are
the most stable.1

Other standard model particles are gauge bosons which have spin of one and in
the standard model are the “force carriers” between particles, causing, for example,
quarks to bind together (the W+, W−, and Z gauge bosons) and electric charges to
attract or repel each other (photons here are the gauge bosons). We saw in Section
7.7 that the “method of virtual photons” enables the interaction between an electron
and ion to be interpreted as the exchange of a photon with scattering of the photon
producing bremsstrahlung. All bosons, including gauge bosons have no limit on
the occupancy of a quantum state (as discussed for photons in Section 6.4).

For particle physics experiments, charged particles are accelerated along a line
(a linear accelerator) or in a large diameter circle so as to minimize radiation losses

1 The proton is made up of two “up” quarks and one “down” quark, while the neutron comprises two “down”
and one “up” quark. An isolated neutron (mass 1.674927471× 10−27 kg) decays with a half-life of just over
10 minutes to a proton (mass 1.6726219× 10−27 kg) and a W− boson. The W− boson then rapidly decays
into an electron and an antineutrino. The isolated proton has been observed to be stable over the lifetime of the
universe. The neutron exists stably in some atomic and ionic nuclei, provided the number of protons and
neutrons in the nucleus are approximately equal and the total number of protons ≤ 92.
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8.2 Collisions in Plasmas 257

(see Chapter 5). The energies and angular distribution of the particles resulting
from collisions between particles, along with the manner of the resultant particle
interaction in a detector enable the dynamics of collisional reactions and the nature
of the particles created by collisions to be determined.

Particle collisions typically involve two particles of, say, rest mass m1 and m2

producing particles of rest mass ma and mb. The total energy (the rest mass energy
and the kinetic energy) is conserved during the collision. Conservation of total
energy gives the relationship:

γ1m1c
2 + γ2m2c

2 = γamac
2 + γbmbc

2, (8.1)

where γ1, γ2, γa, and γb are the Lorentz parameters associated with the particles in
a frame of reference, usually either the laboratory or the center of mass frame of
reference. Kinetic energy can be converted into rest mass energy of a new particle
(and vice versa). The conservation of total energy as illustrated in Equation 8.1
goes some way to explaining why particles with extremely high kinetic energy as
produced in particle accelerators are needed to create exotic particles with high rest
mass energy. The kinetic energy of an impinging low rest mass particle can only be
converted to a high rest mass energy particle if the kinetic energy is sufficient. High
rest mass energy particles typically decay to two lower rest mass energy particles
with an energy balance as for Equation 8.1, but with only one energy term on the
left-hand side.

Particle collisions must also conserve momentum. We showed in Section 2.7
that the momentum p of particles with velocity v relative to an observer is given by
Equation 2.62:

p= γm0v

Conservation of momentum requires that

γ1m1v1 + γ2m2v2 = γamava + γbmbvb. (8.2)

As well as conserving energy and momentum, collisional processes also conserve
charge. High energy collisions where kinetic energy is converted into rest mass
energy also conserve quantities involved in the standard model of particle physics,
such as the baryon number, the lepton number and spin.

8.2 Collisions in Plasmas

Collisions in plasmas may be “elastic” and simply distribute kinetic energy and mo-
mentum between colliding electrons and ions, thus enabling electrons and ions to
have thermal energy distributions characterized by a temperature (see Section 6.1).
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Electron-ion collisions in plasmas can also be “inelastic” (as discussed in Section
8.4 of this chapter) where the collisions induce changes in the quantum state of
atoms or ions. Bound electrons can move to higher energy bound excited states
or to the continuum of free electrons (i.e. ionization) due to a free electron-ion
collision. The inverse processes of collisional de-excitation and three-body recom-
bination can also occur. Collisional or three-body recombination involves two free
electrons interacting with an ion so that one electron recombines to a bound quan-
tum state of a lower charged ion and the other electron remains as a free electron
with a higher kinetic energy.

When the electrons, ions and atoms in a plasma undergo elastic collisions they
can share energy and momentum so that a thermal distribution characterized by
a temperature is produced. We have considered the nonrelativistic Maxwellian
thermal distribution (Section 6.5) and the relativisitic Maxwell-Juttner distribution
(Section 6.6). A thermal distribution of particle energy characterized by a temper-
ature is produced if the rate of collisions between particles is sufficiently fast and
the plasma conditions remain constant for sufficient time. In elastic collisions be-
tween similar mass particles such as electron-electron and ion-ion collisions, the
charged particle momentum and energy can be readily exchanged between the col-
liding particles. Collisions between electrons and ions also transfer energy, but at
a slower rate causing electrons and ions to often have different temperatures. Elec-
trons equilibrate energy with ions on a timescale ≈ (1/2)× 1,836MA longer than
they equilibrate energy to other electrons. Here MA is the atomic mass of the ion
species and 1,836 is the mass ratio between protons and electrons (see Exercise 8.2
and Spitzer [107]).

The idea of a collision of an electron with an ion was considered in Section 7.7.
In the frame of the ion, the acceleration of the electron produces bremsstrahlung
emission. The approach in Section 7.7 evaluated the amount of bremsstrahlung
emission using the idea of virtual photons in the frame of the electron. In the vir-
tual photon model, bremsstrahlung is produced by the rapid change of electric and
magnetic field from an ion near the electron being equivalent to light that then
scatters from the electron.

An important measure with all collisions is the value of the cross-section for the
collision. The cross-section has the dimensions of area and can be thought of as an
area around the ion or atom associated with the necessary proximity of approach of
the other colliding particle sufficient to cause the particular change of the ion quan-
tum state (for inelastic collisions) or a particular deviation of the colliding particles
(for elastic collisions). An impact factor b is the closest distance of approach of the
two colliding particles if they continue undeviated by Coulomb (or other) forces as
the collision ensues. The cross-section dσ for a particular impact parameter range
from b to b+ db is given by
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dσ = 2πb db. (8.3)

The maximum impact parameter bmax still resulting in the appropriate collisional
change is related to the total cross-section σ by σ = πb2max. Impact parameters b and
cross-sections σ are measured perpendicular to the relative velocity of colliding
particles so are not affected by relativistic length contraction. Collisional impact
parameters and cross-sections are both Lorentz invariant.

Inelastic collisions between electrons and ions or atoms result in changes in the
quantum state of the ions or atoms. Bound electrons in an ion can transition between
quantum states as a result of an electron-ion collision. The number of electron-ion
collisions per unit time is proportional to the number of ions in the initial quan-
tum state and the number of electrons approaching each ion in unit time with a
sufficiently small impact parameter. Assuming that a population density N1 of a
particular ionic or atomic quantum state exists, the rate of change dN1/dt of this
population due to a beam of electrons of velocity v and density ne can be written as

dN1

dt
= −N1γ ne v σ, (8.4)

where σ is the appropriate cross-section for the transition and γ is the Lorentz pa-
rameter for the electrons. In the frame of reference of the ions or atoms, length con-
traction by 1/γ in the direction of the electron velocity v causes the electron density
ne in the frame of the ions or atoms to increase to γ ne. For electrons with veloci-
ties v<< c, the Lorentz parameter γ approaches unity and Equation 8.4 becomes
the nonrelativistic expression with a rate N1nevσ . Usually there is a Maxwellian or
Maxwell-Juttner distribution of electron velocities v which requires an appropriate
integration over all velocities (see Sections 8.3 and 8.4).

The angular momentum of two interacting charges remains constant in an elastic
collision. Consider an electron of initial momentum p in a collision with an ion.
In the frame of reference of the ion, the angular momentum J = p b of the electron
is conserved in an elastic collision, while in an inelastic collision, any change in
angular momentum of the electron must be compensated by a change in the angular
momentum of the ion. A small range of angular momentum dJ is related to a small
range of impact parameter by dJ = p db, so we can write for the cross-section dσ
with angular momentum from J to J + dJ that

dσ = 2πb db= 2π
J

p

dJ

p
= 2πJ dJ

p2
.

In an inelastic collision, the maximum change of angular momentum of the collid-
ing electron will be from a value Jmax before the collision to zero after the collision.
This implies a maximum value of the cross-section σmax for an inelastic collision
such that
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σmax = 2π

p2

∫ Jmax

0
JdJ = π

p2
J2max. (8.5)

By considering the change in angular momentum of the quantum states of the ion
before and after the collision, we can evaluate Jmax and hence obtain a maximum
value for the cross-section σmax.

Interestingly, we also see immediately from Equation 8.5 that the maximum
cross-section for an inelastic collision where the free electron kinetic energy is
not conserved has a dependence inversely proportional to p2 or proportional to 1/E
in the nonrelativistic limit and 1/E2 in the highly relativistic limit, where E is the
initial kinetic energy of the colliding electron. The value of cross-sections given by
Equations 8.3 and 8.5 is a maximum possible value that can be used for a cross-
section upper bound estimate.

8.3 Nonrelativistic Collisional Rates

As nonrelativistic cross-sections for excitation by inelastic electron collisions tend
to have a variation with the kinetic energy E of the incident electron approxi-
mately proportionally to 1/E, the cross-section for collisional excitation between
two quantum levels of an ion involved in an inelastic collision is often written in
terms of a collision strength �(E) such that

σ(E)= �(E) πa20
g1 E

, (8.6)

where πa20 is an approximate cross-section for the ground state of the hydrogen
atom (taken as the area associated with the Bohr radius a0) and g1 is the de-
generacy of the initial quantum level (the number of quantum states and hence
electron occupancy in the initial quantum level). We label the lower energy quan-
tum state as 1 and the upper quantum state as 2 for convenience. The Bohr radius
a0 = 0.53× 10−10 m is the most probable distance of the electron from the nucleus
in the hydrogen atom. It is more accurate, for example, to tabulate the small varia-
tion of the collision strength �(E) variation with electron energy E rather than the
more rapidly varying cross-section σ(E).

The number of inelastic collisions per unit time is proportional to the cross-
section σ(v), the number fv(v) ne of electrons with a particular speed and the
electron speed v (as faster electrons have more collisions per unit time). The de-
pendence ∝ 1/E of cross-sections with the energy E of incident electrons enables
the averaging of cross-sections when there is a distribution of electron energies to
proceed more readily. For an electron collision-induced transition between bound
states 1 and 2 in an atom or ion with cross-section σ12(E), we define a rate coeffi-
cient K12 given by:
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K12 =
∞∫

√
2�E/m0

σ12(v) v fv(v) dv

=
√

2

m0

∫ ∞

�E
σ12(E) E

1/2fE(E)dE, (8.7)

where�E is the energy difference between the lower and upper atom or ion energy
states and fv(v) and fE(E) are the distribution of speeds and energy respectively
normalized so that

∫∞
0 fv(v)=

∫∞
0 fE(E)= 1 (see Section 6.5). We assume through-

out that �E is a positive quantity.
Employing the idea of a rate coefficient K12 enables the electron density ne to

be explicitly included in rate equations for the change of population densities. The
rate dN1/dt of electron collision-induced transitions from the lower 1 state to the
upper state 2 is given by

dN1

dt
= neN1K12, (8.8)

where N1 is the population density of the initial quantum state and ne is the number
density of electrons.

To evaluate Equation 8.7 we need expressions for the distribution of speeds fv(v)
or energy fE(E). For equilibrium distributions characterized by a temperature, the
Maxwellian distribution fE(E) of electron energies normalized so that

∫∞
0 fE(E)= 1

was determined in Chapter 6 (Equation (6.52):

fE(E)= 2√
π

(
1

kBT

)3/2

E1/2 exp

(
− E

kBT

)
(8.9)

We can expand Equation 8.7 by substituting for the Maxwellian distribution of
electron energies and Equation 8.6 for the collision strength �(E). We obtain

K12 =
√

2

m0

∫ ∞

�E
σ12(E) E

1/2fE(E)dE

= 2

√
2

πm0

(
1

kBT

) 3
2
∫ ∞

�E
σ12(E) E exp

(
− E

kBT

)
dE

= 2

√
2

πm0

(
1

kBT

) 3
2 πa20
g1

∫ ∞

�E
�12(E) exp

(
− E

kBT

)
dE. (8.10)

Following the convenient approximation that the collision strength �12(E)=�12

is approximately constant with electron kinetic energy E (see, for example, Van
Regemorter [113]), we obtain
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K12 = 2

√
2

πm0

(
1

kBT

) 1
2 πa20
g1

�12 exp

(
− �E

kBT

)
. (8.11)

The value of the rate coefficient K12 for collisional excitation between two atomic
or ionic quantum states varies with the temperature kBT of the particles colliding
with the ion, the energy gap �E between the atomic or ionic energy states, the
degeneracy g1 of the lower energy state and the atomic physics of the transition
encapsulated in the approximately constant value of the collision strength �12 (see
Chapter 12 of Tallents [110]).

We can use the principle of detailed balance to find an expression for the rate
of collisional de-excitation where an atom or ion undergoes a transition from our
generic energy level 2 to a lower level 1 as a result of an inelastic collision. The
principle of detailed balance requires that inverse collisional and radiative pro-
cesses affecting the quantum state of an atom or ion occur at equal rates for a system
in thermal equilibrium. We considered an example of such a detailed balance for
radiative processes in Section 7.2 where a relationship between the Einstein A and
B coefficients for spontaneous emission, stimulated emission and absorption was
found. We now apply detailed balance to the processes of collisional excitation and
collisional de-excitation between two quantum states of an atom or ion.

The ratio of the equilibrium population between two bound quantum states de-
pends on temperature. Knowing the rate coefficient for one process, it is possible
to find the rate coefficient for the inverse process. As we discussed in Section 7.2
for the radiative Einstein coefficients, the collisional rate coefficients are simply
atomic parameters and so the rate coefficients found in this way are, therefore,
independent of the state of the plasma and apply to plasmas not in equilibrium
(provided the electron energy distribution is the equilibrium thermal distribution).

In thermal equilibrium electron collisional excitation from quantum state 1 to 2
is balanced by electron collisional de-excitation from quantum state 2 to 1 so that
the rate of change of the quantum state populations are such that dN2/dt= dN1/dt.
We have:

neN1K12 = neN2K21, (8.12)

where the populations of the quantum states N1 and N2 are the equilibrium pop-
ulations. For nonrelativistic temperatures, the electrons of total density ne often
have a Maxwellian distribution. Using the Boltzmann relation for the quantum state
population ratio N1/N2 (see Equation 6.27), we can relate the rate coefficient for
collisional de-excitation K21 to that for collisional excitation K12 by rearranging
Equation 8.12:

K21 =K12
g1
g2

exp

(
�E

kBT

)
, (8.13)
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where g1, g2 are the statistical weights and�E is the energy difference between the
energy levels 1 and 2.

Electron collisional de-excitation rates vary as neN2K21 (Equation 8.12). The
competing radiative decay rate between two quantum states is given by N2A21 (see
Equation 7.2). There is always some low density limit where the radiative decay
rate varying ∝N2 (proportional to density) is greater than the electron collisional
decay rate varying ∝ neN2 (proportional to the square of density). Such low density
regimes where radiative decay dominates are said to be in “coronal” equilibrium
due to the relevance to the solar corona. In coronal equilibrium, the emission coef-
ficient ε of a spectral line is found by adapting Equation 7.19. For the total emission
coefficient integrated over a spectral line for a plasma in coronal equilibrium, we
have

<ε>= 1

4π
N2A21hν = 1

4π
neN1K12hν. (8.14)

The emission from the spectral line is proportional to the rate coefficient K12 for
collisional excitation.

The cross-section for collisional ionization by free electrons varies in a similar
way to collisional excitation exhibiting a 1/E dependence on the energy of the inci-
dent electron. Following Lotz [69] we can write for the cross-section for collisional
ionization from a quantum state with ionization energy �Eion that

σ1C(E)=Cion g1
ln(E/�Eion)

�EionE
, (8.15)

where Cion is a proportionality constant and g1 is the degeneracy of the initial quan-
tum state. For electron energy E≤�Eion, σ1C(E)= 0. Experimentally, Cion is a
constant between 2.6 and 4.5× 10−18 m2 (eV)2 [69]. The rate coefficient for colli-
sional ionization can be written as

K1C =
√

2

m0

∫ ∞

�Eion

σ1C(E) E
1/2fE(E) dE

= 2

√
2

πm0

(
1

kBT

) 3
2
∫ ∞

�Eion

σpC(E) E exp

(
− E

kBT

)
dE

= 2

√
2

πm0

(
1

kBT

) 3
2 Cion g1
�Eion

∫ ∞

�Eion

ln(E/�Eion) exp

(
− E

kBT

)
dE

= 2

√
2

πm0

(
1

kBT

) 3
2

Cion g1

∫ ∞

1
ln(x) exp(−xy) dx

= 2

√
2

πm0

(
1

kBT

) 1
2 Ciong1
�Eion

Ei(y), (8.16)

https://doi.org/10.1017/9781009236072.009 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.009


264 Collisional Processes

where y=�Eion/kBT and the exponential integral Ei(y) is given by

Ei(y)=
∫ ∞

y

e−x

x
dx.

An approximate evaluation of the exponential integral for small y<< 1 is given by

Ei(y)≈ − ln y.

The rate coefficient for collisional ionization when kBT >>�Eion is then given by

K1C ≈ 2

√
2

πm0

Ciong1
�Eion (kBT)1/2

ln

(
kBT

�Eion

)
. (8.17)

The inverse of collisional ionization is known as three-body recombination. In
collisional ionization, an impinging electron colliding with an ion (or atom) causes
an electron to be released from the ion (or atom) so that after the collision, there are
two free electrons and an ion. The inverse process involves two free electrons col-
liding with an ion so that one electron recombines to form a lower charged ion (or
neutral atom) and one electron remains free. The inverse of collisional ionization
involves two electrons and an ion – leading to the name of three-body recombina-
tion.

Detailed balance can be used to determine the inverse rate coefficient KCp for
three-body recombination. In equilibrium the rate of collisional ionization will be
equal to the rate of three-body recombination. We have

neN1K1C = nenZi+1KC1,

where nZi+1 is the population density of the Zi + 1 charged ion, N1 is the popula-
tion density of the state in the Zi-charged ion, and ne is the electron density which
is assumed to have a Maxwellian distribution. Rearranging and using the Saha-
Boltzmann equation (Equation 6.26) for the equilibrium ratio of N1/nZi+1 gives

KC1 = g1
gZi+1

ne
2

(
h

m0

)3 ( m0

2πkBT

)3/2

exp

(
�Eion
kBT

)
K1C. (8.18)

The rate of three-body recombination scales ∝ n2enZi+1 as the rate coefficient for
three-body recombination KC1 ∝ ne (Equation 8.18). The rate of radiative recom-
bination proceeds at a rate nenZi+1βrec, where βrec is a radiative recombination rate
which is independent of density. At low densities in coronal equilibrium the rate of
radiative recombination dominates three-body recombination and the ratio of the
ionization between a quantum state of population density N1 in a Zi charged ion
and the population in a Zi + 1 charged ion is given by the balance of collisional
ionization and radiative recombination:

neN1K1C = nenZi+1βrec (8.19)
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We have for the ionization balance in a coronal plasma that

nZi+1

N1
= K1C

βrec
. (8.20)

8.4 Relativistic Collisional Rates

In this section, we extend the rate coefficient treatment for inelastic electron-ion
collisions to include the effects of relativistic changes of collision rates. We found
back in Section 2.8 that the total energy W of a particle is related to the particle
momentum p by

W =
√
(pc)2 + (m0c2)2, (8.21)

where m0c2 is the rest mass energy. The kinetic energy E of a particle is related
to the total energy W by E=W −m0c2. Rearranging Equation 8.21, we obtain the
relativistically correct relationship between momentum p and kinetic energy E:

(pc)2 =W2 − (m0c
2)2

= (E+ (m0c
2))2 − (m0c

2)2

= E2 + 2E m0c
2 (8.22)

The cross-section for collisional excitation between two quantum levels of an ion
involved in an inelastic collision with nonrelativistic electrons was written in Sec-
tion 8.3 in terms of a collision strength �(E) as given by Equation 8.6:

σ(E)= �(E) πa20
g1 E

In an electron-ion collision, cross-sections vary ∝ 1/p2 (Equation 8.5). Rather than
convert the kinetic energy E to momentum using the nonrelativsitic expression
E= p2/2m0, we use Equation 8.22. The appropriate relativistic expression for the
inelastic electron-ion collision cross-section σ(E) becomes

σ(E)= �(E) πa20
g1

2m0c2

E2 + 2E m0c2
. (8.23)

When E<<m0c2, this expression reduces to Equation 8.6 as used for the
nonrelativistic evaluation of rate coefficients. We can convert the variation of ki-
netic energy E to a variation of the Lorentz γ factor using E= (γ − 1)m0c2. Equa-
tion 8.23 then gives the cross-section σ(γ ) as a function of γ :

σ(γ )= �(γ ) πa20
g1 m0c2

2

(γ − 1)2 + 2(γ − 1)
= �(γ ) πa20

g1 m0c2
2

γ 2 − 1
(8.24)
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We define a relativistic rate coefficient K∗
12 so that the relativistic rate equations

retain the same form as the nonrelativistic rate equations (Equation 8.8), viz

dN1

dt
= neN1K

∗
12.

The relativistic rate coefficient K∗
12 becomes

K∗
12 =

∫ ∞

γ=γ0
γ v σ(γ )fMJ(γ )dγ

=
∫ ∞

γ=γ0
γ c

(
1− 1

γ 2

)1/2

σ(γ )fMJ(γ )dγ

=
∫ ∞

γ=γ0
c
(
γ 2 − 1

)1/2
σ(γ )fMJ(γ )dγ, (8.25)

where γ0 = 1+�E/m0c2 is the minimum Lorentz parameter equivalent to a suf-
ficient kinetic energy �E to enable excitation from a lower to higher energy state
separated by energy �E. The Lorentz parameter γ included explicitly in the first
expression of the integration allows for the relativistic increase of electron density
moving from the electron frame to the ion frame. The velocity v in Equation 8.25
is related to the Lorentz parameter γ by

v= c

(
1− 1

γ 2

)1/2

.

The probability distribution of electrons is represented by fMJ(γ ) in Equation
8.25. We assume a Maxwell-Juttner thermal variation as considered in Section 6.6.
We have for the Maxwell-Juttner distribution (Equation 6.55):

fMJ(γ )= 1

Z(T)
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
, (8.26)

where

Z(T)=
∫ ∞

γ=1
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ = kBT

m0c2
K2(m0c

2/kBT), (8.27)

where K2(m0c2/kBT) is a modified Bessel function of the second kind and order
two evaluated at an inverse temperature value of m0c2/kBT . Substituting Equation
8.24 and the Maxwell-Juttner expression into Equation 8.25, we obtain for the rela-
tivistic rate coefficient for electron-ion collisional excitation within an ion or atom
that
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K∗
12 = �12 πa20 c

g1 m0c2Z(T)

∫ ∞

γ=γ0
2γ exp

(
−γm0c2

kBT

)
dγ (8.28)

assuming that the collision strength �12 is constant with electron energy. This in-
tegral for the relativistic rate coefficient is analytically solvable:

K∗
12 = 2�12 πa20 c

g1 m0c2K2(m0c2/kBT)

(
1+ kBT

m0c2
+ �E

m0c2

)
exp

(
−m0c2 +�E

kBT

)
(8.29)

We can evaluate the electron temperatures kBT needed for relativistic effects to
be important for the collisional rate coefficient K∗

12 by considering a large ampli-
tude asymptotic expression for the modified Bessel function K2(m0c2/kBT) (see
Appendix B). When kBT <m0c2, we have that

K2(m0c
2/kBT)≈

√
π

2

(
2kBT

m0c2

)1/2

exp

(
−m0c2

kBT

) [
1+ 15

8

kBT

m0c2

]
. (8.30)

Substituting Equation 8.30 into the expression for the collision excitation rate co-
efficient K∗

12 yields the nonrelativistic expression for the rate coefficient with a
relativistic correction multiplier:

K∗
12 ≈ 2

√
2

πm0

(
1

kBT

) 1
2 πa20
g1

�12 exp

(
− �E

kBT

) [
1+ kBT/m0c2 +�E/m0c2

1+ (15/8)kBT/m0c2

]

=K12

[
1+ kBT/m0c2 +�E/m0c2

1+ (15/8)kBT/m0c2

]

≈K12

[
1− 7

8

kBT

m0c2
+ �E

m0c2

]
(8.31)

whereK12 is the nonrelativistic rate coefficient as given by Equation 8.11. A numer-
ical treatment [5] of relativistic effects on the rate of collisional excitation shows
an increases in the rate ∝ 1+�E/m0c2 and a decrease ∝ 1− kBT/m0c2 as shown
(approximately) in Equation 8.31.

The rate of collisional de-excitation is given by Equation 8.13. The rate coeffi-
cients K∗

21 for collisional de-excitation are similarly increased ∝ 1+�E/m0c2 or
decreased ∝ 1− kBT/m0c2 from the nonrelativistic values as given by Equation
8.31.

Following Lotz [69], we presented Equation 8.15 for the cross-section for colli-
sional ionization from a quantum state with ionization energy �Eion:

σ1C(E)=Cion g1
ln(E/�Eion)

�EionE
,

where Cion is a proportionality constant and g1 is the degeneracy of the initial quan-
tum state. For the energy E in the denominator of the cross-section expression, the
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nonrelativistic relationship between kinetic energy E and momentum p given by
E= p2/2m0 can be used to convert the ionization cross-section to a variation in
momentum p and then the relativistic momentum relationship given by Equation
8.22 used to obtain the cross-section for relativistic electron-ion collisional ioniza-
tion. This is appropriate as electron-ion collisional cross-sections vary ∝ 1/p2 (see
Section 8.2). We obtain

σ1C(E)=Cion g1
ln(E/�Eion)

�Eion(E2 + 2Em0c2)/(2m0c2)
. (8.32)

The Lotz cross-section can be expressed in terms of the Lorentz γ factor using the
relationship E= (γ − 1)m0c2 for the electron kinetic energy E. The cross-section
for collisional ionization becomes

σ1C(γ )=Cion g1
2

�Eionm0c2(γ 2 − 1)
ln

(
m0c2

�Eion
(γ − 1)

)
. (8.33)

The rate coefficient K∗
1C for collisional ionization for thermalized relativistic elec-

trons is obtained by integrating the cross-section σ1C(γ ) over the Maxwell-Juttner
distribution. The relativistic rate coefficient K∗

1C becomes

K∗
1C =

∫ ∞

γ=γ0
γ v σ1C(γ ) fMJ(γ )dγ

=
∫ ∞

γ=γ0
c
(
γ 2 − 1

)1/2
σ1C(γ ) fMJ(γ )dγ, (8.34)

where γ0 = 1+�Eion/m0c2 is the minimum Lorentz parameter corresponding to
the ionization energy�Eion. The Lorentz parameter γ included explicitly in the first
expression of the integration allows for the relativistic increase of electron density
moving from the electron frame to the ion frame. The velocity v in Equation 8.25
is related to the Lorentz parameter γ by

v= c

(
1− 1

γ 2

)1/2

.

Substituting the Maxwell-Juttner expression (Equation 8.26) gives an expression
for the relativistic electron collisional ionization rate coefficient such that:

K∗
1C = 2Cion g1c

�EionkBT K2(m0c2/kBT)

∫ ∞

γ=γ0
γ ln

(
m0c2

�Eion
(γ − 1)

)
exp

(
−γm0c2

kBT

)
dγ,

(8.35)

where K2(m0c2/kBT) is a modified Bessel function of the second kind and order
two evaluated at an inverse temperature value of m0c2/kBT .

The logarithm in the integration in Equation 8.35 varies slowly compared to
the other parameters. For an approximate evaluation of the relativistic electron
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collisional ionization rate coefficient K∗
1C, we can remove the logarithmic term

from within the integration and assume an average value for the Lorentz param-
eter γ = 1+ kBT/m0c2 within the logarithmic evaluation. Equation 8.35 then
simplifies to

K∗
1C ≈ 2Cion g1c

�EionkBT K2(m0c2/kBT)
ln

(
kBT

�Eion

) ∫ ∞

γ=γ0
γ exp

(
−γm0c2

kBT

)
dγ. (8.36)

The integration of Equation 8.36 proceeds as for the integration in Equation 8.25.
The modified Bessel function K2(m0c2/kBT) can be expanded using Equation 8.30
provided kBT <m0c2. The rate coefficient for collisional ionization when kBT >>
�Eion and relativity effects are important is then given by the approximate
relationship

K∗
1C ≈ 2

√
2

πm0

Ciong1
�Eion (kBT)1/2

ln

(
kBT

�Eion

) [
1+ kBT/m0c2 +�Eion/m0c2

1+ (15/8)kBT/m0c2

]
.

(8.37)

The relativistic rate coefficient for collisional ionization K∗
1C is related to the

nonrelativistic rate coefficient K1C by the same multiplier as found for the colli-
sional excitation rate coefficients (Equation 8.31). We have

K∗
1C =K1C

[
1+ kBT/m0c2 +�Eion/kBT

1+ (15/8)kBT/m0c2

]

≈K1C

[
1− 7

8

kBT

m0c2
+ �Eion

kBT

]
(8.38)

for kBT <<m0c2.
The rate coefficientK∗

C1 for three-body recombination is found assuming detailed
balance of the rate of electron-ion ionization with the rate of three-body recom-
bination as undertaken for the nonrelativistic relationship (Equation 8.18). Using
the relativistic form of the Saha-Boltzmann for the ratio NZi/NZi+1 of equilibrium
populations (Equation 6.38), we have for the rate coefficient K∗

C1 for three-body
recombination:

K∗
C1 =K∗

1C
NZi
NZi+1

=KC1

[
1+ kBT/m0c2 +�Eion/kBT

(1+ (15/8)kBT/m0c2)2

]

≈KC1

[
1− 11

4

kBT

m0c2
+ �Eion

kBT

]
(8.39)

for kBT <<m0c2. A numerical treatment [5] of relativistic effects on the rate of
collisional ionization and three-body recombination shows an increases in the rate
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∝ 1+�Eion/kBT and a decrease ∝ 1− kBT/m0c2 for collisional ionization and ∝
1− 2kBT/m0c2 for three-body recombination as found (approximately) above (see
Equation 8.38 for ionization and Equation 8.39 for three-body recombination).

The treatments presented in this section give a relativistic correction to colli-
sional rate coefficients. General expression for the rate coefficients applicable for
any electron energy are followed by approximate expressions showing relativis-
tic rate coefficient deviations from nonrelativistic values. The approximate expres-
sions are applicable when the electron temperature in energy units is less than the
rest mass energy (511 keV) of electrons. We employed rate coefficients to evaluate
the relativistic effects on collisional rate coefficients following the approximations
of Van Regemorter [113] for collisional excitation and Lotz [69] for collisional ion-
ization. The Lotz and Van Regemorter general expressions for rate coefficients are
not as accurate as specific detailed atomic physics evaluations (see e.g. the com-
ments by Sampson and Zhang [102]), but are sufficiently accurate to model the
relative rate coefficient changes due to relativistic free electron effects. The rel-
ativistic corrections can be applied to rate coefficients determined explicitly and
accurately for particular ionic excitation or ionization.

Exercises

8.1 Consider a collision between a particle of mass m0 and a stationary particle of
massM, where the particle of mass m0 changes the direction of its velocity by
an angle of π/2 as a result of the collision. Show that the ratio R of the energy
of the particle of mass m0 before the collision to the energy of the particle of
mass M after the collision is given by

R= M

2m0
+ 1

2
.

[WhenM >>m0, there is little energy exchange between the massm0 particle
and the particle of massM.]

8.2 In Coulomb interactions between ions and electrons in plasmas, a “collision”
is usually defined as occurring when the electron velocity changes direction
by an angle of π/2 as considered in Exercise 8.1. If the frequency of such col-
lisions is νei, use the result of Exercise 8.1 to show that high energy electrons
of mass m0 with energy Ee add energy to low energy ions of massM such that
the ion energy increases at rate

dEI
dt

≈ Ee
τei
,
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where the timescale

τei = 1

2νei

(
M

m0
+ 1

)
.

[This result illustrates how electron-ion collisions transfer energy a fac-
tor slower by (1/2)(M/m0)= (1/2)× 1836MA compared to electron-electron
and ion-ion collisions where the two masses are equal (m0 =M). Here MA is
the atomic mass of the ions.]

8.3 Consider emission on two spectral lines from an ion in a “coronal” plasma.
In coronal plasmas, emission from excited quantum states is directly propor-
tional to the rate of electron collisional excitation from the ground state of the
ion. If the excited states of the ion have energies �E12 and �E13 above the
ground state energy, show that emission coefficients ε12 and ε13 for the two
lines are related by

ε13

ε12
= �13

�12

(
1+ kBT/m0c2 +�E13/m0c2

1+ kBT/m0c2 +�E12/m0c2

)
exp

(
−�E13 −�E12

kBT

)
,

where T is the electron temperature and �13 and �12 are the respective colli-
sion strengths for electron collisional excitation from the ground to the states
3 and 2, respectively.

8.4 The solar corona is a low density plasma atmosphere surrounding the Sun
with a temperature ≈ 200−1000 eV. A solar flare exhibits as a rapid increase
in brightness of a localized part of the corona with temperatures up to 10 keV.
Hydrogen-like iron (Z = 26) can emit strongly in a solar flare. The ionization
energies En of hydrogen-like ion quantum states vary as

|En| = 13.6
Z2

n2
eV,

where Z is the atomic number of the ion and n is the principal quantum num-
ber. Give an estimate of the change of the ratio of hydrogen-like ion emission
for transitions n= 3 to 1 compared to n= 2 to 1 between a solar flare of tem-
perature 5 keV and 10 keV. [The emission ratio increases by 14%.]

8.5 Tokamak plasmas are in coronal equilibrium and achieve electron tempera-
tures of 20 keV. Iron is a common impurity to an otherwise hydrogen plasma
in a tokamak. Estimate the change in the emission of the hydrogen-like iron
n= 2 to 1 transition considering relativistic effects on the rate coefficient
compared to a calculation with the same atomic physics neglecting relativistic
effects. [−2%]
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Relativistic Optics

Optics is the branch of physics that studies the behavior and properties of light,
including in particular, the effects on light of interactions with matter. Other chap-
ters have considered the effect of light on matter affected by relativistic motion.
This chapter deals with relativistic optics, namely the effect of moving matter on
light.

The science of optics is often habitually restricted to describe the behavior of
visible, ultraviolet, and infrared light, or sometimes just visible light (wavelength
400–700 nm). However, as light is an electromagnetic wave, other forms of electro-
magnetic radiation such as X-rays, microwaves, and radio waves exhibit identical
properties in vacuum and many similar properties when interacting with a medium.
It is a central tenet of relativity that the velocity of light c in vacuum is the same
for all frames of reference and is the same for all of the spectral range. The ve-
locity of light, however, in a medium is not constant in all frames of reference. In
a medium, light has a phase velocity given by c/η, where η is the refractive in-
dex of the medium for the propagating light at the particular frequency of the light
(see Section 4.4). Any velocity varying from the speed c of light in vacuum is not
Lorentz invariant.

The changing velocity of light in moving media was demonstrated by Fizeau
in 1851, well before Einstein’s special theory of relativity (published in 1905).
Fizeau’s experiment is discussed in Section 9.1 and a more general treatment of
the phase velocity of light in a medium is then given. Reflections from a rapidly
moving mirror are considered. Such mirrors can be created in the laboratory using
high power lasers to produce a plasma surface with electron density above the
critical density for reflection. The important issue of the Lorentz invariance of the
polarization of light is then addressed.

272
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9.1 The Fizeau Effect 273

9.1 The Fizeau Effect

The phase velocity of light in a moving transparent medium with refractive index
η �= 1 is observed to be different from the velocity in the same medium when it
is stationary. This can be shown to be a relativistic effect where the stationary
observer measures a different velocity to the velocity in the frame of the medium.
The effect was demonstrated by Fizeau [42] in 1851 using flowing water and a
white light interferometer before the development of the theory of relativity. When
light propagates parallel to the velocity of the medium, the change in phase velocity
due to the movement of the medium is known as the Fizeau effect.

Using the expressions we found for the relativistic addition of velocities in Sec-
tion 2.3, it is possible to consider the transformation of the phase velocity u′ of
light in the frame of a medium moving at velocity v to the phase velocity u in the
laboratory or stationary frame. Using relativistic equations for particles to trans-
form the phase velocity of light can be justified by recourse to the correspondence
principle that particles and light exhibit wave or particle properties depending on
the measurement. Using relativistic equations for particles to transform the phase
velocity of light in a medium is demonstrated to be valid in Section 9.2.

Equation 2.27 relates the velocity u′|| parallel to the frame velocity v in a moving
frame to the velocity u|| in a stationary frame. Rewriting Equation 2.27, the velocity
parallel to v in the laboratory frame of reference is given by

u|| =
u′|| + v

1+ vu′||/c2
, (9.1)

where u′|| is the parallel velocity in the moving frame of reference. In the frame
of a medium of refractive index η, the phase velocity of light is c/η. Substituting
u′|| = c/η, a transparent medium with light propagating parallel to the velocity v
of the medium will have a phase velocity of light u as observed in the laboratory
frame given by

u= c/η+ v

1+ v/(ηc)
. (9.2)

For velocities of the medium v<< c, we can expand this expression for the labo-
ratory phase velocity of the light as follows:

u= c
1/η+ v/c

1+ v/(cη)
≈ c

(
1

η
+ v

c

)(
1− v

cη

)
= c

η
+ v

(
1− 1

η2

)
− v2

cη

If we assume v<< c, the last term is negligible and we obtain

u≈ c

η
+ v

(
1− 1

η2

)
. (9.3)
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Equation 9.3 is the formula found experimentally by Fizeau [42]. Fizeau and
others at the time (1851) of his experiments determined that changes in the velocity
of light with changes of the medium velocity were consistent with the vacuum
propagation of light in the “aether.” His 1851 paper [42] is entitled “The hypotheses
relating to the luminous [sic] aether and an experiment which appear to demonstrate
that the motion of bodies alters the velocity with which light propagates itself in
their interior.” The v(1− 1/η2) term in Equation 9.3 is known as the “Fresnel drag
coefficient.”

The phase velocity of light in a moving medium can be affected by the Doppler
shift of the frequency of light ω from the laboratory frame to the frame of the
moving medium. The shift in frequency in the moving medium frame can cause
the value of the refractive index to change from what it would be at the frequency
in the laboratory frame.1

Doppler shifts in frequency are treated in Section 2.6. In the limit of velocity
v<< c, Equation 2.48 gives a frequency shift of �ω when the medium velocity v
is parallel and in the direction of light propagation such that

�ω

ω
≈ −ηv

c
(9.4)

upon adjusting the speed of light from the vacuum value c to the velocity c/η in the
medium. The effect of a Doppler shift�ω in frequency on the light velocity c/η in
a medium of a refractive index η which varies in frequency is found by noting that

d(c/n)

dω
= d(c/n)

dη

dη

dω
= − c

η2

dη

dω
.

Increments of the light velocity due to the Doppler shift of the light frequency in
the medium are then given by

�

(
c

η

)
= − c

η2

dη

dω
�ω= ω

η

dη

dω
v

upon using Equation 9.4. Including the Doppler shift effect, the velocity of light u
in a moving medium becomes

u≈ c

η
+ v

(
1− 1

η2
+ ω

η

dη

dω

)
(9.5)

after adding the extra Doppler shift term to Equation 9.3. The phase velocity u is
affected by the Doppler shift of frequency if the refractive index in the frame of the
medium changes with frequency.

1 A medium has a refractive index η= c/u, where u is the phase velocity of light in the medium. Refractive
indices are almost always quoted in the frame of the medium and evaluated using, for example, plasma
physics (see Section 4.4). In this chapter, we evaluate phase velocities u and u′ in different frames of
reference. The appropriate refractive indices if required are given by c/u and c/u′.
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Following Equations 9.2 and 9.3, light propagating in a moving plasma (where
η < 1) with a plasma velocity in the direction of light propagation has a slower
phase velocity in the laboratory frame than light propagating through a stationary
plasma. In the Fizeau experiment, the phase velocity of light propagating parallel
to the water velocity in flowing water is found to be greater as the refractive index
of water η= 1.33.

9.2 The Phase Velocity of Light in a Moving Medium

In this section, we examine changes in the phase velocity and angle of propagation
of light as measured by an observer in a nominally stationary (laboratory) frame of
reference compared to observations in the frame of reference of a moving medium
of refractive index η, where the light propagation is not parallel to the velocity be-
tween the observers. Section 9.1 determined the phase velocity of a medium mov-
ing parallel to the direction of propagation of light. A more general phase velocity
can be determined for situations where the direction of propagation (the direction
of the light wavevector k) is at an angle of θ to the velocity v of the medium. We
finish by showing that light propagating through a rapidly moving sheet of material
of any refractive index propagates at the same angle in the laboratory frame before
and after passing through the sheet.

To start our consideration of light propagation at different angles to the velocity
of a relativistic medium, we use the expressions for the Lorentz transformation of
the frequency and wavevector of an electromagnetic wave as given in Section 3.1.
Equation 3.1 gives the Doppler frequency shift from ω in the laboratory frame to
ω′ in the frame of the medium:

ω′ = γ (ω− k||v), (9.6)

where k|| is the component of wavevector in the direction of v in the laboratory
frame. Equation 3.2 gives the change in the components of the wavevector parallel
to v and perpendicular to v from the laboratory frame (unprimed k|| and k⊥) to the
frame of the medium (primed k′|| and k′⊥):

k′
|| = γ (k|| − vω/c2), (9.7)

k′
⊥ = k⊥ (9.8)

The phase velocity u′ in the medium is found using Equations 9.6, 9.7, and 9.8.
Converting the phase velocity u′ =ω′/k′ to a vector form, we write

u′ = ω′

k′2k
′. (9.9)

Separating the wavevector k′ into components parallel k′|| and perpendicular k′⊥ to
v means that
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k′2 = k′2
|| + k′2

⊥.

Substituting Equation 9.6 for ω′, Equation 9.7 for k′||, and Equation 9.8 for k′⊥ into
Equation 9.9, the component of the phase velocity in the medium parallel to the
velocity v is given by

u′
|| =

ω′k′||
k′2|| + k′2⊥

= γ 2(ω− k||v)(k|| − vω/c2)

k2⊥ + γ 2(k|| − vω/c2)2
. (9.10)

Similarly, the component of the phase velocity in the medium perpendicular to the
velocity v is given by

u′
⊥ = ω′k′⊥

k′2|| + k′2⊥
= γ (ω− k||v)k⊥
k2⊥ + γ 2(k|| − vω/c2)2

. (9.11)

We want to relate the phase velocity of light propagating in the frame of the
moving medium to that in the laboratory frame (and vice versa). There are iden-
tical phase relationships for light propagation between quantities measured in the
laboratory frame (using unprimed symbols) and quantities measured in the frame
of reference of the medium (using primed symbols). Rearranging Equation 9.9 and
removing the primes on the symbols for the wavevector k and phase velocity u
gives

k= k2

ω
u.

Substituting k2 =ω2/u2 means that

k= ω

u2
u.

The components of wavevector and phase velocity parallel and perpendicular to the
medium velocity v are then as follow:

k|| = ω

u2
u||, (9.12)

k⊥ = ω

u2
u⊥ (9.13)

Substituting Equations 9.12 and 9.13 into Equations 9.10 and 9.11 gives the parallel
and perpendicular components of the phase velocity measured in the frame of the
moving medium in terms of the velocity components measured in the frame of the
laboratory:

u′
|| =

γ 2c2(u2 − u||v)(c2u|| − u2v)

c4u2⊥ + γ 2(c2u|| − u2v)2
(9.14)
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u′
⊥ = γ c4(u2 − u||v)u⊥

c4u2⊥ + γ 2(c2u|| − u2v)2
(9.15)

The magnitude u′ of the phase velocity can be determined from Equations 9.14 and
9.15. We have

u′ = (u′2
|| + u′2

⊥)
1/2 = γ c2(u2 − u||v)(

c4u2⊥ + γ 2(c2u|| − u2v)2
)1/2 . (9.16)

Dividing the numerator and denominator by the phase velocity u and using sin θ =
u⊥/u and cos θ = u||/u where θ represents the angle of the phase velocity of the
light to the velocity v direction in the laboratory frame, we have

u′ = γ (u− v cos θ)(
sin2 θ + γ 2(cos θ − uv/c2)2

)1/2 . (9.17)

It is useful to consider the special case where the wave propagation is parallel to
the relative velocity v of the medium. Setting u⊥ = 0 and u|| = 0, we can quickly
obtain from Equation 9.15 that u′⊥ = 0 and from Equation 9.14 that

u′ = u′
|| =

u− v

1− uv/c2
. (9.18)

Setting the angle θ of the phase velocity of light to zero in Equation 9.17 also gives
this result. For propagation parallel to the velocity of the medium, the phase ve-
locity given by Equation 9.18 transforms in an identical way to the Lorentz trans-
formation of the relativistic velocity of a particle (see Equation 2.27). We used
Equation 2.27 as a starting point to examine the Fizeau effect for light propagating
parallel to the velocity of the medium in Section 9.1 (see Equation 9.1).

In the frame of the medium, the phase velocity of light is c/η, where η is the
refractive index of the medium as measured in the (proper) frame of the medium.
Exchanging frames of reference in Equation 9.17 so that the velocity v changes
sign and primed and unprimed variables interchange, we can obtain an expression
for the phase speed u of light measured in the laboratory frame in terms of the
refractive index η of the moving medium. The laboratory frame phase speed u of
light propagating at an angle θ ′ to v in the moving frame becomes

u= γ (c/η+ v cos θ ′)(
sin2 θ ′ + γ 2(cos θ ′ + v/(ηc))2

)1/2 (9.19)

upon setting the light phase velocity u′ = c/η.
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The angle θ ′ of light propagation to the velocity in the frame of the medium can
be deduced from Equations 9.14 and 9.15. We have

tan θ ′ = u′⊥
u′||

= u⊥
γ (u|| − u2v/c2)

. (9.20)

The angle θ of propagation in the laboratory frame is determined by using tan θ =
u⊥/u|| and cos θ = u||/u. Equation 9.20 can then be rearranged to a form

tan θ ′ = sin θ

γ (cos θ − uv/c2)
. (9.21)

When the phase velocity of light u is equal to the vacuum speed c in the laboratory
frame, Equation 9.21 for the angle θ ′ of propagation in the medium becomes

tan θ ′ = sin θ

γ (cos θ − v/c)
. (9.22)

The “beaming” of radiation emitted in the moving frame and observed in the labo-
ratory frame was discussed in Section 3.5. Our treatment here also shows that light
from a stationary frame propagates in a relativistically moving frame with propa-
gation paths at higher angles around the velocity v of the moving frame than in the
rest frame (see e.g. Figure 9.1, where results using Equation 9.22 are plotted).

Interchanging primed and unprimed variables in Equation 9.21 and switching
the sign of v, we can exchange the frames of reference. The angle θ of propagation

 (radians) 


 (

ra
di

an
s)

 v/c = 0.99 
v/c = 0.9 

v/c = 0.1 

Figure 9.1 The relationship of light propagation angles in the “laboratory” (θ )
and as observed in the moving (θ ′) frames of reference for different relative veloc-
ity amplitudes of the frames as labelled. Angles of light propagation θ and θ ′ are
measured relative to the frame velocity v.
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in the laboratory frame of reference is related to the angle θ ′ of propagation in the
frame of the medium by

tan θ = sin θ ′

γ (cos θ ′ + u′v/c2)
. (9.23)

When the phase velocity u′ is equal to the vacuum phase velocity c, Equation 9.23
is identical to the “aberration formula” applicable for light propagation in vacuum
(see Equation 2.41). In a medium, the phase velocity u′ is determined by the refrac-
tive index η. Substituting the phase velocity u′ in the frame of the medium by c/η,
where η is the refractive index of the medium gives a useful expression relating
the angle θ of measured light propagation in the rest frame to the angle θ ′ of light
propagation in the moving frame. We have

tan θ = sin θ ′

γ (cos θ ′ + v/(ηc))
. (9.24)

We can also evaluate expressions for the sine and cosine of θ . From Equation 9.24:
(
sin2 θ ′

γ 2
+
(
cos θ ′ +

(
v

ηc

))2
)1/2

=
(
1−

(v
c

)2 (
1− 1

n2

)
+
(v
c

)2
cos2 θ ′ + 2v

ηc
cos θ ′

)1/2

upon substituting 1/γ 2 = 1− (v/c)2. Expressions for sin θ and cos θ follow:

sin θ = sin θ ′/γ(
1− (v/c)2

(
1− 1/n2

)+ (v/c)2 cos2 θ ′ + (2v/ηc) cos θ ′)1/2 , (9.25)

cos θ = cos θ ′ + v/(ηc)(
1− (v/c)2

(
1− 1/n2

)+ (v/c)2 cos2 θ ′ + (2v/ηc) cos θ ′)1/2 (9.26)

When η= 1 these expressions for sin θ and cos θ reduce to the vacuum propa-
gation expressions (Equations 2.42 and 2.43) as the denominators reduce to 1+
(v/c) cos θ ′.

In Section 4.4 we showed that pulses of light propagate at a group velocity ug =
dω/dk. Equation 4.57 gives a general relationship between the phase velocity u of
light and the group velocity ug. The direction of propagation of a pulse of light
is the same as the direction of the k-vector of the light, so Equation 4.57 can be
modified to have the phase and group velocity in a vector form. Considering the
frame of reference of a moving medium of refractive index η, we have that

u′
g = u′

1+ (ω′/η)(dη/dω′)
. (9.27)
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Equation 9.27 shows that the group velocity u′
g undergoes Lorentz transformation

from the moving medium frame into the laboratory frame in the same way as the
phase velocity u′, except for a Doppler modification of the frequency ω′. Equation
9.6 gives the Doppler shift in frequency from the laboratory frame to the frame of
the moving medium. Using k|| = k cos θ =ω cos θ/c, we have

ω′ = γω

(
1− v cos θ

c

)
. (9.28)

The value of ω′ and the derivative of the refractive index dη/dω′ used in Equation
9.27 need to be evaluated at the Doppler-shifted frequency given by Equation 9.28.

We now consider the interaction of a beam of light propagating at an angle θ
to the normal of a thick sheet of a uniform material of refractive index η where
the medium is moving with a velocity v. We can assume that the velocity v is di-
rected normal to the planar sheet so that θ is the angle between the light wavevector
and the velocity v. If the medium is uniform along directions perpendicular to the
normal to the sheet, any velocity component perpendicular to the normal does not
affect the propagation of light.

We want to find the angle of the light propagation direction as it passes through
and after passing through the moving sheet of material. We need to Lorentz trans-
form θ from the laboratory frame to the medium frame (obtaining θ ′) and then
back to the laboratory frame to obtain the angle θT of propagation after trans-
mission. In the frame of the planar medium, the angle of incidence θ ′ is equal
to the angle to the medium normal as light exits the medium. Snell’s law will re-
sult in a change of angle to θ ′

1 inside the medium, where sin θ ′ = η sin θ ′
1. How-

ever, on exiting the medium, the angle to the medium normal (and velocity v)
refracts back to θ ′ in the frame of the medium. A schematic of the transmission
of light through a slab medium in different frames of reference is shown in
Figures 9.2.

For the Lorentz transform from the laboratory to the medium frame of reference,
we need Equations 2.42 and 2.43 modified to transform from stationary to moving
frame (i.e. the unprimed to primed frames of references). We have for the angle θ ′

1
of propagation in the moving medium of refractive index η that

sin θ ′
1 = 1

η
sin θ ′ = 1

η

(
sin θ/γ

1− (v/c) cos θ

)
. (9.29)

The transform to the moving frame before light enters the dielectric medium of
refractive index η has a cosine value for the angle to the velocity v given by

cos θ ′ = cos θ − v/c

1− (v/c) cos θ
. (9.30)
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′1

Figure 9.2 The transmission of light through a slab of dielectric medium moving
at a relativistic velocity v in (a) the laboratory frame with angle of incidence θ ,
(b) in the frame of the medium, and (c) in the laboratory frame after transmission
through the medium.

On exiting the medium, in the frame of the medium the angle θ ′ of the light path is
undeviated from the angle before entering the medium (see Figure 9.2).

For the transform back to the laboratory frame for the light exiting the medium
in the frame of the medium, we need Equation 9.24 with a vacuum refractive index
(η= 1):

tan θT = sin θ ′/γ
cos θ ′ + v/c

= (sin θ/γ 2)/(1− (v/c) cos θ)

cos θ − (v/c)+ (v/c)(1− (v/c) cos θ)

= sin θ/γ 2

(1− v2/c2) cos θ
= tan θ (9.31)

upon substituting Equation 9.29 for sin θ ′ and Equation 9.30 for cos θ ′. We see that
a beam of light is undeviated (θT = θ) in the laboratory frame after passing through
a uniform slab of dielectric material moving at a relativistic velocity.

9.3 Angles of Reflection and Doppler Shifts from a Moving Mirror

We now consider the reflection of light from a rapidly moving mirror. The calcu-
lation of the frequency and pulse duration changes of light reflected from moving
mirrors is important in order to understand the reflection of laser light in plasmas
formed by short duration (<100 fs) laser pulse irradiation of targets. With short
duration laser pulses, a steep increase of density near a solid target acts as a highly
reflecting and rapidly moving mirror.
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In order to quantitatively study reflections from a moving mirror, we will deter-
mine the Lorentz transformation of the light frequency, the angle of propagation,
and the duration of a pulse of light from the laboratory frame into the frame of
reference of the mirror and then calculate the Lorentz transformation back to a lab-
oratory frame of reference. This process enables the effect of the reflection in the
laboratory frame to be quantified. The angles of reflection in the laboratory frame
from a relativistically moving mirror can be examined using the treatments devel-
oped for the Lorentz transformation of velocities (see Section 2.3). Changes in the
frequency of the light can be found from the Lorentz transformation of frequencies
(usually referred to as the Doppler effect, see Section 2.6).

An observer moving with a speeding mirror observes the laws of optics identi-
cally to a nominally stationary observer observing a stationary mirror in the lab-
oratory frame of reference. For example, in the frame of reference of the mirror,
the angle of incidence of light is equal to the angle of reflection. The reflectivity of
the mirror in the frame of the mirror can be found using standard expressions from
optics.

In the frame of the mirror moving at velocity v at an angle α to the normal of
the mirror and angle θ ′ to the incoming light wavevector, the angle of incidence of
the light on the mirror can be expressed as θ ′ − α. The angle of reflection in the
mirror frame is then θ ′

R = θ ′ − 2α. For ease of mathematical manipulation, we will
initially assume that the mirror material has a macroscopic velocity +v normal to
its surface opposite to the direction of the light before reflection and is spatially
uniform in directions along the planar surface. The angle θ ′ of incidence of light is
then equal to the angle θ ′

R of reflection in the mirror frame: θ ′ = θ ′
R.

In other sections of this book (see Figure 1.2), we assume that the relative ve-
locity between frames is positive when the “moving” frame (denoted by primes)
recedes from the stationary frame (unprimed). Assuming here that the mirror is
moving towards the light source means that initially the velocity of the moving
mirror frame in the laboratory frame is negative.

The Doppler frequency shift between two frames of reference is given by Equa-
tion 2.46. When the velocity is towards the light source we have an angle between
the k-vector and frame velocity v of π − θ . From Equation 2.46, we then have the
frequency ω′ in the frame of the mirror:

ω′ =ωγ
(
1− v

c
cos(π − θ)

)
(9.32)

To get the Doppler shift of frequencies after reflection in the laboratory frame,
we need to Lorentz transform from the laboratory frame to the mirror frame using
Equation 9.32 and then transform from the mirror frame back to the laboratory
frame. In the transform from the mirror back to the laboratory frame, we have that
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ω′ =ωRγ
(
1− v

c
cos θR

)
,

where ωR is the frequency of the light in the laboratory frame after reflection. The
initial laboratory frequency ω after reflection in the mirror has a frequency ωR in
the laboratory frame given by

ωR =ω
1+ (v/c) cos θ

1− (v/c) cos θR
. (9.33)

Positive values of the velocity v mean here that the light is initially propagating in
the opposite direction to the mirror velocity which gives an upshift in frequency
upon reflection, while negative values of the velocity v imply that the light is ini-
tially propagating in the same direction to the mirror velocity which gives an down-
shift in frequency upon reflection.

Equation 2.43 relates the cosine of an angle θ in the laboratory frame to the angle
θ ′ in a moving frame of reference. For a positive velocity v towards the light source,
we have

cos θ = cos θ ′ − v/c

1− (v/c) cos θ ′ . (9.34)

To get the reflected angle θR for an angle of incidence θ in the laboratory frame,
we need to transform from the laboratory frame to the mirror frame using Equation
9.34 and then transform from the mirror frame back to the laboratory frame (as
schematically illustrated in Figure 9.3). In the frame of the mirror, the initial angle
between the k-vector of the light and the mirror velocity v is θ ′. When the mirror

′
R′

 
R

(a) (b) (c)

v v

Figure 9.3 The reflection of light in a mirror moving at a velocity v is illustrated
(a) in the laboratory frame before reflection, (b) in the frame of the moving mirror
where the angle of incidence θ ′ and angle of reflection θ ′

R are equal, and (c) in the
laboratory frame after reflection.
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velocity v is parallel to the mirror normal, in the mirror frame the angle of incidence
is θ ′ which equals the angle of reflection θ ′

R. The angle θ
′
R for reflection in the mirror

frame is given by θ ′
R = θ ′ with2

cos θ ′ = cos θ + v/c

1+ (v/c) cos θ
. (9.35)

The angle θR of reflection in the laboratory frame is then3

cos θR = cos θ ′
R + v/c

1+ (v/c) cos θ ′
R

=
(

cos θ+v/c
1+(v/c) cos θ

)
+ v/c

1+ (v/c)
(

cos θ+v/c
1+(v/c) cos θ

) ,

which simplifies to

cos θR = 2(v/c)+ (1+ (v/c)2) cos θ

1+ (v/c)2 + 2(v/c)) cos θ
. (9.36)

If the mirror is moving at an angle α to the mirror normal, the angle of reflection
θ ′
R in the mirror frame is such that θ ′

R = θ ′ − 2α with θ ′ given by Equation 9.35.
Substituting θ ′

R = θ ′ − 2α into an equation of form

cos θR = cos θ ′
R + v/c

1+ (v/c) cos θ ′
R

(9.37)

then enables a calculation of the reflected angle θR in the laboratory frame. A com-
plete expression for the reflected angle when the mirror velocity v is at an angle α
to the mirror normal, however, is a little cumbersome and best left to a numerical
evaluation.

For positive mirror velocities v approaching the speed of light c, Equation 9.36
shows that θR approaches zero. A highly relativistic mirror moving towards a light
source reflects the light back along the mirror normal irrespective of the angle of
incidence. For v close to c and θR ≈ 0, Equation 9.33 then reduces as follows:

ωR =ω
1+ (v/c) cos θ

1− (v/c) cos θR
≈ω

1+ (v/c) cos θ

1− (v/c)
=ω

(1+ (v/c) cos θ)(1+ v/c)

(1− v/c)(1+ v/c)

=ω

((
1+ v cos θ

c

) (
1+ v

c

))
γ 2

=ω
(
1+ 2

v

c
cos2(θ/2)− v

c

) (
1+ v

c

)
γ 2 ≈ 4γ 2 cos2(θ/2) ω (9.38)

The last approximation requires v to be positive (i.e. the velocity is in a direction
towards the light source). An increase of reflected frequency by a factor 4γ 2 can
occur from a highly relativistic mirror moving towards the light source. Examples
2 The Lorentz transform is now from the laboratory frame (unprimed variables) to the mirror frame (primed
variables). Swapping the primed and unprimed frames changes the sign of the velocity v.

3 The reflected light propagates in the direction of v so the sign of v is opposite to that of Equation 9.34.
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Figure 9.4 The Doppler increase in frequency ωR/ω on reflection from a plane
mirror moving towards the light source as a function of the Lorentz γ of the mirror.
Results are shown for angles of incidence θ as labeled.

of the increase in frequency of light reflected from a relativistic mirror calculated
using Equations 9.32 and 9.36 are presented in Figure 9.4.

In the laboratory frame, pulses of light reflecting from an approaching relativistic
mirror experience a compression of the pulse duration on reflection. To examine
the pulse compression, we determine the pulse length in different frames using the
Lorentz transform for time (see Equation 2.18). We need to Lorentz transform the
temporal duration of a light pulse propagating at an angle θ in the laboratory frame
to the mirror frame of reference and then Lorentz transform the reflected pulse from
the mirror frame to the laboratory frame. For a pulse of light of duration �t in the
laboratory frame before reflecting in the moving mirror, the spatial length along the
velocity axis in the laboratory frame is given by x= c�t cos θ . The pulse duration
�t′ in the frame of the mirror is then given by

�t′ = γ (�t− v�t cos θ/c).

In this section we are defining a positive velocity v for the mirror motion when
the mirror moves towards the light source. We now Lorentz transform from the
reflected pulse length �tR in the laboratory frame back to the mirror frame of
reference:

�t′ = γ (�tR + v�tR cos θR/c)

Combining these equations gives an expression for the reflected pulse duration�tR:

�tR = 1− (v/c) cos θ

1+ (v/c) cos θR
�t (9.39)

For a perfect mirror, the energy of the pulse is conserved upon reflection in a rela-
tivistic mirror. The pulse duration is shortened by a factor ω/ωR (as calculated for
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Equation 9.33) which compensates exactly for the increase in the beam intensity
associated with the frequency increase. For a highly relativistic mirror moving to-
wards the light source, we can use the approximations of Equation 9.38 to show
that

�tR ≈ 1

4γ 2 cos2(θ/2)
�t. (9.40)

Einstein considered the reflection from amirror moving at high speed as a thought
experiment [35]. Such mirrors can now be achieved in laser-produced plasmas [60],
[61], [90]. Short pulse lasers (pulse duration < 100 fs) interacting with solid tar-
gets can accelerate the target surface to relativistic velocities. The target surface
becomes a good mirror to the laser pulse as the target quickly ionizes to form a
moving plasma with an electron density above the critical electron density.

9.4 The Lorentz Transformation of the Polarization of Light

It is important to see if the polarization of emission from a rapidly moving body
is altered when detected in the laboratory frame of reference. Any changes in the
polarization of light between frames of reference could affect the reflection from
or transmission through a medium as the polarization of light in the medium frame
can alter the reflection efficiency and the propagation properties in the medium.
This section addresses the issue of polarization change under a Lorentz transfor-
mation. We introduce the Stokes parameters which characterizes light polarization
and show that the normalized Stokes parameters are invariant under a Lorentz trans-
formation. Lorentz invariance of the Stokes parameters means that the polarization
of light does not change between moving frames of reference for any angle of light
propagation and any polarization.

For monochromatic light propagating in the X-direction in a Cartesian coor-
dinate system, the electric field components in the Y- and Z- directions can be
represented by

EY(k, t)= EX cos(kX −ωt+ δX),

EZ(k, t)= EY cos(kX −ωt+ δY). (9.41)

The factors δY and δZ allow for phase differences in the Y- and Z- electric fields. For
example, circular polarization discussed in Section 4.2 is obtained with δY − δZ =
π/2. With linear polarization δY = δZ .

A complete knowledge of the polarization of monochromatic electromagnetic
waves can be characterized by Stokes parameters IS, QS, US, and VS defined as
follows:
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IS = E2
Y + E2

Z,

QS = E2
Y − E2

Z,

US = 2EYEZ cos(δY − δZ),

VS = 2EYEZ sin(δY − δZ) (9.42)

IS represents the total intensity of the light, QS represents the difference in the
Y- and Z-direction linear polarization, US represents the components of linear po-
larization at angles of π/4 to the Y- and Z-directions and VS gives a measure
of the degree of circular polarization. The degree and nature of the polarization
of monochromatic light is determined by Stokes parameters normalized to the IS
value: that is QS/IS, US/IS, and VS/IS. For example, a parameter VS/IS = 0 with
QS/IS �= 0 (unless US/IS = 1) indicates linear polarization, while US/IS = 0 indi-
cates elliptical polarization. For circular polarization, QS/IS = 0 and US/IS = 0.

Consider Cartesian coordinate systems (x, y, z) for a laboratory frame of refer-
ence and a frame of reference (x′, y′, z′) moving with a velocity v directed along
the x-axis. This is the standard arrangement for frames of reference utilized in this
book (see e.g. Figure 1.2). With positive v, we assume here that the moving frame
velocity is directed away from the light source. Without loss of generality, we can
set the y- and Y-axes as identical. The EY component of the electric field is then
perpendicular to the velocity v, while the corresponding BZ magnetic field has a
component BZ cos θ along the z-axis perpendicular to the velocity v (see Figure
9.5). Using Equation 3.24 for the transformation of an electric field normal to v
from our treatment of the Lorentz transformation of electric fields (Section 3.2),
we have for the light electric field value in the moving frame of reference

E′
Y = γ (EY − BZ v cos θ).

For light propagating in vacuum, BZ = EY/c so that the electric field Lorentz trans-
formation becomes

E′
Y = γEY

(
1− v cos θ

c

)
. (9.43)

The component of electric field EZ parallel to v has a value of EZ sin θ . Electric
field components parallel to v are Lorentz invariant (see Section 3.2). We have for
the electric field component parallel to the velocity v in the moving frame that

E′
Z sin θ

′ = EZ sin θ.

The angles that the propagating light has to the velocity v are related by Equa-
tion 2.42. The Lorentz transform of sin θ from the stationary to moving frame is
given by
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Figure 9.5 The stationary frame Cartesian axes (X, Y, Z) for light propagation
in the X-direction superimposed on the axes (x, y, z) for a Lorentz transformation
with the moving frame velocity v parallel to the x-axis. The angle between the k
vector of the light and the frame velocity v is θ .

sin θ ′ = sin θ/γ

1− (v/c) cos θ
.

Utilizing the Lorentz invariance of the EZ component of electric field parallel to the
velocity v means that

E′
Z = EZ

sin θ

sin θ ′ = γEZ

(
1− v cos θ

c

)
. (9.44)

A similar treatment for the magnetic fields as outlined above for the electric fields
shows BZ and BY Lorentz transforming identically to the electric fields EZ and EY
(Equations 9.44 and 9.43; see Exercise 9.6).

In Section 3.1 we showed that the phase of an electromagnetic wave is Lorentz
invariant. In the transformation to the moving frame, the terms δY and δZ used in
the definition of the Stokes parameters are therefore constant:

δ′Y = δY ,

δ′Z = δZ

The Stokes parameters characterizing polarization are all proportional to the square
of electric field. Given the Lorentz invariance of δY and δZ , Equations 9.44 and 9.43
indicate that the Lorentz transformation of the Stokes parameters proceeds such that

I′S = γ 2(1− v cos θ/c)2 IS

Q′
S = γ 2(1− v cos θ/c)2 QS

U′
S = γ 2(1− v cos θ/c)2 US

V ′
S = γ 2(1− v cos θ/c)2 VS, (9.45)
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The orientation and nature of the polarization does not change during a Lorentz
transformation as all the Stokes parameters are uniformly multiplied by γ 2(1−
v cos θ/c)2. The normalized Stokes parameters QS/IS, US/IS, and VS/IS, defining
polarization are Lorentz invariant.

The Lorentz invariance of the polarization of light is important for astrophysical
observations of polarized light from, for example, plasma surrounding black holes,
pulsars, gamma ray bursts and the cosmic microwave background [19], [23], [70].
Polarization invariance means that observations on earth in relative motion to the
sources of the light measure the same polarization as the light source. It also means
that the polarization of light does not change between emission and detection in
laboratory light sources such as synchrotrons.

The Doppler shift in frequency from ω to ω′ in the Lorentz transformation from
stationary to moving frame of reference was considered in Section 2.6. Using Equa-
tion 2.46, we have that

ω′ =ωγ
(
1− v

c
cos θ

)
. (9.46)

The Stokes parameters can therefore be written as

I′S =
(
ω′

ω

)2

IS

Q′
S =
(
ω′

ω

)2

QS

U′
S =
(
ω′

ω

)2

US

V ′
S =
(
ω′

ω

)2

VS, (9.47)

The un-normalized Stokes parameters divided by the square of the frequency of the
light are Lorentz invariant.

In Section 1.1 we first examined the propagation of light in vacuum and obtained
an expression for the intensity (power per unit area) of a beam of light in terms of
the electric field strength. The time averaged electric and magnetic energies of a
light beam are equal and together have a total energy density (1/2)ε0E2

0. Imagine
a unit cross-section volume of unit area and length c along the light direction k in
a proper frame of reference. In unit time, the energy of the electromagnetic beam
from the volume of c will pass through the unit area. This energy passing per unit
time per unit area normal to the direction of the beam is known as the intensity or
irradiance I and is given by
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I = 1

2
ε0cE

2
0. (9.48)

In the Lorentz transformation to a moving frame of reference, rather than length c,
we need to consider the energy density of a light beam in a volume of unit cross-
section and relativistically contracted length γ (c− v cos θ) (see Equation 2.18).
The intensity of light I′ in the moving frame propagating at an angle of θ to the
velocity v in the laboratory frame of reference becomes

I′ = γ

(
1− v cos θ

c

)(
1

2
ε0cE

′2
0

)
.

Using Equations 9.44 and 9.43, it becomes clear that intensities under a Lorentz
transformation satisfy

I′ = γ 3
(
1− v cos θ

c

)3

I = ω′3

ω3
I. (9.49)

This Lorentz invariance scaling confirms our earlier finding in Section 7.1 where
we showed that the intensity of light divided by the cube of the frequency (i.e.
I/ω3) is Lorentz invariant.

Exercises

9.1 Fizeau [42] investigated the velocity of light in water by employing an in-
terferometer which measured the phase difference between light propagating
parallel to flowing water and light propagating in the opposite direction to wa-
ter flowing at the same velocity. If light of wavelength λ propagates the same
distance z parallel and antiparallel to the water flow and the water has a re-
fractive index of η not affected by any Doppler shift of light frequency, show
that the phase difference δ� of the detected light varies with water velocity
v as

δ�= 4πz

λη2

(v
c

)

assuming v<< c.
9.2 Laser-produced plasmas created by nanosecond duration lasers expand into

vacuum during the irradiation of a solid target with a velocity at the critical
density of typically 3× 105 m s−1. If the laser has a wavelength of 1.060
μm, determine the wavelength of the light reflected back normally from an
expanding critical density surface. [1.058 μm]

9.3 High power laser-produced plasmas created by lasers with pulse durations
less that 150 fs reflect harmonic light at much higher frequencies than the
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incoming laser light. The production of higher frequencies has been shown
to occur due to rapid velocity oscillations of the reflecting surface in the
plasma [121]. If a short pulse laser irradiates a solid plane target at an an-
gle of incidence of π/4 radians and a specular emission at the 20th harmonic
frequency is detected, estimate the velocity of the reflecting surface in the
plasma assuming the frequency shift arises due to a Doppler shift. [2.7× 108

m s−1]
9.4 Consider a scenario where radio waves propagate to earth at small angles�θ ′

to the velocity v of a spacecraft moving directly towards the earth, where
�θ ′ is measured in the frame of reference of the spacecraft. Show that on
earth, the angle �θ of the radio wave propagation to the spacecraft velocity
is given by

�θ ≈�θ ′
(
1− v/c

1+ v/c

)1/2

for all v in the range 0 to approaching the speed of light c.
9.5 Consider the Stokes parameters of Equation 9.42. Show that

Q2
S +U2

S + V2
S = I2S .

9.6 Consider the Lorentz transformation of the magnetic field associated with an
electromagnetic wave propagating in the rest frame at an angle θ to the ve-
locity v of another frame of reference. For the geometry illustrated in Fig-
ure 9.5, show that the magnetic fields in the moving frame of reference are
given by

B′
Y = γBY

(
1− v cos θ

c

)
,

B′
Z = γBZ

(
1− v cos θ

c

)
.

[You need the Lorentz transformation of a magnetic field perpendicular to v
[see e.g. Equation 3.22] and to remember that magnetic fields parallel to v are
Lorentz invariant.]
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10

Solutions to Selected Exercises

This chapter provides detailed answers to three exercises presented in earlier chap-
ters. We consider a paradox in the ageing of a twin departing on a spacecraft and
returning to Earth and the derivation of the Biot-Savart equation for determining
magnetic fields around current-carrying wires.

The “paradox” in the twin paradox exercise arises because the exercise involves
a twin traveling in a spacecraft and returning to Earth much older than the twin
remaining on Earth. Why isn’t the aging the other way around? After all, the twin
on Earth retreats from the spacecraft in the cosmological twin’s frame of reference.
We show that the resolution of the paradox as outlined in the question lies in the
change of frame of reference due to acceleration undergone by the space-going
twin which does not occur for the Earth-bound twin. We consider the twin paradox
exercise as posed in the 1967 edition of the textbook Classical Electrodynamics by
J. D. Jackson [58]. This involves a twin returning to Earth in the year 2020 who
finds that the year on Earth is 2336.

The Biot-Savart equation describes the magnetic field generated by a constant
electric current. As an example of the equivalence of magnetic and electric fields
in different frames of reference, we consider the electrostatic force of moving elec-
trons and stationary ions in a neutral wire on a charge moving at a velocity relative
to the wire. The difference in the electrostatic force between moving charge and
electrons and moving charge and ions is equivalent to the Lorentz force of the
moving charge in a magnetic field. The Biot-Savart expression for the magnetic
field is obtained.

10.1 The Twin Paradox

Exercise 3.1: With an eye to the future, the 1967 edition of the textbook Classical
Electrodynamics by J. D. Jackson [58] posed the following question: “Assume that
a rocket ship leaves the Earth in the year 2000. One of a set of twins born in 1980
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remains on Earth; the other rides in the rocket. The rocket ship is so constructed
that it has an acceleration g in its own rest frame (this makes the occupants feel
at home). It accelerates in a straight-line path for 5 years (by its own clocks),
decelerates at the same rate for 5 more years, accelerates for 5 years, decelerates
for 5 years, and lands on Earth. The twin in the rocket is 40 years old. (a) What
year is it on Earth? (b) How far away from the Earth did the rocket ship travel?”

The relationship between the acceleration a′|| in the frame of reference S′ of the
rocket ship and acceleration a|| in the frame of the Earth S in a direction parallel to
the direction of motion is given by Equation 3.33. We have

a′
|| = γ 3a|| = a||

(1− v2/c2)3/2
. (10.1)

The question assumes constant acceleration (or deacceleration) in the frame of the
rocket ship, so we can assume throughout that the acceleration a′|| in the rocket ship
frame is constant. Rearranging, the acceleration in the frame of the Earth can be
written as

a|| = dv

dt
=
(
1− v2

c2

)3/2

a′
||.

This expression in turn can be rearranged to give

dv

(1− v2/c2)3/2
= a′

||dt.

Integrating both sides within appropriate limits so that at time t= 0, the spaceship
velocity is zero:

∫ v

0

dv

(1− v2/c2)3/2
=
∫ t

0
a′

||dt

The evaluation of both integrals yields

v√
1− v2/c2

= a′
||t.

Squaring this expression and rearranging shows that

v2 = a′2
|| t

2
(
1− v2

c2

)
.

Gathering the terms in v2, we have

v2
(
1+ a′2|| t2

c2

)
= a′2

|| t
2.
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Rearranging shows that

v= a′||t√
1+ a′2|| t2/c2

and

1

γ 2
= 1− v2

c2
= 1

1+ a′2|| t2/c2
.

Using the relationship between dilated time t′ in the moving rocket ship and time t
on Earth (t′ = t/γ ), we can write

dt′ =
(
1− v2

c2

)1/2

dt= dt√
1+ a′2|| t2/c2

.

We can integrate both sides to relate the total time T ′ in the rocket ship to the total
time T on Earth

T ′ =
∫ T ′

0
dt′ =

∫ T

0

dt√
1+ a′2|| t2/c2

.

The result of this integration yields

T ′ = c

a′||
sinh−1(a′

||T/c). (10.2)

The elapsed time T in the rest frame on Earth is then given by

T = c

a′||
sinh(a′

||T
′/c). (10.3)

Equations 10.2 and 10.3 give the relationships between time T in the rest frame
and time T ′ in a body undergoing constant acceleration a′|| in the body’s frame
of reference. As a check, we quickly see that when a′||T ′ << c, the time in the
two frames of reference is identical with T = T ′. When a′||T ′ becomes significant
compared to the speed of light, T ≈ (c/2a′||) exp(a′||T ′/c).

The distance traveled by the rocket ship can be found by integrating the rocket
ship velocity v in the rest frame time t. We have

x=
∫ T

0
vdt=

∫ T

0

a′||t√
1+ a′2|| t2/c2

dt= c2

a′||

⎡
⎢⎣
⎛
⎝1+

(
a′||T
c

)2
⎞
⎠

1/2

− 1

⎤
⎥⎦ . (10.4)
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10.1 The Twin Paradox 295

Equation 10.4 is a general expression for the distance traveled by a body in the
rest frame time T when the acceleration a′|| in the body’s frame of reference is con-
stant. When a′||T << c, expanding (1+ (a′||T/c)2)1/2 ≈ 1+ (1/2)(a′||T/c)2 shows
that the distance x traveled is given by x≈ (1/2)a′||T2 in agreement with Newtonian
mechanics. When a′||T becomes large compared to the speed of light, Equation 10.4
simplifies to x≈ cT . To an observer in the rest frame measuring an elapsed time T ,
the body travels at the speed of light for much of the journey.

The quantitative answer to the question is evaluated using the given acceleration
in the rocket ship frame a′|| = g, where g is the acceleration on earth due to gravity
(g= 9.8 m s−2). The total journey time is evaluated using Equation 10.3. The total
journey time is 4× an evaluation of the time T on earth for a duration T ′ = 5 years
on the rocket ship. The distance traveled is twice the distance x evaluated using
Equation 10.4 as the distances covered in acceleration and deacceleration are equal.

A year is 365× 24× 3,600= 3.15× 107 s. The time T ′ of each 5 year acceler-
ation phase on the rocket ship is T ′ = 1.577× 108 s. Using Equation 10.3, the time
on Earth for each 5 year acceleration phase is

T = c

g
sinh(gT ′/c)≈ c

g
(1/2) exp(gT ′/c)= 2.65× 109s= 84 years.

The total elapsed time on Earth is four times this length of time, namely 336 years.
To the twin on the rocket ship, the year of return to Earth is 2020. However, the
year of return of the rocket ship to Earth for the human populace remaining on
Earth is the year 2336 (the answer to part [a]).

Substituting into Equation 10.4, we can find the distance traveled by the rocket.
The two T = 2.65× 109 s acceleration phases on the outward journey each result
in a distance traveled from earth given by

x= c2

g

⎡
⎣
(
1+

(
gT

c

)2
)1/2

− 1

⎤
⎦≈ cT = 7.95× 1017m≈ 25.8 parsec.

The total distance traveled is twice this figure at 51.6 parsec (the answer to part [b]).
To give some feeling for the distance of travel (51.6 parsec or 168 light years):

The nearest star to earth is Proxima Centauri which is 1.302 parsecs from Earth
(4.24 light years). There are a range of nearby stars that the rocket could reach.
However, a heavy personal price would be paid by the twin on the rocket ship.
As well as spending 20 years (their time) on a rocket ship largely in featureless
interstellar space, the space-bound twin would return to a world where anyone they
had known (including their twin sibling) had long since died. A consolation perhaps
is that the space-bound twin would spend the rest of their life living in what would,
at least initially, seem to be “the future.”
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The twin paradox can be set up in a variety of ways in “thought experiments”
used to illustrate special relativity. For example, the acceleration of the spaceship
from Earth and for the return journey can be assumed as occurring instantaneously
up to a significant fraction of the speed of light. In slightly more realistic scenarios,
an outward-going and inward-coming observer can synchronize clocks as they pass
each other and as they pass an earth-bound observer. The space-bound observers
all age more slowly than the earth-bound observers as their frame of reference
changes during the journey. For the exercise as set here, the frame of reference
changes continuously due to continuous acceleration. In problems where instanta-
neous acceleration occurs to a constant velocity, there are typically two changes of
the frame of reference: once during the acceleration to start the outward journey
and then again to make the return journey. Earth-bound observers remain in the
same inertial frame of reference.

Exercise 3.2 Assume that the rocket ship employed in Exercise 3.1 has a con-
stant rest mass including occupants of 103 kg. We can imagine that the rocket is
accelerated by some mass-conserving process, say, electron-positron annihilation
so that the mass of the spaceship remains approximately constant. (a) Calculate
a minimum energy needed for the described spaceflight. (b) Determine the power
required to be supplied by the rocket in order to maintain the acceleration g at the
end of the two accelerating phases of the flight.

(a): The minimum energy for the spaceflight is equal to four times the kinetic
energy at the end of the two acceleration phases of the flight. The same energy
needs to be supplied to produce the two deacceleration phases of the flight. As most
of the rocket flight is in interstellar space, we can ignore any acceleration effects
arising from gravitational forces, so this minimum energy should be reasonably
accurate.

The total kinetic energy W of a mass m0 is (γ − 1)m0c2. From the answer to
Exercise 3.1, we have for the Lorentz factor γ :

γ = 1√
1− v2/c2

=
√
1+ a′2|| t2

c2

The kinetic energyW of the rocket ship at the end of each of the acceleration phases
is given by

W = (γ − 1)m0c
2 =
⎛
⎝
√
1+ g2t2

c2
− 1

⎞
⎠m0c

2. (10.5)

The time t= T in the rest frame on Earth for each acceleration phase was found in
Exercise 3.1 to be T = 2.65× 109 s. The acceleration a′|| = g on the rocket during
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the acceleration and deacceleration phases (g= 9.8 ms−1). Quantitatively, form0 =
103 kg, T = 2.65× 109s, and g= 9.8 ms−1, we get W = 7.25× 1021 J. The re-
quired energy for the complete flight is four times this value (2.9× 1022 J) as the
same energy is needed to deaccelerate the spaceship as is needed for the two accel-
eration phases.

A convenient measure of large energies is the energy released by a megaton of
TNT1 in an explosion: 1 megaton TNT = 4.184× 1015 J. The energy content of
nuclear bombs is usually quoted in units of equivalent TNT explosive yield. The
minimum energy required for the rocket flight in these units is ≈ 7× 106 megatons
of TNT. This is an incredible amount of energy.

(b): The power dW/dt′ to drive the rocket in the frame of the rocket can be found
by differentiating with respect to the Earth’s time t the expression for the kinetic
energy W given in Equation 10.5:

dW

dt
= 1

(1+ g2t2/c2)1/2
m0 g

2t

The differential with respect to time t′ on the rocket is given by

dW

dt′
= dW

dt

dt

dt′
= 1

(1+ g2t2/c2)1/2
m0 g

2tγ =m0 g
2t (10.6)

as t′ = t/γ is the time on the rocket ship and γ = (1+ g2t2/c2)1/2. To maintain a
constant acceleration a′|| = g, the power supplied at the rocket to propel the rocket
needs to increase linearly with the time measured on Earth for most of the journey.
The propulsion power in the frame of the rocket ship expressed in Equation 10.6
can also be obtained by simply considering the force m0g required to accelerate
the rocket multiplied by the velocity gt. At the end of an acceleration phase, the
power needed to maintain an acceleration of g is found from Equation 10.6 by
setting t= T = 2.64× 109 s = 84 years (the time on Earth for each acceleration
phase). The power needed is 2.54× 1014 W. This is equivalent to 60 ktons/second
of exploding TNT.

Rocket flights usually accelerate for much less than 84 years. However, due to
the large power requirement of all rocket flights, the idea of using nuclear explo-
sions to power rocket flight was seriously considered between 1957 and 1965 (see
Dyson [29]). The Partial Test Ban Treaty of 1963 and concerns about nuclear fall-
out caused the program to stop.

1 TNT is an abbreviation for trinitrotoluene, a pale yellow, solid organic nitrogen compound used as an
explosive.
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10.2 The Biot-Savart Equation

Exercise 5.1 Consider a thin wire of short length dl with Ne conducting electrons
per unit length along which flows a current IC given by IC =Neeve, where ve is
the velocity of the electrons. A positive test charge q at a distance r at an angle
of θ to dl is electrostatically attracted to the wire by the electrons and repelled
by the positively charged ions in the wire. The charges per unit length Ne due to
the electrons and ions are equal in magnitude, but opposite in sign so that the
overall wire is neutrally charged. (a) If the charged particle is moving at a velocity
v parallel to dl and allowing for relativistic effects on the electric fields produced
by the electrons and ions in the wire, show that the respective electrostatic forces
of attraction dF− and repulsion dF+ between the charge and the electrons and ions
respectively are given by

dF− = − 1

4πε

qNeedl

r2

[(
1− (v+ ve)2

c2

)1/2

sin θ + cos θ

]
,

dF+ = 1

4πε

qNeedl

r2

[(
1− v2

c2

)1/2

sin θ + cos θ

]
.

(b) Hence, show that the net attractive force dF= dF+ + dF− for electron veloci-
ties ve << c and a velocity v in the same direction as the current I is given by

dF= −μ0

4π

IC dl

r2
qv sin θ.

(c) Assuming the Lorentz equation dF= qv×dB defines a magnetic field dB asso-
ciated with the current carrying element, show that

dB= μ0

4π

IC dl×r̂
r2

,

where r̂ is a unit vector in the direction of r.
The Biot-Savart equation given in part (c) of this exercise is useful for de-

ducing magnetic fields around electrical current carrying elements. This exercise
demonstrates a derivation of the Biot-Savart equation. Rather than starting from
Maxwell’s equations (specifically Ampere’s law), we determine the electrostatic
attraction between a test charged particle and the moving electrons and stationary
ions in a short length of current carrying element. When the charged particle has
a velocity relative to the current carrying element, in the frame of reference of the
charge there is a small difference in the Lorentz parameter for the electric fields
created by electrons and ions in the current carrying element due to the different
relative velocity of the electrons and ions. Assuming the electron and test particle
velocities are small compared to the speed of light, the net force the wire exerts
on the charge can be equated to the Lorentz force associated with a magnetic field.
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10.2 The Biot-Savart Equation 299

The Biot-Savart expression can then be obtained for the magnetic field produced
by a short length of current carrying element.

Equation 3.27 summarizes the effect of relativity on electric fields directed
perpendicular and parallel to the velocity of a moving frame. Electric fields E′⊥
directed perpendicular to the velocity v in the moving frame are related to the per-
pendicular electric fields E⊥ in the rest frame by

E′
⊥ = γE⊥ = γE sin θ,

while electric fields E′|| directed parallel to the velocity v in a moving frame are the
same in both moving and rest frame:

E′
|| = E|| = E cos θ

Here E is the magnitude of the total electric field and θ is the angle of the total
electric field to the velocity v of the moving frame. For the question, the total elec-
tric field E is directed along the vector r from dl to the position of the charge. The
charge q is moving parallel to the axis of the wire element at velocity v. In the
frame of the charged particle, the electrons have a velocity v+ ve if the current is
directed in the same direction as the velocity v. The atoms which are stationary
in the laboratory frame have a relative velocity of v to the charge. The magnitude
of the electric field from the electrons in the wire experienced by the charge is
E′ sin θ/γe + E′ cos θ , where the Lorentz factor is given by

γe =
(

1

1− (v+ ve)2/c2

)1/2

.

The magnitude of the electric field from the ions in the wire as experienced by the
charge is E′ sin θ/γa + E′ cos θ . We then have a Lorentz factor

γa =
(

1

1− v2/c2

)1/2

.

The electron charge in the element dl of wire is Needl so that in the frame of the
electrons in the wire, the electric field at a distance r from the wire due to the
electrons has a magnitude given by

E′ = 1

4πε

Needl

r2
.

The electric field due to the positively charged atoms in the wire in the frame of the
atoms has a similar magnitude because the charge on ions in the wire equals the
charge on the electrons. However, the electric field due to the ions is opposite in
sign. The attractive electrostatic force between the charge and the electrons is then
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dF−= − qE′(sin θ/γe + cos θ)= − 1

4πε

qNeedl

r2

[(
1−(v+ ve)2

c2

)1/2

sin θ + cos θ

]
.

The repulsive electrostatic force between the charge and the ions is

dF+ = qE′(sin θ/γa + cos θ)= 1

4πε

qNeedl

r2

[(
1− v2

c2

)1/2

sin θ + cos θ

]
.

This is the answer to part [a].
For small electron velocities ve << c and small particle velocities v<< c:

(
1− (v+ ve)2

c2

)1/2

≈ 1− 1

2

(v+ ve)2

c2
= 1− 1

2

v2

c2
− 1

2

v2e
c2

− v ve
c2

≈ 1− 1

2

v2

c2
−v ve
c2
,

while

(
1− v2

c2

)1/2

≈ 1− 1

2

v2

c2
,

so that

(
1− (v+ ve)2

c2

)1/2

−
(
1− v2

c2

)1/2

≈ −v ve
c2
.

The net attractive force then becomes

dF= dF+ + dF− = − 1

4πε

Needl

r2
v ve
c2

q sin θ.

As IC =Neeve and 1/c2 = εμ0, we obtain the required answer for part [b]:

dF= −μ0

4π

IC dl

r2
qv sinθ

For part [c], we now relate the force calculated as above to the Lorentz force
dF= qv×dB. If the magnetic field dB is perpendicular to the charged particle ve-
locity v and the current and particle velocity are in the same direction, we have
that

dF= −qv dB.

As the force dF is directed parallel to the vector r and dF= qv×dB, the magnetic
field dB is also normal to r. Comparing dF= −qv B to the above (part [b]) expres-
sion for dF indicates that

dB= μ0

4π

IC dl

r2
sin θ
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10.2 The Biot-Savart Equation 301

This answer for dB is a version of the Biot-Savart equation. As |dl×r̂| = dl sin θ
and the magnetic field is normal to r, a small element of length dl carrying a current
IC creates a magnetic field dB at a position vector r such that

dB= μ0

4π

IC dl×r̂
r2

, (10.7)

where r̂ is a unit vector in the direction of r.
The Biot-Savart equation is useful for determining magnetic fields near current

carrying structures where lack of symmetry makes the direct use of Maxwell’s
equations difficult. A current flowing along any path such as a solid wire can be
considered as many infinitesimally small elements creating small increments of
magnetic field which can be summed or integrated.
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Appendix A

Lorentz Invariant Quantities

Lorentz invariant quantities remain the same in any frame of reference. It is useful
to know that a quantity does not change between frames of reference as often a
relativity problem can be expressed in terms of a Lorentz invariant quantity. We
may also just want to reassure ourselves that a measured quantity is the same, for
example, in the laboratory frame of reference as in the frame of reference of a light
emitting source. A list of Lorentz invariant quantities is presented in Table A.1.
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Table A.1 Lorentz invariant quantities. The velocity between frames of reference
is v. The section where the invariance is first discussed is listed along with the
symbols used.

Description Symbols Section

Absorption coefficient/frequency K/ν 7.1
Azimuthal angles around v φ 3.5
Charge conservation ∇ · J+ ∂ρc/∂t= 0 3.2
Collisional cross-section σ 8.2
Collisional impact parameter b 8.2
Distance perpendicular to v y or z 1.2
Einstein coefficient ratios A21/B12, A21/B21 7.2
Electric field parallel to v E|| 3.2
Emission coefficient/frequency2 ε/ν2 7.1
Energy2 – Momentum2 W2 − (pc)2 = (m0c2)2 2.8
Force parallel to v F|| 3.3
Intensity/frequency3 I/ν3 7.1
Light pulse in spacetime −c2t2 + x2 + y2 + z2 2.2
Lineshape function times frequency f (ν)ν 7.3
Magnetic field parallel to v B|| 3.2
Number density photons/energy/volume N(Ep) 7.9
Optical depth τ 7.1
Phase of light k · r−ωt 3.1
Photon no. emitted/unit volume N2A21 7.3
Polarization of light (Stokes parameters) Qs/Is, Us/Is, Vs/Is 9.4
Power (energy/unit time) P 7.9
Rest mass m0 2.8
Rest mass energy m0c2 2.8
Source function/frequency3 Sf /ν3 7.1
Speed of light in vacuum c 1.2
Wave equation −(1/c2)∂2/∂t2 + ∇2 3.2
Wavevector perpendicular to v ky or kz 3.1
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Appendix B

Modified Bessel Functions of the Second Kind

Bessel functions are solutions of a particular class of second order differential equa-
tion. They are useful in some complicated integrations as their values are tabulated
and numerical packages for their computational evaluation are available. Bessel
functions also have convenient asymptotic expressions for the production of ap-
proximate formulas.

The modified Bessel function of the second kind of order α and argument X is
conventionally represented by the symbols Kα(X). For α and X real with α >−1/2,
the modified Bessel function of the second kind is a solution to integrals of form1 :

Kα(X)=
√
π(2X)αe−X

�(α + 1/2)

∫ ∞

x=0
xα−1/2(x+ 1)α−1/2 e2Xxdx, (B.1)

where �(α + 1/2) is the gamma function which for a positive integer α is calcu-
lated using

�(α + 1/2)= (2α)!
4αα!

√
π. (B.2)

For large X arguments of the Bessel function Kα(X), the following asymptotic ex-
pansion is accurate:

Kα(X)≈
√
π

2X
e−X

(
1+ 4α2 − 1

8X
+ (4α2 − 1)(4α2 − 9)

2(8X)2
+ ...

)
(B.3)

The modified Bessel function of the second kind arises in the integration of the
three-dimensional Maxwell-Juttner expression for thermalized relativistic particles
(Section 6.6), the evaluation of the chemical potential in equation of state deter-
minations (Section 6.7), the calculation of relativistic bremsstrahlung (Section 7.8)
and in the determination of relativistic rate coefficients (Section 8.4). We use the
modified Bessel function of the second kind and order two evaluated at an inverse

1 See Equation 9.44 of [111], but note the erratum that (2/X)α should be (2X)α as written in Equation B.1.
Other mathematical relationships used in this appendix can be found at https://dlmf.nist.gov/
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temperature value of m0c2/kBT in each of these cases, where m0c2 is the rest mass
energy of the particles under consideration.

The modified Bessel function of the second kind and order two evaluated at an
inverse temperature of m0c2/kBT takes on the form

K2(m0c
2/kBT)= m0c2

kBT

∫ ∞

γ=1
γ
(
γ 2 − 1

)1/2
exp

(
−γm0c2

kBT

)
dγ. (B.4)

When kBT <m0c2, from Equation B.3 we have an approximate value for the Bessel
function given by

K2(m0c
2/kBT)≈

√
π

2

(
2kBT

m0c2

)1/2

exp

(
−m0c2

kBT

) [
1+ 15

8

kBT

m0c2

]
. (B.5)

Figure B.1 shows a comparison between a precise solution of Equation B.4 and
the value of the approximation (Equation B.5). We see that the approximation is
accurate for kBT <m0c2.

A modified Bessel function of the second kind and order one was used to con-
sider relativistic Doppler broadening in Section 7.6. The modified Bessel function
of the second kind and order one evaluated at an inverse temperature of m0c2/kBT
takes on the form

kBT/m0c2

Lo
g 10

K 2(
m

0c
2 /

k B
T)

Exact

Approxima�on

Figure B.1 The modified Bessel function of the second kind and order two with
an inverse temperature argument as a function of temperature. The Bessel func-
tion is plotted accurately (Equation B.4) along with an asymptotic approximation
(Equation B.5). The vertical axis showing the Bessel function is on a logarithmic
scale. The horizontal axis is the particle temperature kBT in units of the particle
rest mass energy m0c2.
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K1(m0c
2/kBT)=

∫ ∞

γ=1
γ
(
γ 2 − 1

)−1/2
exp

(
−γm0c2

kBT

)
dγ. (B.6)

For large m0c2/kBT , higher order terms in α become small for the modified Bessel
function of the second kind and order one (see Equation B.3 with α = 1). The mod-
ified Bessel function of the second kind and order one for large m0c2/kBT is ap-
proximately given by

K1(m0c
2/kBT)≈

√
π

2

(
2kBT

m0c2

)1/2

exp

(
−m0c2

kBT

)
. (B.7)

A comparison of this approximation asymptotic value to an accurate calculation of
the modified Bessel function of order one is shown in Figure 7.4.

The modified Bessel function of the second kind and order three is considered in
our treatment of the Compton opacity of plasma to a beam of light (Section 7.11).
We have

K3(m0c
2/kBT)= (1/3)

(
m0c2

kBT

)2 ∫ ∞

γ=1
γ (γ 2 − 1)3/2 exp

(
−γm0c2

kBT

)
dγ. (B.8)

The three modified Bessel functions of the second kind considered in our treat-
ment are accurately plotted in Figure B.2 for different temperatures. At tempera-
tures kBT <<m0c2, the Bessel functions of different order are approximately equal.
Factors of approximately three differences in the Bessel function values of different
adjacent α orders are apparent for kBT ≈m0c2.

10

10

10

10

10

10

K
100

kBT/m0c2
= 1

= 3 = 2

Figure B.2 The modified Bessel function Kα(m0c2/kBT) of the second kind and
order α= 1, 2, and 3 as a function of temperature. The horizontal axis is the parti-
cle temperature kBT in units of the particle rest mass energy m0c2.
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Appendix C

The Chemical Potential Variation with Density

An equilibrium particle distribution function giving the number density of parti-
cles as a function of velocity, momentum, or energy can be specified in terms of
the temperature and the total electron density, or equivalently to the total electron
density, by the chemical potential. The chemical potential is defined as the energy
required to add another particle to the distribution of particle energies. In the ab-
sence of near-full occupancy for free particle quantum states, the chemical potential
is large and negative as particles can readily occupy low energy states when added
to an ensemble of particles. Quantum states that are fully occupied by fermions
according to the Pauli exclusion principle are referred to as being “degenerate.”
With full occupancy, the number of particles in a quantum state is equal to the
degeneracy of the quantum state. For distributions with lower energy degenerate
quantum states, an extra particle added to the distribution may need to go into a
higher energy quantum state, and then the chemical potential can be positive.

An expression for the electron density ne as a function of the chemical potential
μ for an equilibrium distribution of free electrons with temperature kBT and chemi-
cal potential μwas determined in Section 6.3 when the relativistic Saha-Boltzmann
equation was evaluated. Equation 6.30 relates the total electron density ne and the
chemical potential μ when degeneracy and relativistic effects are important:

ne = 8π

h3
(m0c2)3

c3

∫ ∞

γ=1

(
γ 2 − 1

)1/2
γ

1+ exp((−μ+ (γ − 1)m0c2)/kBT)
dγ (C.1)

The integration is over the Lorentz parameter γ as the kinetic energy of particles is
given by (γ − 1)m0c2, where m0c2 is the rest mass energy (511 keV) for electrons.
Equation C.1 can be readily generalized to fermions other than electrons with an ap-
propriate adjustment of the rest mass energy m0c2. Values of total electron density
ne as a function of chemical potential μ are plotted using Equation C.1 in Figure
C.1. It is apparent that up to extremely high electron densities (e.g. ne < 1032 m−3

at temperatures kBT > 500 eV), the chemical potential μ is negative.
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Figure C.1 Electron density ne as a function of the chemical potential in units
of electron temperature (μ/kBT) for different electron temperatures in units of the
electron rest mass energy (kBT/m0c2) with m0c2 = 511 keV.
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first generation light sources, 128
fission, 5
Fizeau effect, 273–275
foot definition, 19
forces

fictitious, 1, 11, 24
Lorentz, 128
Lorentz transformation, 70, 71
Newton’s laws, 1

form factor, 115, 125
four-momentum, 54
four-vectors, 51–55, 60

contravariant, 52, 53
covariant, 52, 53

fourth generation light sources, 128
Frank, Ilya, 102
free-electron lasers, 128, 154–158
free-free emission, 231
frequency

light, 7, 96
plasma, 98, 113
plasma wave, 112
synchrotron critical, 145

Fresnel drag coefficient, 274
fusion energy, 129, 203
fusion, inertial, 35, 178
fusion, solar, 200

Galilean transformation, 23
Galileo Galilei, 24
Gaunt factor, 228
Gauss’s law, 7, 62, 96
Greisen–Zatsepin–Kuzmin limit, 202

Hahn, Otto, 4
Hamiltonian mechanics, 131
Hamiltonian, in quantum mechanics, 49
harmonics in Thomson scatter, 111
Heisenberg, Werner, 10
Hitler, Adolf, 4
hohlraum, 181, 199

ideal gas law, 196, 202
impact parameter, 258
inelastic collision, 258, 260
inertial frame, 1, 11, 23, 72
inertial fusion, 3, 35, 175, 178
instantaneous inertial frame, 72
intensity, light, 10, 47
inverse Compton scatter, 239–243, 253
ionization energy, 173
ionosphere, 124

jerk, 249, 251

kaon, 14
kinematics, 22
kinetics, 22
Klein-Nishina formula, 119

Lagrangian mechanics, 131
Laplacian, 49
Large Hadron Collider (LHC), 133, 161
Larmor formula, 17
Larmor, Joseph, 18
laser, 211
laser cavity, 20
laser, capillary discharge, 123
laser, free electron, 128, 154–158
laser-produced plasma, 81, 87, 101, 123, 134, 135,

286, 290
Lenard, Philipp, 4
length contraction, 11
lepton, 256
light, 2, 6, 36, 272

in plasma, 96
intensity, 10, 47
Lorentz transform direction, 36, 37
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modes, 167, 181
phase, 7, 60, 61
speed, 8, 273, 275

lineshape function, 214
Lorentz force, 85, 128
Lorentz invariant quantities, 55, 302
Lorentz parameter, 28

light cycle average, 92
Lorentz transformation, 25

acceleration, 68–70, 293
electric/magnetic fields, 61, 62, 64–67
energy/momentum, 45–47
force, 70, 71
momentum/energy, 54
phase of light, 60, 61
polarization, 286
velocities, 30–32

Lorentz, Hendrik, 28, 62
Lorenz gauge, 62
Lorenz, Ludvig, 62
LTE, local thermodynamic equilibrium, 256

magnetic deflection parameter Km, 151, 154
magnetic field, Lorentz transformation, 61, 62, 64–67
magnetic fields, in fusion, 127
magnets, bending, 150
Manhattan project, 5
Maxwell’s equations, 2, 6, 96
Maxwell, James Clerk, 23
Maxwell-Juttner distribution, 186–191, 201
Maxwellian distribution, 185, 186
McCarthy, Joseph, 5
Meitner, Lise, 4
meter, length definition, 8
Michelson-Morley experiment, 25, 55
micro-reversibility, 212
Minkowski metric, 53, 61
Minkowski, Hermann, 53
mirror, Lorentz boost, 281–286
modes, of light, 167, 181
momentum, relativistic, 40–42
motional Stark effect, 67
muon, 14, 20, 136

National Ignition Facility, 199
neutral beam injection, 252
neutron decay, 57, 256
neutron star, 164
Newton’s laws of motion, 1
Newton, Isaac, 1
nuclear reactor, 5

opacity, 206
optical depth, 207
optics, 272

particle accelerators, 134
particle distribution function, 164

Pauli blocking factor, 174
Pauli exclusion principle, 163, 165, 167, 256
Pauli, Wolfgang, 163
phase of light, 7, 60, 61
photo-electric effect, 11, 178
photon, 10, 179
photon energy, 46, 178
photon momentum, 47
photon spin, 90, 124
photon, word origin, 11, 178
photons, virtual, 225, 232
pion, 14
Planck’s constant, 46
Planck, Max, 179
Planckian radiation, 179
plasma, 2, 83, 96
plasma frequency, 98, 113
plasma pressure, 193
plasma waves, 97, 112
plutonium, 5
polarization

elliptical, 89
light, 17, 84, 97
linear, 84
Lorentz invariance, 286
Stokes parameters, 286
synchrotron light, 146

ponderomotive force, 88, 157
ponderomotive potential, 85, 91
potential

ponderomotive, 85
scalar, 62
vector, 62, 86, 93

pressure, fluid, 192–196
pressure, radiation, 47
Proxima Centauri, 295

quantum mechanics, 47
quarks, 256

radiation pressure, 47
radiation reaction force, 248–251
radiation, from charge acceleration, 15–19
radiative transfer, 205–210
rate coefficient

collisional de-excitation, 262
collisional excitation, 260
collisional ionization, 264
three-body recombination, 264

Rayleigh-Jeans intensity, 200
Razin effect, 105, 145
recombination emission, 231
redshift, 39
redshift parameter z, 39, 184, 201
reflection, moving mirror, 281–286
refractive index, 272
refractive index, plasma, 99
relativistic collision rates, 265
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relativistic energy, 43–47
relativistic mass, 42
relativistic momentum, 40–42
relativity

beaming from accelerated charge, 19, 73–80
invariant quantities, 302
light group velocity, 100
Lorentz transformation, 25
postulates, 1, 25

rest mass energy m0c2, 44, 55
rocket equation, 32–35, 56
Rosseland mean opacity, 253

Saha, Meghnad, 170
Saha-Boltzmann equation, 170–174

relativistic form, 175–178
scalar potential, 130
scatter

coherent, 111
Compton, 117
form factor, 115, 125
Thomson, 105

scattering parameter α, 116
Schrödinger, Erwin, 48
Schrodinger equation, 47–49, 199
second generation light sources, 128
second, time definition, 9
shock waves, 136
solar corona, 271
solar flare, 271
solar fusion, 200
solar sunspots, 200
solenoid, 160
spectral lines, 214
spin, electron, 49, 126
spin, photon, 90, 124
standard model of cosmology, 58
standard model of particle physics, 256
Stark, Johannes, 4
statistical weight, 168
Stefan-Boltzmann constant, 183
stimulated emission, 210
Stirling approximation, 166
Stokes parameters, 286
storage ring, 128, 161
Strassmann, Friedrich, 4
string theory, 5
sunspots, 200
Sunyaev-Zel’dovich effect, 245, 253
superthermal electrons, 134
synchrotron, 128, 142–149
synchrotron accelerators, 134
synchrotron spectrum, 146

Tamm, Igor, 102
target normal sheath acceleration, 135

television series Manifest, 81
tensor introduction, 53
third generation light sources, 128
Thomson scatter, 105–107

unpolarized light, 107
Thomson, J.J., 105
three-body recombination,

255, 264
three-vector, 64
time dilation, 11, 12
TNT, energy equivalent, 297
tokamak, 57, 67, 81, 252, 271
transition probability, 212
turbulence, plasma, 136
twin paradox, 80, 292–295

uncertainty principle, 10
undulator, 150–154
undulator equation, 154
unified field theory, 5
uranium, 5

vector potential, 62, 130
vector potential ao, 87, 95, 135
velocity

group for electromagnetic waves,
100, 279

light in a medium, 273
Lorentz transformation, 30–32
phase for electromagnetic waves, 7
reference frame, 12
sound wave, 112

virtual photons, 225, 232

wakefield acceleration, 81, 134
wave equation, 7
wave equation in plasma, 96
wavefunction, 48, 49

group velocity, 50
phase velocity, 50
temporal, 49

wavelength
De Broglie, 50, 199
light, 8

wavevector
light, 7, 96
particle, 50
plasma wave, 112

wiggler, 150–153
Wilks scaling laser-plasma temperature, 94

X-ray scattering, 114, 125

Zeeman effect, 28
Zeeman, Pieter, 28
zitterbewegung, 49, 126

https://doi.org/10.1017/9781009236072.015 Published online by Cambridge University Press

https://doi.org/10.1017/9781009236072.015

