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Preface

Wireless technologies have revolutionized many different fields in industry as well
as in our daily lives. As a vital device in wireless systems, antennas play an impor-
tant role in boosting overall system performance. The demand on various types of
antennas for different wireless applications is growing rapidly, which raises many
challenges for antenna designers. For example, wireless terminals have become
smaller, and antennas must be squeezed into an even smaller space. At the same
time, multiple antenna systems and antennas covering multiple frequency bands
are being deployed to wireless terminals to meet the increasing demand for new
services and to improve the communication quality. To overcome these chal-
lenges, antenna designers need a better understanding of antenna theory.
Antenna theory usually contains three different but related subjects: generic
properties of antenna, antenna analysis, and antenna synthesis. The generic prop-
erties of antenna are meant to be valid for all antennas, and they are the funda-
mentals of antenna design. For historical or technical reasons, many of the
generic properties of antenna discovered in the last few decades have not yet been
reflected in most antenna books. To include these new results in a book, one has to
introduce a number of concepts that are barely touched in many antenna books,
such as the stored field energy around antenna, the radiation quality factor, and
the spherical vector wave functions. Antenna analysis examines the radiation
properties of antenna with a specified current distribution, of which the radiated
field is conventionally expressed as an integration. Such a process is, however, not
always the most efficient since the integration must be carried out for each obser-
vation point in order to find the field distribution outside the source region. The
antenna synthesis, also called pattern synthesis, is the opposite process of analysis,
in which the current distribution or type of antenna, including the geometry and
feeding mechanism, is determined in an optimal way so that a prescribed field dis-
tribution in the far- or near-field region can be achieved. Since a continuous cur-
rent distribution is not easy to realize in practice, it must be discretized and then
realized by an antenna array. For this reason, various antenna synthesis methods

xiii
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are primarily developed for antenna array. The conventional array synthesis
methods are dependent on the array factor, which is no longer effective when
the array elements are not identical, the surrounding environment is too compli-
cated, or the inter-element spacing becomes very small. New array synthesis
methods based on eigenmode analysis have been developed in recent years and
can overcome the existing problems associated with the array factor, but have
not yet been incorporated into textbooks therefore limiting accessibility to
students and researchers.

The main theme of this book is eigenmode analysis and its applications in
antenna theory and design. The free space can be considered as a spherical wave-
guide. An antenna may therefore be viewed as a waveguide junction that con-
nects the feeding line and the spherical waveguide, transforming the guided
modes into spherical modes in transmitting mode or converting the spherical
modes into guided modes in receiving mode. For this reason, it is possible to
build a theory for antennas that parallels the theory for waveguides. The eigen-
mode analysis is the foundation of waveguide theory, and its importance in phys-
ics and engineering cannot be overstressed. An eigenmode is a possible state of
a system when it is free of excitation, and the corresponding eigenvalue often
represents an important quantity of the system, for example the total energy
of the system (such as in quantum mechanics) or the natural oscillation fre-
quency (such as in a metal cavity resonator). An arbitrary state of the system
can be expressed as a linear combination of the eigenmodes. If only one or a
few eigenmodes dominate in the linear combination, this will significantly
simplify the analysis of the problem. In the eigenmode expansion of a field,
the expansion coefficients are expressed as the integrals over the source region
and the integrations are only performed once. After the expansion coefficients
are determined, the evaluation of the field distribution outside the source region
only involves the sum of series, which decreases the computational burden and
simplifies the numerical treatment most of the time as compared to the conven-
tional integral representation.

There have been several modal theories for studying electromagnetic (EM) radi-
ation and scattering problems. The singularity expansion method (SEM) is based
on the analysis in complex frequency domain and formulated by electric field inte-
gral equation. The resonant frequencies and the modes in SEM are complex, which
significantly increases the computational time and the difficulty in numerical
implementations. The eigenmode expansion method (EEM) uses the eigenfunc-
tions of an integral operator. Same with the SEM, the eigenvalues and the
eigenmodes in EEM are complex numbers. In addition, the EEM lacks a solid
mathematical foundation. The characteristic mode (CM) analysis is another inter-
esting modal theory and is carried out in the real frequency domain, of which the
characteristic values (eigenvalues) and CMs are all real. It is noted that all the
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modes involved in the CM, SEM, and EEM formulations depend not only on the
properties of the scatterer but also on the working frequency.

This book contains the new developments in antenna theory, with the goal to
address the aforementioned problems and challenges in the best possible way
and is hoped to be a useful alternative to the traditional approaches. The antenna
radiation problems in both closed and open region are treated in a unified manner
in terms of the eigenmodes available from the systems. The eigenmodes are
derived from waveguides, cavity resonators, and spherical waveguide and are inde-
pendent of frequency, and can therefore be used to expand the fields in either fre-
quency or time domain. The organization and treatment of the proposed book is
quite different from the previous books on similar topics. The method of eigen-
modes, similar to the Fourier series expansion in signal analysis, is used through-
out the book. The antenna analysis problems are treated by combining the method
of separation of variables, Green’s function, and variational method. The varia-
tional method establishes the complete set of eigenmodes and their properties,
and the method of separation of variable is used to find the eigenmodes for simple
geometries. The radiated field is then expanded by using the eigenmodes, from
which dyadic Green’s functions can be determined, avoiding the problem caused
by the inappropriate selection of the eigenmodes for the expansion of a point
source. When the dyadic Green’s functions are applied to the integral equation for-
mulation for an antenna, a significant computational burden can be reduced and
the numerical treatment can be simplified. The array synthesis problems are also
treated as an eigenvalue problem with the method of maximum power transmis-
sion efficiency (MMPTE). The variational expression is established for the power
transmission efficiency (PTE) between the antenna array under design and a test-
ing array. An algebraic eigenvalue problem resulting from the variational principle
is then solved, and the eigenvector corresponding to the maximum eigenvalue is
selected as the distribution of excitations for the array under design.

The contents of the book are selected for their fundamentality and importance,
and many of them are formulated in terms of eigenmode theory and appear in
book form for the first time. The book not only discusses the antenna radiation
problems in open space but also those in waveguide and cavity resonator, and
it consists of six chapters. Chapter 1 describes the basics of EM field equations
and their solution methods and provides the necessary background information
for later chapters. It begins with the introduction of Maxwell equations, the wave
equations, and the theorems for EM fields. Three analytical tools for the solution of
boundary value problems are introduced, and they are the separation of variables,
Green’s function, and the variational method. The main focus of this chapter is the
treatment of eigenvalue problems arising in matrix theory, scalar and vector fields,
and they are fundamental to our later discussions. By means of the Rayleigh quo-
tient (a variational expression for the eigenvalue problem), the eigenmodes of the
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Laplacian operator acting on a scalar or a vector field are treated in a similar
manner, and a complete set of eigenmodes is constructed by the variational
analysis of the Rayleigh quotient. In order to understand how a vector field is decom-
posed into longitudinal, transverse, and harmonic components, the Helmholtz
theorems for the vector fields defined in finite or infinite region are presented.
As a generalization of the Helmholtz theorem, the eigenfunctions of the curl oper-
ator are also explored, in terms of which the plane-wave expansions for the fields and
the dyadic Green’s functions are obtained.

Chapter 2 investigates the radiation problems in waveguide. The eigenvalue pro-
blems in waveguide are approached in transverse field for its generality. Various
dyadic Green’s functions for waveguide are derived directly from the field expan-
sions in terms of the vector modal functions, which avoids a problem caused by the
incompleteness of the eigenfunctions selected to expand a dyadic point source in
the conventional study of dyadic Green’s functions in waveguides. By the equiv-
alence principle, three common waveguide discontinuity problems, the excitation
of waveguide, obstacles in waveguide, and the coupling between waveguides, are
analyzed and treated as a radiation problem and compactly reformulated by using
the dyadic Green’s functions. The radiated field in time domain is approached by
the vector modal functions, and the transient processes in the waveguide are
studied. For reference, the vector modal functions in typical waveguides are
summarized.

Chapter 3 deals with the radiation problems in metal cavity resonators. In par-
ticular, the vector modal functions in the waveguide cavity resonator are derived
from the waveguide modes. The dyadic Green’s functions of electric and magnetic
type for a cavity resonator are established from the modal expansions of the fields.
Like the waveguide theory, all the cavity-related problems are treated as a radia-
tion problem through the use of equivalence principle. The circuit parameters for
the cavity with multiple waveguide ports are evaluated by the modal analysis. The
vector modal functions for typical waveguide cavity resonators are derived. It is
demonstrated that the dyadic Green’s functions for the waveguide cavity reduce
to those for the waveguide if the two ends of the waveguide cavity are extended
to infinity. The time-domain fields generated by the sources in the waveguide cav-
ity are expanded in terms of the vector modal functions in waveguide, and the tran-
sient responses in the cavity resonator are examined.

Chapter 4 discusses the generic properties of antenna. Typical antenna para-
meters are summarized. Complete set of vector modal functions for the spherical
waveguide is rigorously constructed from spherical harmonics, and the modal
expansions of the dyadic Green’s functions are derived from the field expansions.
A general definition of the stored field energy of antenna is proposed by means of a
conservation law for the stored field energies in an arbitrary medium. Two meth-
ods for evaluating the radiation quality factor are elucidated. One is from the input
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impedance of antenna and the other is via the current distribution. The modal
quality factors are thoroughly examined, and their finite power series expansions
are obtained. The upper bounds on the product of gain and bandwidth for both
directional and omnidirectional antenna are presented, and their applications
in small antenna design are demonstrated. The upper bounds answer a common
question of how much space should be requested to accommodate an antenna to
realize a specified performance. The radiated fields from a transient source are
studied through the field expansions in terms of the vector modal functions for
the spherical waveguide.

In antenna analysis, the induced current distribution on antenna is either given
or to be determined from an impressed source. In many cases, one must resort to
numerical techniques to solve an integral equation or a set of differential equations
derivable from Maxwell equations with boundary conditions to find the induced
current distribution. Chapter 5 is devoted to the modal analysis of typical anten-
nas. The free space is considered as a spherical waveguide, and the radiated field is
expressed as a linear combination of spherical vector wave functions. The integral
equations for an antenna consisting of composite materials are derived by the
modal expansions of dyadic Green’s functions. Instead of using the integral repre-
sentation of the fields in conventional antenna analysis, typical antennas, includ-
ing dipole, loop, aperture, and patch antenna, are all analyzed by the spherical
wave functions or the eigenmodes in both near- and far-field regions. An arbitrary
scatterer is said to be resonant if its stored electric field energy is equal to the stored
magnetic field energy. Based on this definition, a method for computing the res-
onant modes is proposed and applied to the antenna design.

Antenna synthesis involves using well-organized optimization methods to find
the current distribution so as to achieve a specified field distribution in the near- or
far-field region. A single antenna is often around one wavelength in size, and its
radiation pattern covers a wide angle and thus exhibits poor directivity. In order to
enhance the directivity and increase the flexibility of shaping the radiation pattern,
one must use an antenna array. The performances of antenna array are controlled
by the relative positioning of elements and the distribution of excitations. To
achieve a desired field pattern, a performance index (target function) must be
properly chosen and optimized. For a wireless system planned for the transmission
of either information or power, a natural performance index is the PTE between
the transmitting (Tx) and receiving (Rx) antennas, which is defined as the ratio of
the power delivered to the load of the receiver to the input power of the transmit-
ter. To attain the best possible quality of wireless communication or power trans-
fer, the PTE must be maximized. Motivated by the fact that antennas must be
designed to enhance the PTE for all wireless systems, the PTE can thus be adopted
as a performance index for the design of antennas. The optimization procedure
provides a powerful and universal technique for the synthesis of antenna arrays
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of all types and can overcome the existing challenges with the conventional array
synthesis methods using array factors. The technique is based on eigenmode anal-
ysis and called the method of maximum power transmission efficiency (MMPTE),
which can achieve various field patterns in any complicated environment in the
near- or far-field region. The conventional methods of antenna synthesis largely
depend on field theory, while the MMPTE reduces the field synthesis problem into
a circuit analysis problem so that circuit theory may be applied to solve the original
field problem. This feature makes the design process of antenna array more acces-
sible for those who are not very familiar with EM field theory. The circuit para-
meters can be acquired by simulation or measurement, and therefore the
MMPTE is applicable to any complicated problem. Whenever the simulation is
beyond the capability of a state-of-the-art computer, one can resort to measure-
ment to find the circuit parameters. Another important feature of the MMPTE
is that it contains the information of the environment between Tx and Rx arrays,
and therefore can be made adaptive to complicated environment, guaranteeing the
best possible performance of the antenna array. The MMPTE has been verified to
be superior to most existing array design methods in terms of simplicity, applica-
bility, generality, and design accuracy. It generates an optimized distribution of
excitation for the antenna array to assure that the gain and efficiency of the array
is maximized for a fixed array configuration and is equally applicable for both
near- and far-field synthesis problems. Chapter 6 summarizes several typical array
synthesis methods based on the array factors, including Schelkunoff unit circle
method, Dolph-Chebyshev method, and the Fourier transform method. The main
part of this chapter is the formulations of MMPTE, including the unconstrained
MMPTE, weighted MMPTE, constrained MMPTE, and extended MMPTE
(EMMPTE). The EMMPTE is a field method but follows a procedure similar to
MMPTE. A number of applications of MMPTE and EMMPTE are demonstrated.

For the convenience of readers, three Appendices A, B, and C are included to
provide the fundamentals of vector analysis, dyadic analysis, and the SI unit
system. A unified theory for fields (UTF) is explored in Appendix D. The UTF
unveils that an arbitrary static field (either scalar or vectorial, called an ontological
field) in an inertial system (static system) will merge as two vector fields in an iner-
tial system moving relative to the static system, which satisfy Maxwell-like equa-
tions. Therefore, the Maxwell equations are valid not only for describing the EM
fields but also for any physical fields for which an ontological field exists. The UTF
is based on the theory of special relativity and the Helmholtz theorem. In order to
find how the vector field changes in different inertial systems, one only needs to
examine how the curl and divergence of the vector field transform. As a demon-
stration, the Maxwell-like equations for the gravitational field are derived from the
UTF, and they are also derived from the Einstein field equations in the theory of
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general relativity. Some universal laws of nature are shown to be derivable from
the UTF.

The book can be used either for undergraduate or graduate courses on
“Advanced Antenna Theory,” or as a reference for researchers and engineers in
the areas of microwave, antenna, and EM compatibility. The prerequisites for
the book are advanced calculus and linear algebra. After reading the book, the
readers should be able to better understand antenna radiation theory and antenna
analysis and synthesis from a different perspective in terms of eigenmode
analysis. The SI units are used throughout the book. A e/ time variation is
assumed for time-harmonic fields. A special symbol “[]” is used to indicate the
end of a theorem, a remark, or an example.

The author is grateful to his family. Without their constant support and
encouragement, the book would never have been completed.

Wen Geyi
Waterloo, Ontario, Canada
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1

Eigenvalue Theory

Science is spectral analysis. Art is light synthesis.
- Karl Kraus (Austrian writer and journalist, 1874-1936)

The study of eigenvalue problems can be traced back to the eighteenth century,
when Swiss mathematician and physicist Leonhard Euler (1707-1783) investi-
gated the rotational motion of a rigid body. The word “eigen” is from German
and means “own” or “belonging to,” and was first used by German mathematician
David Hilbert (1862-1943) to characterize eigenvalues and eigenvectors in 1904.
Eigenvalue problems often arise in mathematics, physics, and engineering
sciences. In linear algebra, an eigenvector of a linear transformation is a nonzero
vector that changes by a scalar factor when the linear transformation acts on it.
The scalar factor is called the eigenvalue corresponding to the eigenvector. Geo-
metrically, this implies that the eigenvector is not rotated after transformation.
The eigenvalue problem for a differential operator often results from the boundary
value problems defined in a finite region. When the defining region is unbounded,
the discrete eigenvalues become a continuum. A very useful technique for study-
ing the eigenvalue problem is to establish the Rayleigh quotient for the eigenvalues
and then use the calculus of variations to investigate the properties of eigenmodes.
In physics, an eigenmode of a system is a possible state when the system is free of
excitation, which might exist in the system on its own under certain conditions,
and is also called an eigenstate of the system. The method of eigenfunctions
is very similar to the Fourier series expansion in signal analysis, and will be used
throughout this book. The method is based on the solution of an eigenvalue prob-
lem available from the system. An arbitrary state of the system can be expressed as
a linear combination of the eigenmodes, and the expansion coefficients can then
be determined from the source conditions or the initial values of the system. If only
one or a few eigenmodes dominate in the linear combination, this will significantly
simplify the analysis of the problem.
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1 Eigenvalue Theory

The modal theory for a scatterer plays an important role in antenna theory and
designs. The basic idea behind the modal theory is to introduce the fundamental
field patterns, called modes, so that the fields outside the scatterer can be
expanded into a linear combination of these modes. There have been several
modal theories for studying electromagnetic (EM) radiation and scattering pro-
blems (exterior boundary value problems). The singularity expansion method
(SEM) is based on the analysis in complex frequency domain and formulated by
electric field integral equation [1, 2]. The natural resonant frequencies arise
from the requirement that a nontrivial current distribution exists on a conducting
scatterer free of incident fields. The corresponding field patterns are called natu-
ral resonant modes. The natural resonant frequencies and the modes in SEM are
complex, which significantly increases the computational time and the difficulty
in numerical implementations. The eigenmode expansion method (EEM)
expands the currents and the radiated fields in terms of the eigenmodes of an inte-
gral operator [3, 4]. Same with the SEM, the eigenvalues and the eigenmodes in
EEM are complex numbers. The EEM is based on the eigenfunctions of integral
equations and lacks a solid mathematical foundation. The integral operator
involved in EEM is not symmetric, and it is therefore hard to prove the existence
and completeness of the eigenfunctions. A more useful method for the study of
scattering problem is the singular function expansion, which was first intro-
duced by the German mathematician Erhard Schmidt (1876-1959) in 1907 [5],
and has been applied to study various scattering problems [6, 7]. The theory of
characteristic mode is another interesting modal notion and is carried out in
the real frequency domain [8-11], of which the characteristic values (eigenvalues)
and the corresponding characteristic modes are all real. In general, the character-
istic values range from —oo to +00, among which those of the smallest magnitudes
are the most important for radiation and scattering problems. The external reso-
nant modes correspond to the zero characteristic values, and can be determined
approximately by sweeping the frequency. It is noted that all the abovementioned
modal formulations depend not only on the properties of the scatterer but also on
the operating frequency.

The eigenvalue problems discussed in this book are derived from waveguide,
cavity resonator, and spherical waveguide, whose eigenfunctions are independent
of frequency and can thus be used to expand the fields in either frequency or time
domain. The importance of eigenvalue theory in mathematics and physics cannot
be overstated. There have been various methods developed to calculate eigenva-
lues and eigenfunctions, with the most important one being the variational
method based on the Rayleigh quotient [12]. This chapter provides the necessary
background information for later chapters. The Maxwell equations and the solu-
tion methods for partial differential equations (PDEs) are briefly introduced. The
emphasis is upon the eigenvalue theory for operators, including the matrix and the



1.1 Maxwell Equations

Laplacian on scalar and vector fields. The properties of eigenfunctions are derived
from the Rayleigh quotient, and the Ritz method for the numerical solution of the
Rayleigh quotient is demonstrated. Also included in this chapter is the Helmholtz
theorem, which states that any vector field can be decomposed into the sum of an
irrotational vector field and a solenoidal vector field. Such a decomposition has
interesting applications in the modal expansion of fields and is the theoretical basis
of introducing scalar and vector potentials. The Helmholtz theorem indicates that
avector field is fully determined by its divergence and curl. Indeed, Maxwell equa-
tions are nothing but a couple of rules that regulate the divergences and the curls of
electric and magnetic fields according to impressed and induced sources. As a
generalization of Helmholtz theorem, the eigenfunctions of curl operator are dis-
cussed, in terms of which the plane-wave expansions for the fields as well as the
dyadic Green’s functions can be obtained.

1.1 Maxwell Equations

Maxwell equations are a set of PDEs that unify electricity and magnetism and
describe how electric and magnetic fields, as the functions of space and time,
are generated by charges and currents and altered by each other. They have been
proved to be very successful in explaining and predicting a variety of macroscopic
EM phenomena.

1.1.1 Wave Equations

The generalized Maxwell equations that include both electric and magnetic
sources consist of two vector equations and two scalar equations:

V X H(r, 1) = al)g, D 4 3m0),
VX E(r,0) = — aBé‘;’ D3m0, (1.1)

V-D(r,t) = p(r,t),
V-B(r,t) = p,(1,1).

In the above, r is the observation point of the fields in meter (m) and ¢ is the time
in second (s), H is the magnetic field intensity measured in amperes per meter
(A/m), B is the magnetic induction intensity measured in tesla (Wb/m?), E is
electric field intensity measured in volts per meter (V/m), D is the electric
induction intensity measured in coulombs per square meter (C/m?), J is
electric current density measured in amperes per square meter (A/m?), p is
the electric charge density measured in coulombs per cubic meter (C/ m?®), J,,
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is magnetic current density in volts per square meter (V/m?), and p,, is mag-
netic charge density in webers per cubic meter (Wb/m?). The first equation is
Ampére’s law, and it describes how the electric field changes according to the
current density and magnetic field. The positive sign in the first equation indicates
that the directions of the magnetomotive force and the electric current are related
by the right-hand rule. The term ¢D/Jt was introduced by Maxwell in 1861 and is
called displacement current, which is necessary for the existence of wave solu-
tions. The second equation is Faraday’s law, and it characterizes how the mag-
netic field varies according to the electric field and equivalent magnetic current
density. The minus sign in the second equation indicates that the directions of elec-
tromotive force and the magnetic current are related by the left-hand rule, which is
required by Lenz’s law. In other words, when an electromotive force is generated
by a change of magnetic flux, the polarity of the induced electromotive force is
such that it produces a current whose magnetic field opposes the change, which
produces it. The third equation is Coulomb’s law, and it says that the electric field
depends on the charge distribution and obeys the inverse square law. The last
equation shows that the magnetic field also obeys the inverse square law and
depends on the equivalent magnetic charge distribution. It should be understood
that none of the experiments had anything to do with waves at the time when
Maxwell derived his equations. Maxwell equations imply more than the experi-
mental facts. The continuity equation can be derived from (1.1):

dp
-5

The electric charge density p and the electric current density J in Maxwell equa-
tions are free charge density and currents and they exclude charges and currents
forming part of the structure of atoms and molecules. The bound charges and cur-
rents are regarded as material, which are not included in p and J. The current den-
sity usually consists of two parts: J = J.,, + J;p. Here, Jy,, is referred to as external
or impressed current source, which is independent of the fields and delivers
energy to electric charges in a system. The impressed current source can be of elec-
tric and magnetic type as well as of non-electric or nonmagnetic origin. J.,, = oE,
where ¢ is the conductivity of the medium in siemens per meter (S/m), denotes
the conduction current induced by the impressed source J;,,. Sometimes it is
convenient to introduce an impressed electric field E; ., defined by J;,,, = 6E;pp.
In more general situation, one may write J = J;,q + J;mp, Where J;,q is the induced
current by the impressed current J;,,,. The continuity equation for the magnetic
current J,,, and magnetic charges p,, can be derived from (1.1):

V-I= (1.2)

_%Pm

V-dn= o

(1.3)
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The inclusions of magnetic sources J,,, and p,, make Maxwell equations more
symmetric although there has been no evidence that the magnetic current and
charge are physically present (Appendix D gives an explanation of why the mag-
netic charge does not exist). The validity of introducing such concepts in Maxwell
equations is justified by the equivalence principle, i.e. they are introduced as a
mathematical equivalent to EM fields. For the time-harmonic (sinusoidal) fields
with a single frequency w, the generalized Maxwell equations (1.1) reduce to

V X H(r) = joD(r) + J(r),

V X E(r) = — jwB(r) — I (1),
V-D(r) = p(r) "
V-B(r) = py (1),

where all the field quantities denote the complex amplitudes (phasors),
defined by

E(r,t) = Re[E(r)e"], etc.

For brevity, the same notations will be used for both time-domain and fre-
quency-domain quantities. The boundary conditions on the surface between
two different media can be easily obtained as follows:

)
; (13)
)

where u,, is the unit normal of the boundary directed from medium 2 to medium 1;
J; and py are the surface current density and surface charge density, respec-
tively; J,,,s and p,,,; are the surface magnetic current density and surface mag-
netic charge density, respectively.

Maxwell equations (without magnetic sources) are a set of 7 equations invol-
ving 16 unknowns (i.e. five vectors E, H, B, D, J and one scalar p and the last equa-
tion of (1.1) is not independent). To determine the fields, nine more equations are
needed, and they are given by the generalized constitutive relations:

D =f(E,H), B=g(E,H)
together with the generalized Ohm’s law
J = h(E,H)

if the medium is conducting. The constitutive relations establish the connections
between field quantities and reflect the properties of the medium, and they are
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totally independent of the Maxwell equations. For time-harmonic fields, the con-
stitutive relations for a bi-anisotropic medium are defined by

o]

+&-H,

o

D= E
B E -H,

o]
=1

+

where |1, €, E and Z are dyadics. The medlum is called anlsotroplc 1f€ = Z =0.
The medium is called 1sotrop1c 1f § = Q =0and p and € are, respectively,
degenerated to i = ,uI and € = sI where T is the identity dyadic; u and ¢ are
referred to as permittivity and permeability of the medium, respectively.

The EM wave equations are second-order PDEs that describe the propagation of
EM waves through a medium. On elimination of E or H in the generalized Max-
well equations (1.4), the wave equations for the time-harmonic fields in an inho-
mogeneous and anisotropic medium are

VXH -VXE®r) —w’®-Er) = —jo®)—VXH I w6

Vxe -VxHr) —o’f Hr) = —jolu(t) +Vx e I

If the medium is homogeneous and isotropic, # and & are constants, and the
wave equations (1.6) are simplified to

VXVXE—KE= —jouJ—V x 1y, amn
VXVXH-KH= —joel, + V xJ, '

where k = w,/ue is the wavenumber. It can be seen that the source terms on the
right-hand side of (1.7) are very complicated. To simplify the analysis, the EM
potential functions can be introduced. The wave equations may be used to solve
the following three different field problems:

1) EM fields in source-free region: wave propagations in space and waveguides,
wave oscillation in cavity resonators, etc.

2) EM fields generated by known source distributions: antenna radiations, excita-
tions in waveguides and cavity resonators, etc.

3) Interaction of fields and sources: wave propagation in plasma, coupling
between electron beams and propagation mechanism, etc.

1.1.2 Properties of Electromagnetic Fields

A number of theorems can be derived from Maxwell equations [13-16], and they
usually bring deep physical insight into the EM field problems. When applied
properly, these theorems can simplify the problems dramatically.



1.1 Maxwell Equations

1.1.2.1 Superposition Theorem
Superposition theorem applies to all linear systems. Suppose that the impressed
current source J;,, can be expressed as a linear combination of independent

impressed current sources Ji.‘mp k=12, .., n).

n
_ E : k
Jimp - akJimp,
k=1

where a, (k = 1, 2, ..., n) are arbitrary constants. If E* and H are the fields pro-

k
imp?

duced by the source J; _, the superposition theorem for EM fields asserts that

n n
the fields E= > @tE*and H= ) a HF are a solution of Maxwell equations
k=1 k=1

produced by the source J;,,.

1.1.2.2 Conservation of Electromagnetic Field Energy
The law of conservation of EM field energy is known as the Poynting theo-
rem, named after the English physicist John Henry Poynting (1852-1914). It
can be found from (1.1) that
dD JB

_Jimp'E_Jind'E:V'S‘FE'ﬁ+H'E, (18)
where J = Jj,,, + Jing has been assumed. In a region V bounded by S, the integral
form of (1.8) is

- [Jimp'EdV: JJi,,d~EdV+ JS«undS+ J(Ea&_]t) +H'i,)—]?)dV,

14 14 S 14
(1.9)

where u,, is the unit outward normal of S, and S = E X H is the Poynting vector
representing the EM power-flow density measured in watts per square meter
(W/m?). It is assumed that this explanation holds for all media. Thus, the left-hand
side of the above equation stands for the power supplied by the impressed current
source. The first term on the right-hand side is the work done per second by the
electric field to maintain the current in the conducting part of the system. The sec-
ond term denotes the EM power flowing out of S. The last term can be interpreted
as the work done per second by the impressed source to establish the fields. The
total field energy density w of the EM fields may be defined as follows:

JdD JB

7
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If all the sources and fields are zero at t = —oo, the total field energy density can be
written as

W =W + Wp, (1.11)

where w, and w,, are the electric field energy density and magnetic field
energy density, respectively,

t
We = %E‘D+ [ 1(E~3—D—D-3E)dt,

2 ot ot
) (1.12)
W—lHB+J1Ha—B—Ba—Hdt
"2 2 ot at)
Equation (1.9) can thus be written as
0
- JJimp "EdV = JJM -EdV + JS-undS + 5 j(we+ Wy )dV. (1.13)
v v s 4

In general, the field energy density w does not represent the stored field energy
density in the fields: the energy temporarily located in the fields and completely
recoverable when the fields are reduced to zero. The field energy density w given
by (1.11) can be considered as the stored field energy density only if the medium is
lossless (i.e. V - S = 0). If the medium is isotropic and time-invariant, (1.12)
reduces to

1 1
We = EED, Wy, = EHB (114)

For the time-harmonic fields, the time averages of Poynting vector, the field
energy densities in (1.14) over one period of the sinusoidal wave ¢*’, denoted
T, are

T

S

E x Hdt = %Re(Exﬁ),

0
T

Sl

Lk Ddr = lRe(Ei),
2 4

0

S| =

'H . Bdr = lRe(H-E).
2 4
0



1.1 Maxwell Equations

The energy balance relations for the time-harmonic fields can be derived by
using complex variable analysis [17]. Let s = a + jo denote the complex frequency.
For an arbitrary analytic function f(r, s), the Cauchy-Riemann conditions imply

af (x, Of (r,
fg(;s) = —j féz)s)' (1.15)

For sufficiently small «, the analytic function has the first-order expansion

7
f(r,s)=f(r,a+jo)~f(r.s),-o+a fézl(;S) - (1.16)
. = 1.16
= (ejo) ~ja T,

where (1.15) has been used. If the Laplace transform
E(r,s) = J E(r, H)e="'dt

is applied to the first two equations of the Maxwell equations (1.1) (with J,,, = 0),
one may find
V x H(r,s) = J(x,s) + sD(r,s),

(1.17)
V X E(r,s) = —sB(r,s).

From the vector identity V - (axb)=b - Vxa—a - Vxb and (1.17), one may
obtain

V- [E(r,s) x H(r,s)| = —E(r,s) - J(r,s)
—alH(r,s) - B(r,s) + E(r,s) - D(r,s)] (1.18)
—jw[H(r,s) - B(r,s) — E(r,s) - D(r,s)],

where the bar denotes complex conjugate. By use of the expansion (1.16), the first-
order expansion for the electric field can be expressed by

E(r,s) = E(r,a + jo) ~E(r,jo) - jaw
(1.19)
. JE(r)
=E(r) —]a%,

where E(r) denotes the phasor for the time-harmonic electric field. By introducing
the first-order expansions for all the field quantities into (1.18), one may arrive at

9



10| 1 Eigenvalue Theory

V- [E(r) x H(r)] + jaV - [E(r) X ?SC) - a];—c(or) X ﬁ(r)}

= —E(r) - J(r) —ja {E(r) e dw -J(r)}
—joo[B(r) - H(r) —E(r) - D(r

~—
—

(1.20)

—a[B(r)-H(r) + E(r) - D(r)]
e 222 2
—aw {E(r) . 3];6(01‘) —D(r). m;wr)} .

Comparing the coefficients of similar terms containing a on both sides of (1.20)
yields the energy balance relation

1E_+1 E@—ﬁaE 1BH+1 ﬁa—B—BE
4 2“\* o0 Jw 4\ J0 ow

o

__ily Exaﬁ E q)_;l Eai JE 3
=7 dow Jdw I3 dw Jdw )’
(1.21)
and the well-known Poynting theorem for time-harmonic fields
1_ = 1 — . (1 — 1_ —
—EE-J_V-E(EXH)+]2w<ZB-H—ZE-D>, (1.22)

Consequently, the complex analysis produces two energy balance relations
simultaneously. In this sense, the complex analysis implies more than the real
analysis. It should be noted that the Poynting theorem (1.9) in time domain
and the Poynting theorem (1.22) in frequency domain are independent. This prop-
erty can be used to find the stored field energies of small antenna [18]. The physical
implication of the energy conservation law (1.21) becomes clear if it is decomposed
into the real and imaginary parts. The real part is given by

1 JH OJE _ 1 dJ OJE -
we+wm_VIm EX——--—XxH +ImZ E-———- J,

Jdo Jdw Jdo Jdw
(1.23)
where w, and w,,, are defined by
1 = 1 D — JE
we:ZReE-D+ZwRe(E-%—D-%), (1.24)



1.1 Maxwell Equations
1 = 1 /B - JH
wm:ZReH-B+ ZwRe(H~£—B-%>. (1.25)
The expressions (1.24) and (1.25) were first derived by the author in [17], and
they are shown to, respectively, represent the (time averaged) stored electric
field energy density and the stored magnetic field energy density in an arbi-
trary medium. In Chapter 4, a new narrow-band approach will be introduced to
rederive energy expressions (1.24) and (1.25). The stored field energies can be
decomposed into the sum of two distinct parts: the dominant (nondispersive) parts
defined by

1 _
wiom = 4 ReE-D, (1.26)
dom 1 n
wimt = 1 ReH - B, (1.27)

as _ 1 D _5.%E

wg" = JRew(E: o= -D- =), (1.28)
1 JB _ JH

dis _ — 2w

wiis = 4Rea)(H 5. —B 80))’ (1.29)

which are caused by the dispersion of materials. The imaginary part of (1.21) gives

D — JE — 0B JH
Weg —Wyg = —Imazw(E- — —D- —Imzw|H- — —B

Jdo Jdw J " ow
—-V. Reﬂ(Ex oH _JE xﬁ)—Ren(E-a—J—a—E-T)
dw Jdw dw Jdw ’
(1.30)

where w4 and w,,4 are the (average) dissipated electric field energy density
and dissipated magnetic field energy density, respectively, defined by

Weq = Im zE - D, (1.31)
Wpg = ImzH - B. (1.32)

As a result, the energy balance relation (1.21) gives two expressions: one is for
the sum of stored electric and magnetic field energies and the other is for the
difference of the dissipated electric and magnetic field energies, both expressions
being valid in an arbitrary medium. It will be shown in Chapter 4 that (1.23) log-
ically gives the definition of stored field energy of antenna in an arbitrary medium.

11
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1 = 1 —
Remark 1.1 The quantities y ReH-B and y ReE-D in the Poynting theo-

rem (1.22) only represent the nondispersive parts (1.26) and (1.27). For this reason,
the Poynting theorem (1.22) cannot be considered as an energy balance relation for
the time-harmonic fields in a general medium. O

1.1.2.3 Equivalence Theorem

It is known that there is no answer to the question of whether field or source is
primary. The equivalence theorem just indicates that the distinction between
the field and source is kind of blurred. Let V be an arbitrary region bounded by
S, as shown in Figure 1.1. Two sources that produce the same fields inside a regio-
n are said to be equivalent within that region. Similarly, two EM fields {E;, Dy,
H,, B} and {E,, D,, H,, B,} are said to be equivalent inside a region if they both
satisfy the Maxwell equations and are equal in that region. The main application of
the equivalence theorem is to find equivalent sources to replace the influences of
substance (the medium is homogenized), so that the formulae for retarding poten-
tials can be used. The equivalent sources may be located inside S (equivalent
volume sources) or on S (equivalent surface sources). One of the important
equivalence theorems is found by American mathematician Sergei Alexander
Schelkunoff (1897-1992) and English mathematician Augustus Edward Hough
Love (1863-1940), whose derivation can be found in [16].

Schelkunoff-Love Equivalence Theorem: Let {E, D, H, B} be the EM fields with
source confined in S. The following surface sources on S

Jy=u,xH, J,s= —u, XE, (1.33)

produce the same fields {E, D, H, B} outside S and a zero field inside S. O

Since the sources in (1.33) produce a zero field inside S, the interior of S may be
filled with a perfect electric conductor. By use of the Lorentz reciprocity theorem
[see (1.36)], it can be shown that the surface electric current pressed tightly on the

Figure 1.1 Equivalence theorem.
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1.1 Maxwell Equations

perfect conductor does not produce fields. As a result, only the surface magnetic
current is needed in (1.33). Similarly, the interior of S may be filled with a perfect
magnetic conductor, and in this case the surface magnetic current does not pro-
duce fields and only the surface electric current is needed in (1.33). In both cases,
one cannot directly apply the vector potential formula even if the medium outside
S is homogeneous.

1.1.2.4 Reciprocity

A linear system is said to be reciprocal if the response of the system with a par-
ticular load and a source is the same as the response when the source and the load
are interchanged. Consider two sets of time-harmonic sources, J;, J,,; and Js, J,,,2,
of the same frequency in the same linear medium. The fields produced by the two
sources are, respectively, denoted by E;, H; and E,, H,. The reciprocity can be
stated as

J(Ez 'Jl —Hz Jml)dV = J(El 'Jz —H1 sz)dV

v v (1.34)

+ J(E1 X H; —E; X Hl) -undS,
S

where Vis a finite region bounded by S. If both sources are outside S, the surface
integral in (1.34) is zero. If both sources are inside S, it can be shown that the sur-
face integral is also zero by using the radiation condition. Therefore, one obtains
the Lorentz form of reciprocity

J(El X Hy —E; X Hl) -undS =0 (135)

S

and the Rayleigh—-Carson form of reciprocity
J(E2 Ty —Hy Jp)dV = J(E1 Jy—Hy - Jp)dV. (1.36)
4 v
If the surface S only contains the sources J;(r) and J,,,;(r), (1.34) becomes
[(Ez -J1—H, -Jml)dV = J(Ez ‘u, X Hi—H,-E; X lln)dS.
i s

This is the familiar form of Huygens’ principle. The EM reciprocity theo-
rem (1.35) can also be generalized to an anisotropic medium.
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1.2 Methods for Partial Differential Equations

Various analytic and numerical methods for the solution of PDEs have been devel-
oped [19-21]. Linear PDEs are generally solved by means of the method of sep-
aration of variables, the method of Green’s function, named after the British
mathematician George Green (1793-1841), and the variational method. Some
usual trinities for PDEs are summarized in Table 1.1.

1.2.1 Method of Separation of Variables

The study of eigenvalue problems has its roots in the method of separation of
variables or series solutions of PDEs. The basic idea of separation of variables
is to seek a solution of the form of a product of functions, each of which depends
on one variable only, so that the solution of original PDEs may reduce to the solu-
tion of ordinary differential equations. The latter is usually solved by the power
series methods, resulting in various special functions. The method of separation
of variables, also called Fourier method, was first introduced by Swiss mathema-
tician Johann Bernoulli (1667-1748) between the years 1694 and 1697. The
Helmbholtz equation will be used to illustrate the procedure. The Helmholtz
equation, named after the German physicist Hermann Ludwig Ferdinand von

Table 1.1 Some trinities for PDEs.

Trinity Description

Three types of PDEs Elliptical, hyperbolic, and parabolic.

Three types of problems  Boundary value problems, initial value problems, and
eigenvalue problems.

Three types of boundary  Dirichlet boundary condition, named after the German

conditions mathematician Johann Peter Gustav Lejeune Dirichlet
(1805-1859); Neumann boundary condition, named after the
German mathematician Carl Gottfried Neumann
(1832-1925); and Robin boundary condition, named after the
French mathematician Victor Gustave Robin (1855-1897).

Three mathematical Divergence theorem, inequalities, and convergence theorems.
tools

Three analytical Method of separation of variables, method of Green’s
methods function, and variational method.

Three numerical Finite element method, finite difference method, and

methods moment method.




1.2 Methods for Partial Differential Equations

Helmholtz (1821-1894), also called reduced wave equation, is the time-
independent form of wave equation, and is defined by

(V*+ k) u=0, (1.37)

where k is a constant. When k is zero, the Helmholtz equation reduces to the
Laplace equation, named after the French mathematician Pierre-Simon marquis
de Laplace (1749-1827). The Helmholtz equation is separable in 11 orthogonal
coordinate systems [22]. The separated solutions form a subset of all solutions
of (1.37) and can be served as a basis in terms of which all solutions of (1.37)
can be expressed as a linear combination of the separated solutions.

1.2.1.1 Rectangular Coordinate System
In rectangular coordinate system, Helmholtz equation (1.37) becomes
Fu  FPu  Fu 5

+ gtk

One may seek a solution in the form of product of three functions of one coordi-
nate each
u=Xx)Y®)Z(z). (1.39)
If this is substituted into (1.38), one obtains
1d2X+1d2Y+1d2Z+k2_0 (1.40)
Xd? Y d? ZdP - ’

Since k is a constant and each term depends on one variable only and can change
independently, the left-hand side of (1.40) can sum to zero for all coordinate values
only if each term is a constant. Thus,

2
X
ZX—Z + kf.X = O,
a’y
o +kY =0, (1.41)
a’z
iy kiZ =0,
¥4

where k,, k,, and k, are separation constants and satisfy

K+ + k=K (1.42)
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1 Eigenvalue Theory

The solutions of (1.41) are harmonic functions, denoted by X(k.x), Y(k,y), and
Z(k,;z), and they are any linear combination of the following independent
harmonic functions:

ik,a —ik,

e e~ coskya, sink,a (a =x,9,2). (1.43)

Consequently, the solution (1.39) may be expressed as
u=X(kex)Y (kyy) Z(kz). (1.44)

The separation constants k,, k,, and k, are also called eigenvalues, and they are
determined by the boundary conditions. The corresponding solutions (1.44) are
called eigenfunctions or elementary wavefunctions. The general solution of
(1.38) can be expressed as a linear combination of the eigenfunctions. For the solu-
tions defined in finite regions, only discrete spectra of eigenvalues are involved.
The discrete spectra become a continuum for the solutions defined in infinite
regions. The harmonic functions should be properly selected according to the
physical properties that the solutions must have. Note that the exponential func-
tions in (1.43) represent a travelling wave while the sine and cosine functions rep-
resent a standing wave. Also note that the separation constants are a complex
number for the waves propagating in a lossy medium.

1.2.1.2 Cylindrical Coordinate System
In a cylindrical coordinate system, (1.37) can be written as

Lo, +l32—u+a2—u+k2u—0 (1.45)
pop\Pop) " o T 92 o '

By the method of separation of variables, the solutions may be assumed to be of
the form

u=R(p)®(p)Z(2). (1.46)
Introducing (1.46) into (1.45) yields

d®R  1dR , P

i - —— ]|R =
dp2+pdp+<ﬂ ) o
o
do?
az
dz?

+ p*® =0, (1.47)
+p*Z =0,

where u, p, and f are separation constants and satisfy

/)72 +”2 - kz. (148)



1.2 Methods for Partial Differential Equations

The first equation of (1.47) is Bessel equation, named after the German math-
ematician Friedrich Wilhelm Bessel (1784-1846), whose solutions are Bessel
functions:

Tp(up)s Np(pp), HD (up), HY (up),

where J,(up) and N,(up) are the Bessel functions of the first and second kind,
H 1(71> (up) and H f) (up) are the Bessel functions of the third and fourth kind, also

called Hankel functions of first and second kind, respectively, named after
German mathematician Hermann Hankel (1839-1873). The Bessel function of
the first kind is defined by

© H" Uz P+ 2m
Z: m+1F(p+m+1)<2) ’ (1.49)

where I'(a) is the gamma function defined by

I(a) = J x*~le™*dx,a > 0.
0

If p is not an integer, a second independent solution is J_,(uz). If p = n is an integer,
J_.(uz) is related to J,,(uz) by J_,(z) = (—1)"J,(2). The Bessel function of the second
kind is defined by

cos prp(uz) —J —p(MZ)

Np(uz) = sin pr

(1.50)

and the Bessel functions of the third (Hankel function of the first kind) and fourth
kind (Hankel function of the second kind) are defined by

HY (uz) = Jp(uz) + jN,(u2),

HY (uz) = Tp(pz) = jN,(p2).

The solutions of second and third equation of (1.47) are harmonic functions.
Note that only J,(up) is finite at p = 0. The separation constants y and p are deter-
mined by the boundary conditions. For example, if the field u is finite and satisfies
homogeneous Dirichlet boundary condition u = 0 at p = a, the separation constant
u is determined by J,(up) = 0. If the cylindrical region contains all ¢ from 0 to 2z,
the separation constant p is usually determined by the requirement that the field
is single-valued, i.e. ®(0) = ®(2x). In this case, p must be integers. If the cylindri-
cal region only contains a circular sector, p will be fractional numbers.

(1.51)
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18] 1 Eigenvalue Theory

Let R,(uz) = AJ,(uz) + BN,(uz), where A and B are constants. Some typical recur-
rence relations for the linear combination of the Bessel functions are listed below:

2
”_IZ)RP(M) =Ry_1(pz) + Rp +1(u